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Abstract: Parameter reduction can be treated as an effective tool in many fields, including pattern 
recognition. Many reduction techniques have been reported so far for soft sets, fuzzy soft sets and bipo- 
lar fuzzy soft sets to solve decision-making problems. However, there is almost no attention to the pa- 
rameter reduction of neutrosophic soft sets. In this present paper we focus our discussion on the pa- 
rameter reduction of neutrosophic soft sets as an extension of parameter reduction of soft sets and 
fuzzy soft sets. To do that, using the concept of indiscernibility relation, we first define the terms ‘dis- 
pensable set’ and ‘indispensible set’. We utilize these definitions to define the terms ‘decision partition’, 
‘parameter reduction’ and ‘degree of importance of a parameter’ with a suitable example. Next we pre- 
sent an algorithm based on the concept of degree of importance and parameter reduction of a neutro- 
sophic soft set. An illustrative example is employed to show the feasibility and validity of our proposed 


algorithm based on parameter reduction of neutrosophic soft sets in real life decision making problem. 


Keywords: Neutrosophic set, neutrosophic soft set, parameter reduction, decision making. 





1. Introduction 


Molodstov [31] initiated the concept of soft set theory as a fundamental mathematical tool for mod- 
elling uncertainty, vague concepts and not clearly defined objects. Although various traditional tools, 
including but not limited to rough set theory [33], fuzzy set theory [41], intuitionistic fuzzy set theory 
[10] etc. have been used by many researchers to extract useful information hidden in the uncertain da- 


ta, but there are inherent complications connected with each of these theories. 
Additionally, all these approaches lack in parameterizations of the tools and hence they 


couldn’t be applied effectively in real life problems, especially in areas like environmental, economic 


and social problems. Soft set theory is standing uniquely in the sense that it is free from the above 
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mentioned impediments and obliges approximate illustration of an object from the beginning, which 


makes this theory a natural mathematical formalism for approximate reasoning. 


The Theory of soft set has excellent potential for application in various directions some of 
which are reported by Molodtsov [31] in his pioneer work. Later on Maji et al. [27] introduced some 
new annotations on soft sets such as subset, complement, union and intersection of soft sets and dis- 
cussed in detail its applications in decision making problems. Ali et al. [7] defined some new opera- 
tions on soft sets and shown that De Morgan's laws holds in soft set theory with respect to these newly 
defined operations. Atkas and Cagman [6] compared soft sets with fuzzy sets and rough sets to show 
that every fuzzy set and every rough set may be considered as a soft set. Jun [24] connected soft sets 
to the theory of BCK/BCI-algebra and introduced the concept of soft BCK/BCI-algebras. Feng et al.[21] 
characterized soft semi rings and a few related notions to establish a relation between soft sets and 


semi rings. 


Chen et al. [15] introduced the concept of parameter reduction of soft sets in 2005. In 2008, Z. 
Kong et al [25] introduced the definition of normal parameter reduction in soft sets and presented a 
heuristic algorithm of normal parameter reduction. The soft sets mentioned above are based on com- 
plete information. However, incomplete information widely exists in various real life problems. H. 
Qin et al [34] studied the data filling approach of incomplete soft sets. Y. Zou et al [42] investigated da- 
ta analysis approaches of soft sets under incomplete information. In 2001, Maji et al. [28] defined the 
concept of fuzzy soft set by combining of fuzzy sets [41] and soft sets [31]. Roy and Maji [35] proposed 


a fuzzy soft set based decision making method. 


Xiao et al. [39] presented a combined forecasting method based on fuzzy soft set. Feng et al. 
[22] discussed the validity of the Roy-Maji method [35] and presented an adjustable decision-making 
method based on fuzzy soft set. Yang et al. [40] initiated the idea of interval valued fuzzy soft set 
(IVFS-set) and analyzed a decision making method using the IVFS-sets. The notion of intuitionistic 
fuzzy set (IFS) was initiated by Atanassov [10] as a significant generalization of fuzzy set [41]. Intui- 
tionistic fuzzy sets are very useful in situations when description of a problem by a linguistic variable, 
given in terms of a membership function only, seems too complicated. Recently intuitionistic fuzzy 
sets have been applied to many fields such as logic programming, medical diagnosis, decision making 


problems etc. 
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Smarandache [38] introduced the concept of neutrosophic set which is a mathematical tool for 
handling problems involving imprecise, indeterminacy and inconsistent data. Maji [30] introduced the 
concept of neutrosophic soft set and established some operations on these sets. Mukherjee et al [32] in- 
troduced the concept of interval valued neutrosophic soft sets and studied their basic properties. In 
2013, Broumi and Smarandache [12, 13] combined the intuitionistic neutrosophic and soft set which 
lead to a new mathematical model called” intuitionistic neutrosophic soft set”. They studied the no- 
tions of intuitionistic neutrosophic soft set union, intuitionistic neutrosophic soft set intersection, 
complement of intuitionistic neutrosophic soft set and several other properties of intuitionistic neutro- 


sophic soft set along with examples and proofs of certain results. 


Also, in [11] S. Broumi presented the concept of “generalized neutrosophic soft set” by com- 
bining the generalized neutrosophic sets [11] and soft set models, studied some properties on it, and 
presented an application of generalized neutrosophic soft set [11] in decision making problem. Recent- 
ly, Deli [17] introduced the concept of interval valued neutrosophic soft set as a combination of inter- 
val neutrosophic set and soft set. In 2014, S. Broumi et al. [14] initiated the concept of relations on in- 
terval valued neutrosophic soft sets.I. Deli [18] proposed a new notation called expansion and reduc- 
tion of the neutrosophic classical soft sets that are based on the linguistic modifiers. Saha et al. [36] 
proposed the concept of data filling of neutrosophic soft sets having incomplete/missing data. Few 


more works on neutrosophic soft sets can be found in [9, 19, 23, 37]. 


Parameter reduction can be treated an effective tool in many fields, including pattern recognition. 
Many reduction techniques [8, 15, 16, 20, 25, 26 | have been reported so far for soft sets, fuzzy soft sets 
and bipolar fuzzy soft sets to solve decision-making problems. However, there is almost no attention 
to the parameter reduction of neutrosophic soft sets. In this present paper we focus our discussion on 
the parameter reduction of neutrosophic soft sets as an extension of parameter reduction of soft sets 


and fuzzy soft sets. 


This present paper is organized as follows: 


Section-2 presents some basic definitions related to fuzzy set theory with their generalizations and soft 
set theory with their generalizations. In section-3, we first present the concept of indiscernibility rela- 
tions and then based on it, we define the terms ‘dispensable set’, ‘indispensible set’, ‘decision parti- 
tion’, ‘parameter reduction’, ‘degree of importance of a parameter’ with a suitable example in neutro- 
sophic soft environment. In the next section (section-4), we have presented an algorithm based on the 
concept of degree of importance and parameter reduction supported by an illustrative example to 


show the feasibility and validity of our algorithm. 
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2. Preliminaries: 


2.1 Definition: [41] Let U be a non empty set. Then afuzzy set T on U is a set having the form 
t= {(x, U, (x)):x <U} where the function ,:U —[0, 1] is called the membership function and 


LU. (x) represents the degree ofmembership of each element x € U. 


2.2 Definition: [10] Let U be a non empty set. Then an intuitionistic fuzzy set (IFS for short) T is an 
object having the form T= 1(Xx, LW. (x), Y. (x)): X€ Ul where the functions 


u:U [0,1] and y,:U-—[0,1] are called membership function and non-membership function 


respectively. 
LL, (x) and y, (x) represent the degree ofmembership and the degree of non-membership 


respectively of each element xe U and 0<np, (x)+ Y. (x) <1 for each x e U.We denote the class of 


all intuitionistic fuzzy sets on U by IFS". 


2.3 Definition: [31] Let U be a universe set and E be a set of parameters. Let P(U) denotes the 
power set of U and AcE. Then the pair (F, A) is called a soft set over U, where F is a mapping 
given by F: A> P(U). 

In other words, the soft set is not a kind of set, but a parameterized family of subsets of U. For eeA, 
F (e) < U may be considered as the set of e-approximate elements of the soft set (F, A) 


2.4 Definition: [28] Let U be a universe set, E be a set of parameters and A CE. Then the pair 
(F, A) is called a fuzzy soft setover U, where F is a mapping given by F: A FS”. 


2.5 Definition: [29] Let U be a universe set, E be a set of parameters and A CE. Then the pair 
(F, A) is called an intuitionistic fuzzy soft set over U, where F is a mapping given by F: A> IFS”. 


For eeA, F (e) is an intuitionistic fuzzy subset of U and is called the intuitionistic fuzzy value set 


of the parameter ‘e’. 


Let us denote u F(e) (x) by the membership degree that object ‘x’ holds parameter ‘e’ and y F(e) (x) by 


the membership degree that object ‘x’ doesn’t hold parameter ‘e’ , where e¢A and xe U. Then 


F (e) can be written as an intuitionistic fuzzy set such that F (e)= i(x, Mire) (x), Y F(e) (x)): xe u} 


2.6 Definition: [38] A neutrosophicset A on the universe of discourse U is defined as 
A ={(x, 4, (x),7, (x),6, (x)) xeU}, where ,,7,,0,:U —] 0,1'[ are functions such that the 


condition: Vx eU, O<yu, (x) ay (x) +0, (x) < 3° is satisfied. 
Here LZ, (x) ey (x) ,0, (x) represent the truth-membership, indeterminacy-membership and falsity- 


membership (hesitancy membership) respectively of the element x EU. 
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Smarandache [25] applied neutrosophic sets in many directions after giving examples of neutrosophic 
sets. Then he introduced the neutrosophic set operations namely-complement, union, intersection, 
difference, Cartesian product etc. 


2.7 Definition: [30] Let U be an initial universe, EL be a set of parameters and 4c E. Let NP(U ) 
denotes the set of all neutrosophic sets of U . Then the pair ( ra , A) is termed to be the 


neutrosophicsoftset overU , where f is a mapping given by f : A — NP (U ) 


2.8 Example: Let us consider a neutrosophic soft set ( pe A) which describes the “attractiveness of the 
house”. Suppose U= {u,U5,U3,U4,Us,U,+ be the set of six houses under consideration and 
L= {e,(beautiful), e, (expensive), e, (cheap), e, (good location), e, (wooden) be the set of parameters. Then 


a neutrosophic soft set ( Te A) over U can be given by: 


(0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) 
(0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) | (0.1,0.1,0.3) 





3. Parameter reduction of neutrosophic soft sets: 


Suppose U = {x,,X5,%3,.., #, be the universe set of objects and E= {e,,e,,e,,., ¢G, be the set of 


parameters. Consider a neutrosophic soft set (f,E) siven by 
FO= {xmye(s8 pe) ®-4ye(®)):xi US for el E f° given by: 
PBRD= A (Ment Spent Yey@)), HLU. 


o ane Qo 


M 


3.1 Definition: For any subset of parameters BI E,, an indiscernibility relation IND, is defined as: 
IND, = {(x,,x,)i U’ U : 78(x,)= Thx, )}. 

For the neutrosophic soft set (f,£), we denote Cz = eee ore ares Ki oho Misr Apoges By gg oe eee 
Xp oXpeis Ba x, \ as a partition of objects in U which partitions and ranks the objects according to 


the value of T2(x;) based on the indiscernibility relation IND, . C; is called the decision partition , 
where the sub classes are: (2%), X35.) $s (Xt Xp goer Xpand Me Xpogees ¥, Where s is the 


number of sub-classes, and x,* x,7 x33... 2x. 
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0) + 40 . rQ : 
For any sub-class {X,,X,4,.---. Xeanhe, BO i K BD R- seated = 78 (x44 )¥ x, , where [.] 
denotes the greatest integer function. Thus objects from U with the same value of PP.) are included 


into a same class. 


3.2 Example:Let U = {x,,X5,%3,......X%¢} be the set of six houses and E'= {e,,é,,6;,.....,@} be the set of 
parameters where the parameters @€,,€,,€;,€,,¢5,@ represents ‘beautiful’, ‘in the main town’, 
‘expensive’, ‘concrete’, ‘in green surroundings’, ‘wooden’ respectively. Consider the neutrosophic soft 


set (f,£) which describes the attractiveness and physical trait of the houses given by the following 
table (table-1). 


Table-1 
illic baile edie ll 


(0.5,0.3,0.6) | (0.6,0.3,0.1) | (0.2,0.5,0.6) | (0.4,0.4,0.5) | (0.7,0.3,0.2) | (0.5,0.5,0.8) | 
(0.3,0.5,0.6) | (0.4,0.4,0.2) | (0.3,0.3,0.5) | (0.6,0.1,0.6) | (0.7,0.8,0.1) | (0.4,0.6,0.6) , | 
(0.7,0.3,0.4) | (0.3,0.5,0.2) | (0.4,0.8,0.5) | (0.5,0.3,0.5) | (0.1,0.2,0.3) | (0.4,0.4,0.2) 


In this case, Ce = 4{X35X4.%5},, 0X Xehey Mba, $ AS JO(x,)= 6.2, 7O(ay)= 7.0, J2( 25) = 8.0, 78 (x4) = 8.0, 
V2( x5) = 8.0, 72( x6) = 7.0; where x, = 8,x, = 7.x; = 6. 





3.3 Definition:For a neutrosophic soft set (f,£) with E'= {e,,e,,é;,.....,e,$, if there exists a subset 
A= {efeg,e§..... seg} I E satisfying Vx, )= Vx, )= Vx, )= oe = fx), then we say that A 
is dispensable, otherwise A is indispensable. Roughly speaking, Al E is dispensable means that the 
difference between among all objects according to the parameters in A doesn’t influence the final 


decision. AI E is called a parameter reduction of & if A is indispensible and fe. A(X, = fe. A(X ) 


= Th BAN) Bevcternesis = fe. A(x, ) i.e; E-A is the maximal subset of E that keeps the value fe. AC.) 
constant. 


Clearly after the parameter reduction of E, we have fewer parameters although the partition of 
objects have not been changed. In the above definition, V(x, )= V(x) = V9) = eet = V(x, ) 


implies Cz = Cz. 4. 
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; 0 0 0 0 
3.4 Example:Using table-1, we have, eG. l= ne = (en Ce = eee? = 
VP oy.e}(%3) = eee = 3.7. Hence the neutrosophic soft set (f,£) given by Table-1 has a 


parameter reduction {e3,e5,@} and the corresponding neutrosophic soft set (f,A) is displayed in 


table-2 given below: 


Table-2 


A | 02,0204) (0.1,0.1,0.3) | (0.2,0.4,0.6) 


ais (0.4,0.3,0.2) | (0.6,0.3,0.4) = 


% | 08,0.2,04) (0.2,0.4,0.2) (0.90.60) — 


Bias (0.7,0.3,0.2) | (0.5,0.5,0.8) aia 


 % | 03,0305) — (0.70801) — (0.4,0.6,0.6) 


ois (0.4,0.8,0.5) me aul 





Table-l shows that /2(x,)= 6.2, f2(x,)= f2(x,)= 7, E(x, )= P2(x,)= f2(x,)=8 and so 


X3; Or X, or X5; is the optimal choice, x, or x, is the sub optional choice and x, is the inferior choice. 


Again according to Table-2, P(x, )= 2.5, 19(x, )= Vx, )= 3.3, 79(x, )= V(x, )= P(x,) = 4.3 and so 
in this case also x, or x, or xX; is the optimal choice, x, or x, is the sub optional choice and x, is the 
inferior choice. Thus parameter reduction gives the same result as the original one. 


We also have C7 ao a $1 X35 Xa X5 hd, 3 Xs XE basi bs > 


For the neutrosophic soft set (f,£) , E= {e6,6,6,.....,e,$ is the parameter set and 
U = {X,,X5,X35.----,X,¢ is the set of objects, C= £21 2% 5%3, sotsis Xi bey AX 1s Xi 25 bones ee rar 
1Xq Xp tse Made, Vis a decision partition of objects in U. Now deleting the parameter e, from E, we 


get anew decision partition deleted €, denoted by c. ene which is given by: 


U - 
Ce an {ie Xap Xap sue XiSh nso Mis wo Xi. 26 pened Xiph pasate Oe ee: ce a 


For sake of convenience we denote: 


—_— =» a = 
CH = {Ey Byrne Ey, fand Ce gaa {E> GbE Gh nes fe}, .f where 
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Ee = AN Ay 3 Aza Mh a 


oe {Xj 19 Xi42> as eee 


Sy 


Hi pone cen ree ay me 
= 
E- Gi Se Ve sk ea Xie 


= fe, i = Vente G : Qdorrres 5 X igh xg? 


3.5 Definition:The degree of importance of e, for the decision partition is denoted by Im(e,.) and is 
1 S 


defined by Im(e,)= —q W,. where 
IU g=1 
— . 
Ey - E- {e, Sry ,if $ ygsuch thatx,=x,,1£ vel sgl£ qt s 








, otherwise 


| 
i Fett + 


B, 
q 





The degree of importance of A for the decision partition is defined by: 
Ih ger 
Im(A) = U7] a W.~ where 
g=1 








” iB, - E- Ay,J, if $ y¢such that x,=x,,1£ vel s€1£ g£ s 
YA 
Ey , otherwise 








3.7 Example:Consider the neutrosophic soft set given in example 3.2. Then we have: 


Cr = (3% 455 fgo1Xo.Xeh7. th, $, $=3 and Ge fo} 1X3 5X45 X5 $65 1X2> Xe hs thy f- 


* War | x, i. {= OW a= 55% = 2 Wig | £%35.%4%5 {= 3. So Im(e,) = =(0+ 2+ 3)= 0.833. 


3.8 Proposition:For the neutrosophic soft set (f,F) where E= {e@,e@,.....,e,$ , 
O£ Im(e,.)£ 1r= 1,2,...,m. 
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Proof: 
= 
If $ ygsuch that x,=x,,1£ yel sgQl£ qf s, then W. = ee fe, sé E,| and Wes Ey | 
otherwise. 
\ mys Ww. pale " Secs +|E. [+ +E, |}= i. (eae 
en Ile Ah Ae) em Ie 


Again it is easy to verify that Im(e,.)? 0. Thus we have O£ Im(e,)¢£ 1. 


4. Decision making problem solving based on parameter reductionof neutrosophic soft set: 


In this section we first develop an algorithm using parameter reduction of neutrosophic soft set and 
then we illustrate this with a real life application. 


= Algorithm: 
Step-1: Input the neutrosophic soft set (/, £). 


Step-2: Choose a parameter reduction A of E. 


Step-3: Compute the choice value of the object x; 1 U using the formula given below: 
c= 4 Im(e,)’ is (x;) where e, 1 A. 

J 
Step-4: Find k for which c, = max oe 


Then C; is the optimal choice object. If k has more than one values, then any one of them can be 


chosen by the decision maker. 


> An Illustrative example: Consider the neutrosophic soft set given in example 3.2. Now suppose 
that Mr. John is interested to buy a house on the basis of his choice parameters @,,é,,é;,.....5€6, 


which means that out of the available houses in U, he will select that house that qualifies with all 
or maximum number of parameters in E. 
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Step-1: The neutrosophic soft set (/, E) is given below: 


error a ferro fe 


| 0.3,0.7,0.4) /(0.4,05,0.1)  (0.2,0.2,0.4)  (0.6,0.3,0.4)  (0:1,0.1,03)  (0.2,0.4,0.6) 


ood (0.4,0.5,0.5) ie Cassel inl Kins rsaaacl 
x3 


(0.2,0.5,0.7) | (0.3,0.2,0.5) | (0.8,0.2,0.4) | (0.5,0.5,0.3) | (0.2,0.4,0.2) | (0.9,0.6,0.6) 


(0.5,0.3,0.6) | (0.6,0.3,0.1) | (0.2,0.5,0.6) | (0.4,0.4,0.5) | (0.7,0.3,0.2) | (0.5,0.5,0.8) a 
(0.3,0.5,0.6) | (0.4,0.4,0.2) | (0.3,0.3,0.5) | (0.6,0.1,0.6) | (0.7,0.8,0.1) | (0.4,0.6,0.6) ha 
(0.7,0.3,0.4) | (0.3,0.5,0.2) | (0.4,0.8,0.5) | (0.5,0.3,0.5) | (0.1,0.2,0.3) | (0.4,0.4,0.2) 


Step-2: A parameter reduction of Eis A= {€3,€5€% }. The corresponding neutrosophic soft set is given 





below: 


Shae ee 


% | 020204) — (01,0103) — (0.20.4,0.6) 


ouaas hee (0.6,0.3,0.4) ae 


| 080204) — /(0.2,0.4,0.2) (0.90.60) — 


ois a (0.5,0.5,0.8) a [= 


 %s | 03,03,05) (0.7,0.8,0.1)  (0.4,0.6,0.6) 


Gis (0.1,0.2,0.3) | (0.4,0.4,0.2) ce | 





—— Cy = {(05,%45%5h4,4% 5% }3,{% 5 pand s= 3. 
Ch. fe3} {X5 $35 1X4}551%3 fo oho tibet fe 


Ch. {es} LLX3}35 1X4 35 1X5 Xo h2 1X2 fas (Miso fp 
Ce feo} LX5 $00 {Xg hos Xe ho 1X3 ho. (Hato. tt} 
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te {3X43 = oe. {95% 1 2, Wes = ier = I; 
Wa {3.045 = 3M g.'= {95% = 2, Wes = hea dy W= 0; 
Weg = [fe-2605 I= 3We, = [Beas 25Whay = [= 1 


3 3 


lo ! l 
Hence Im(e;) = Tike Wes = Be 2+ 1)= 1, Im(e,) = ibe Wee. = ae 2+ 0)= 0.83, 
g=1 g=1 
ees 1 
Im(e,) = Tike We = a 2+H=1. 
g=1 


The computation table for obtaining the choice values is given by: 
X, | (0.2,0.2,0.4) (0.1,0.1,0.3) (0.2,0.4,0.6) C, =(0.2+0.2+0.4) x1+(0.1+0.1+0.3)x0.83 
+(0.2+0.4+0.6)x1=2.415 


(0.5,0.5,0.1) (0.4,0.3,0.2) (0.6,0.3,0.4) Cy =(0.5+0.5+0.5)x1+(0.4+0.3+0.2)x0.83 
+(0.6+0.3+0.4)x1=3.147 

(0.8,0.2,0.4) (0.2,0.4,0.2) (0.9,0.6,0.6) Cz =(0.8+0.2+0.4)x1+(0.2+0.4+0.2)x0.83 
+(0.9+0.6+0.6)x1=4.164 


+(0.5+0.5+0.8)x1=4.096 


s | (0.3,0.3,0.5) | (0.7,0.8,0.1) | (0.4,0.6,0.6) Cs =(0.3+0.3+0.5)x1+(0.7+0.8+0.1)x0.83 
+(0.4+0.6+0.6)x1=3.828 

(0.4,0.8,0.5) | (0.1,0.2,0.3) | (0.4,0.4,0.2) Ce =(0.4+0.8+0.5)x1+(0.140.2+0.3)x0.83 
+(0.4+0.4+0.2)x1=3.198 





id 
(0.2,0.5,0.6) | (0.7,0.3,0.2) | (0.5,0.5,0.8) C4 =(0.2+0.5+0.6)x1+(0.7+0.3+0.2)x0.83 


Step-4: Since the choice value C3 is maximum, so house x; is the best option for Mr. John. 


Conclusion 

In this paper we have proposed the concept of parameter reduction for neutrosophic soft sets 
and we have used it to solve a decision making problem by developing an algorithm based on degree 
of importance of parameters. The experimental results prove that our proposed parameter reduction 
techniques delete the irrelevant parameters while keeping definite decision-making choices 
unchanged. The parameter reduction presented in this paper may play an important role in some 
knowledge discovery problem. Using the concept presented in this paper, one can think of parameter 
reduction of interval valued neutrosophic soft sets, hesitant neutrosophic soft sets and hesitant 


interval valued neutrosophic soft sets. 
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Abstract. This paper comes as a second step serves the purpose of constructing a 
neutrosophic optimization model for the relation geometric programming problems subject 
to (max, product) operator in its constraints. This essay comes simultaneously with my 
previous paper entitled (Neutrosophic Geometric Programming (NGP) with (max-product) 
Operator, An Innovative Model) which contains the structure of the maximum solution. The 
purpose of this article is to set up the minimum solution for the (RNGP) problems, the author 
faced many difficulties, where the feasible region for this type of problems is already non- 
convex; furthermore, the negative signs of the exponents with neutrosophic variables x; € 
[0,1] UJ . A new technique to avoid the divided by the indeterminacy component (J) was 
introduced; Separate the neutrosophic geometric programming into two optimization 
models, introducing two new matrices named as the distinguishing matrix and the 
facilitation matrix. All these notions were important for finding the minimum solution of the 
program. Finally, two numerical examples were presented to enable the reader to understand 


this work. 


Keyword: Relational Neutrosophic Geometric Programming (RNGP); (V,.) Operator; 
Neutrosophic Relation Equations; Distinguishing Matrix; Facilitation Matrix; Minimum 


Solution; Incompatible Problem. 


1. Introduction 

As of 1995 so far, dozens of mathematicians and researchers in many fields of 
sciences trying to study and understand the neutrosophic theory, the first mathematician who 
set up and put forward the neutrosophic theory was Smarandache F. at 1995 [2,11], he is in 
the neutrosophic theory as Lotfi A. Zadeh [12] in fuzzy theory and as K. Atanasov [10] in 
intuitionistic fuzzy theory. The importance of the neutrosophic logic comes from its ability to 
deal with the indeterminacy component (J), this component makes scholars generalize the 
fuzzy and intuitionistic fuzzy logics, give them the ability to put the paradoxes in a new 
framework, and it makes the researchers deal with contradicted information in more 
relaxation. This paper comes as an establishing article in the relational neutrosophic 
programming problems (RNGP) with (V,.) in its constraints. This kind of problems has many 
applications in real-world problems, like communication system, civil engineering, 
mechanical engineering, structural design and optimization, business management ...etc. The 
author published previous articles [1,3,4,6,7,9] to expand the fuzzy theory to be fit with 
neutrosophic theory, this essay was one of the series of these articles. 

This publication includes three original sections, despite the second section goes to 
the basic concepts, but these pure concepts were originated by the author at the 
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simultaneously published paper, which focused on the form of the maximum solution in the 
(RNGP) with (V,.) operator, the third section was dedicated to many unprecedented 
mathematical formulas such as pre-distinguishing matrices, pre-facilitation matrices, a new 
technique to separate the optimization model into two models depending upon the sign of 
terms powers in the objective function, and a technique to filter all minimum solutions, the 
forth section was for two numerical examples, they are the same examples that presented in 
the article [8] which assigned to the maximum solution, the last section includes the 


conclusion. 


2. Basic Concepts 


We call 
min f(x) = (eax) V (Gee) VV (ce) 
St Aox = b (1) 


x,E€[01JUl, 1lsj<n 
A (V,.) (max- product) neutrosophic geometric programming, where A = (a;;), 1 S 
i<m,1<j<n, aj; € [0,1] is (m xn) dimensional neutrosophic matrix, x = (x1,%2,..,Xn)" 
an n-dimensional variable vector, b = (b,,b3,..,b)' (b; € [0,1] UI) an m- dimensional 
constant vector, ¢ = (C1,C,..,€n)’ (¢; = 0) an n- dimensional constant vector, y; is an 
arbitrary real number, and the composition operator “0” is (V,.), Le. Vi24(aij.xj;) = bj. Note 
that the program (1) is undefined and has no minimal solution in the case of y; < 0 with all 


x;'s taking indeterminacy value. 


2.1. Definition [8] 


2, if Ajj > b; 3 Qj; E [0,1], b; E [0,1] 
ij 
Qij ca bj = 1, if Ajj < b; , Qj; E [0,1], b; E [0,1] (2) 
1 ; if Qj; E [0,1], b; = ni,n E (0,1] 
=, if Qj; >n, Qj; Ee [0,1], b; = ni,n E (0,1] 
ij 
eee 1, if aj <n, ay; € [0,1], b; = nl,n € (0,1] 3) 
Jo"t \)not comp. if aij = ml ,m € (0,1],b; € [0,1] UI 
1 if Ajj, bij E [0,1] 


Where ™ is an operator defined at [0,1], while the operator © is defined at [0,1] U/. Let 


kj = NaG@yjy 4b), GUsji<n) (4) 
be the components of the pre maximum solution %,1.(1.e. X,1 = (1, Xo, ..,Xn)) 
Let x; = Ajz:@@j9b)), GUsijsn), (5) 


be the components of the pre maximum solution X,9. (ie. Xy2 = (%1, X2, 1, Xy)) 

Now the following question will be raised, 

Which one X,, or X,2 should be the exact maximum solution? 

Neither %,, nor X,2 will be the exact solution! The exact solution is integrated between them. 
Before solving Aox = b, we first define the matrices A,,, Ay2. 


Let A,, be a matrix has the same dimension and the same rows elements of A except for those 


rows of the indexes i = i, corresponding to those indexes of b,, = nl, those special rows of 
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A, will be zeros. Let A,, be a matrix has the same dimension and the same rows elements of 
A except for those rows of the indexes i = i, corresponding to those indexes of b,, € [0,1], 
those special rows of A, will be zeros. Consequently, 

Aox = b = (Ay, 0Xy1) + (Ay20Xy2) (6) 
The formula (6) is the greatest solution in X (A, b). 


The maximum value of the objective function f(X) = f(%y1) V f (X,2). 


2.2. Theorem [8] 


If y; <0 (sj <n), then the greatest solution to the problem (1) is an optimal 


solution. 


2.3. Definition [5] 
If there exists a solution to x = b, it's called compatible. Suppose X(A, b) = {(%4, x2, pen) e 
[0,1]" UI, I" =I,n > O|xoA = b,x; € [0,1] UJ} is a solution set of Aox = b, we define x* < 
xP eax <x? (1 <j <n),Vx',x? € X(A,b). Where" < "isa partial order relation on X(A, b). 


3. The Structure of the Minimum Solution X. 

The feasible region of the solution domain for the neutrosophic geometric 
programming (NGP) problems subject to (max-product) operator in its constraints is a 
solution to Aox = b , therefore the definition of the solution set X(A,b) and the shape of the 
maximum and the minimum solutions are very important to optimize the (NGP) model. 

The structure of the maximum solution was introduced by Huda E. Khalid in [8]. 
The definition (2.3) was constructed by Huda E. Khalid at 2016 [5], this definition was 
dedicated for (RNGP) problems subject to (max-min) operator, this definition is also 


appropriate for (RNGP) problems with (max, product) operator. 


3.1. Definition 


If there exists a minimum solution in the solution set X(A, b), then the numbers of the 
minimum solutions are not lonesome such as the maximum solution. If we denote all 
minimum elements by X(A,b), then another version of X(A,b) can be presented depending 


upon the minimum and the maximum solutions as follows: 
X (A, b) = Uxex(A,b) {x | X<x =X E x} (7) 


The following definitions introduce some important new matrices that were constructed by 


the author for using them in the filtering rule for finding the minimum solution. 
3.2. Definition 
Let S$, = (Sij*)mxn » S2 = (Sij*)mxn be two pre - distinguishing matrices of A, where 


goo tae ae a (8) 
y 0, Ajj. X; x b; 
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In (8), the *;’s are the components of the pre - maximum solution x,,; which supports the 


fuzzy part of the problem, while the elements a;; are the elements of the matrix A,,. 


aes a a am (9) 
uy 0, Ajj. X; - b; 


In (9), the *;’s are the components of the pre - maximum solution x,2 which supports the 


neutrosophic part of the problem, while a,; are the elements of the matrix Aj». 


Let 


S = (Sip)mxn = (Siz Jinxn + (Siz?) mxn = St + S2 (10) 


The matrix S is called the distinguishing matrix of A. It is obvious that the constraints system 
Aox = b has a solution if and only if the distinguishing matrix S of A has non zero rows (i.e. S 


has at least a nonzero element in each row). 
3.3. Definition 


Let F, = CG; eh po =F Tap ener be two pre - facilitation matrices of A, where 


Xijo Ajj. X; = b; 


= 


In (11), the *;’s are the components of the pre- maximum solution X,, which supports the 
fuzzy part of the problem, while the elements aj; are the entries of A,,. 


Xijo Ajj. X; = b; 


A ees 


In (12), the x;’s are the components of the pre - maximum solution *,, which supports the 


neutrosophic part of the problem, 

Let 

F = (fij)mxn = (fy Jmxn + (fig Jmxn = Fi + Fe (13) 
The matrix F is called the Facilitation matrix of A. 


Both matrices S and F are first introduced in this paper and they have a key role in finding 


the set of all quasi-minimum solutions and then the optimal solution for NGP problems. 
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3.4 The Filtration Method for Finding Minimum Solutions 

1. Delete the i— th row of F, for which b; = 0 

2. At b; > 0, find an index z € {1,2,...,m} such that z >i, if for all j = 1,2,...,n 
we find f,; #0 = fi; # 0, then delete the i — th row of F. 

3. Denote F for the matrix that gained from the above steps (i.e steps 1&2). 

4. To each row of F, in each time, the only nonzero value is selected in every 
row with all entries of the rest seen as zero, perhaps all of the matrices are 


~~ 


denoted by Fy, Fo, ...., Fy. 
5. To each column of F, (1 < k <p), the maximum element is selected, a quasi- 


minimum solution X; can be obtained through such a method 


The set composed of all x; is called a quasi-minimum solution, and it includes all 
minimum solutions to Aox = b. Delete all repeated solutions, and then all minimum 


solutions X(A, b) can be obtained. 


As an integrated study for all cases of the exponents (y;) of the terms in the 
objective function f(x), we saw that the theorem (2.2) covered the negative 
exponents, while the following theorem will cover the positive exponents for the 


terms of f(x). 
3.5 Theorem 


Ify; 20 (A <j <n), then a certain minimum solution X to Aox = b is an optimal one 


to the program (1). 





Proof 
Vj 
d(x,/) yj-1 
Since yj = 0 (1 <j <n), then ea = Vjx;° > 0. 


We have x; € [0,1] UI, so ts is a monotone increasing function concerning x;, so is 
oe concerning x;. Hence, V x € X(A,b), depending on formula (7), then there exists 
X € X(A,b), such that x >% (ie. xj 2X) => a > ei 1<j<n>fx~e= 


f(%), this means that the optimal solution to the program (1) must exist in 
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X (A, b).f (%*) = min { f (%)| X € X(A, b)}. Then V x € X(A, b), there exists f(x) = f(X*), 


so X* € X(A, b) is an optimal solution to the program (1). 


3.6 Two Optimization Models Based on the Sign of y; 


Let M, = {j| yj, <01<j<n}, M={j|y,>0,1<j <n}, then M,N M,=0, M,UM, =] , 
here J = {1,2,...,n}. It is evident that the terms of the objective function f(x) in the program 


(1) having negative powers is 
Aix) =Vjem, {(G-%, 9} (14) 


While the terms of f(x) that having positive exponents is 


fal®) =Vjem, {(G-%;7)} (15) 
Based on (14) and (15), we have the following two optimization models, 


min f, (x) 
s.t.Aox = b (16) 


min f(x) 
s.t.Aox = b (17) 
Using theorem (2.2), X is an optimal solution for (16). By theorem (3.5), there exists 


X* € X(A, b) , where X* is an optimal solution for (17). 


3.7 Important Notes 


1. In this type of problems, the first step is to search for the maximum solution which is 
lonesome for every problem. If the purpose of the program (1) is to optimize it, with 
the restriction that all powers of the variables x; are negative, then the greatest 
solution is the optimal one {i.e. f(x") = f(®) = fy )Af (Xy2)}. 

2. The second step is to search for the minimum solution which is the set of all minimal 
solutions X(A,b). When the purpose of the program (1) is to optimize it, with the 


restriction that some of the exponents are negative and others are positive, then 


f(x") = fi AAO). 
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3. It should be noticed that the components of X,. containing indeterminate values (I) 
raised to the negative powers of f(x) must be neglected, otherwise, it will be 


undefined program. 


The upcoming section covering numerical examples, those examples are the same 
that discussed in [8] for its maximal solution, we could not be remote far away from the paper 
[8], present paper regarded as the complement of [8] which contained the formula of the 


maximum solution, while this present paper introduces the set of all minimum solutions. 


4 Numerical examples 


We now gaze the (max, product) neutrosophic relation geometric programming examples as 


follows 


3.1 Example 


Solve 


1 1 
min f (x) = (0.3.x?)V(L.8I .x3)V(I.x4) 


s.t. Aox =b 
x, €[01JUl GQsj<n) 


a 6 1. .2 
Where b=(L5L2)', Aj V5 12) af 
so 3x3 


Solution: 
es (ep 2 2 \T _ je Ee ee ee a ee ee 
Ky = (%1,%2,%3)" = 11,1)", Xy2 = (X41, %2,%3)" = (1,21, 1) / 


HO: Ae a Z 0 O O 
Ay, = 0 0 0 ) Ay2 = 5 a2 Belt J 
0 O O oo Or wal 


It is easy to notice that all exponents of f(x) terms are positive. Therefore 
there will not be a need to separate f(x) into f, and fo. 
f(%) = f(y) Vf &p2) = 1.8] is the maximum solution. 
Using theorem (3.5), it is essential to find the set of all minimum solutions for 
f(x), where the optimal solution occurs at the minimal solution. 

0 1 0 0 O 0 0 1 O 
s.= 0 O| 5, =| 0 |. = [os 0 | 


0 0 O 0.3 05 O 0.3 05 O 
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0 
0 1 O 2) 

F, = |0 0 0|,F, =|3 
0 10: 0 2) 

3 








Using the filtration rule stated in section (3.4), 


~ 


“1 0 0 
2 => F, 


2 


=e 
3 


F= 


“1 0 
5 


20 
1 0 0 1 0 
Z 
0 Ol p_|5l 0 Of 
“1 0 af a7 % 
5 3. .02C CS 
“1 0 0 “1 0 O 
3 3 
“1 0 0 0 <7 of 
3 5 


so the minimum solutions that related to F, and F, are X, = [- 1, 0,0\,.%>°= 


Zoi 2, 
[-1=1,0]. 


f(%1) = f%®,) = =! is the minimum solution. 


3.2 Example 


Let min f(x) = (or “| V ( 


s.t. Aox = b 


x,€[0,1JUl Gsj<n) 


Where b = (0.3,0.7/,0.5,0.21)’ , A= 


Solution 


1 


13.43] VU V 035.47) 


CSOrRwpy 
ul On w 
Pi.oe 


1 
Nig = CX taka) = (0.5,1,=, 0.5) ies aka = 


T 
y 


(= 1, 1,0.21, 0.8751] 


The greatest solution for this problem is f(%) = f(%,1) V f(®y2) = 1.3. 


The following calculations are for finding the minimum solution. 


om oe: kG 
0 0 
al ea 1p 4 
0 0 00 
0 .3 .4 .6 
_{0 0 00 7 
S1=|(4 9 g Bs 
00 00 
Oo &% = ss 0 
4 
F,=|0 0 0 ol, 5 =| 
5 00 .5 0 
0000 0 


0 0 0 0 

3.2 .9 .8 

00 0 of 

0 5 1 0 

0 0 0 0 .3 .4 .6 

00 .8 _{[0 O O .8 

0 0 7 —F=l1 0 0 1 f 

0 1 0 0 0 10 
0 0 oO cio 
0 0 8751) _»f7=]0 0 O .875I], 
0 0 0 5 0 0 hs 
t a2e O 0 1 .2r 0 
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‘ 0 O O .875I 
0 1 .2I 0 

: 0 O O .875I 

F, = 5 0 0 0 => X41 = (.5,1,.2/, 8751)", 
0 1 .2I 0 

; 0 0 O ae 

&=|0 0 0 = x, = (0,1,.21,.8751)', 
0 1 .2/ 

- 0 O O ee 
0 1 0 

; 0 O O sae 

Fahs-0 0 a5 205-097 B75” 
0 O .2I 

‘ 0 O 0 oe 
0 1 0 

_ 0 0 O sa 
0 1 O 

- 0 O O ae 

Pals oO 6 9 050 S675 
0 O .2I 

- 0 0 O ae 
0 0 .2I 





It is clear that there are two repeated solution, 

Xs = (.5,1,0,.875/)’ = X3, and X, = (.5,0,.2/,.8751)’ = X,, after deleting all 
repeated solutions, the set of all quasi- minimum solutions X(A,b) = 
(%1,%2,%3, X4, Xp, Xp}. 

Since the powers of some terms in f(x) are positive while others are negative, 


we separate the objective function f(x) into 


poy O02 IV OsS27-). pO) jH AsV C2), 
First, solve for optimizing 


min f; (x) 
s.t.Aox =b 
E€ [0,1] Ul 
By theorem (2.2), we have f,(x") = f,(®) = f,(%y1) A fi &y2) = 1.4, take care 


of those terms of X,2 that holding indeterminate components must be 


neglected and avoid apply them in the terms of f; (x). 
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Second, solve for optimizing 
min f(x) 
s.t.Aox = b 
fo(%) = 1.3, fo(%) = 1.3, fo(%3) = 1.3, fo(%) = 4470, fo(%e) = 1.3, 
foe) = 0.447], 
X4,Xg are the optimal for f2(x), (ie. fo(x*) = 0.4471). 
f(x") = £1(%") A f2(x*) = 0.4471 


5 Conclusion 
The importance of this work comes from the unprecedented notions that were firstly 


introduced in this article which are essential mathematical tools to establish the structure of 
neutrosophic geometric programming (NGP) problems with (V,.) operator. Any optimization 
problem needs to specify its minimum and maximum solution, in this article the author 
introduced an effective technique to find the set of all quasi- minimum solution X(A, b), side 
by side with the structure of the maximum solution Xx. This work contains the theoretical rules 
with two numerical examples to enable the readers to understand the pure mathematical 


concepts. 
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Abstract: As a generalization of Fuzzy sets introduced by Zadeh [21] in 1965 and Intuitionistic 
Fuzzy sets introduced by Atanassav [8] in 1983, the Neutrosophic set had been introduced and 
developed by Smarandache. A Neutrosophic set is characterized by a truth value (membership), an 
indeterminacy value and a falsity value (non-membership). Salama and Alblowi [17] introduced 
the new concept of neutrosophic topological space (NTS) in 2012, which had been investigated 
recently. In 2018, Parimala M et al. introduced and studied the concept of Neutrosophic 
homeomorphism and Neutrosophic aW homeomorphism in Neutrosophic topological spaces. The 
impact of this article is to introduce and study the concepts of Ngpr homeomorphism and Nigpr 
homeomorphism in Neutrosophic topological space. Further, the work is extended to Ngpr open 
mappings, Ngpr closed mappings, Nigpr closed mappings and some of their properties are 
explored in Neutrosophic topological space. 


Keywords: Neutrosophic generalized pre regular closed set, Ngpr open mappings, Negpr closed 
mappings, Ngpr homeomorphism and Nigpr homeomorphism. 


1. Introduction 


Zadeh [21] introduced the concept of fuzzy set in 1965 and Chang C. L. [9] introduced fuzzy 
topological spaces in 1968. Later, Atanassov [8] proposed the concept of intuitionistic fuzzy sets in 
1986, where the degree of membership and degree of non-membership are discussed. Intuitionistic 
fuzzy topological spaces was introduced by Coker [10] in 1997 using intuitionistic fuzzy sets. As a 
generalization of Fuzzy sets and Intuitionistic Fuzzy sets, Neutrosophic set have been introduced 
and developed by Florentin Smarandache [12]. He also defined the Neutrosophic set on three 
components, namely Truth (membership) (T), Indeterminacy (I) and Falsehood (non-membership) 
(F). 

Neutrosophic concept has wide range of real time applications in the fields of [1 - 6] Information 
Systems, Computer Science, Artificial Intelligence, Applied Mathematics and Decision Making, 
Uncertainty assessments of linear time-cost tradeoffs and solving the supply chain problem. 

In 2012, Salama A. A and Alblowi [17] introduced the concept of Neutrosophic topological 
space by using Neutrosophic sets. Salama A. A. [18] introduced Neutrosophic closed set and 
Neutrosophic continuous function in Neutrosophic topological spaces and their properties are 
studied by various authors [7 & 11]. Since, Neutrosophic homeomorphism plays an important role 
in Neutrosophic topology. Parimala M et al. [14] introduced and studied the concept of 
Neutrosophic homeomorphism and Neutrosophic aw homeomorphism in Neutrosophic topological 
spaces. In this article, introduce and study few properties of Ngpr open mappings, Ngpr closed 
mappings, Nigpr closed mappings, Ngpr homeomorphism and Nigpr homeomorphism in 
Neutrosophic topological space. The present study demonstrates some of the related theorems, 
results and properties. 


2. Preliminaries 


K. Ramesh, Ngpr Homeomorphism in Neutrosophic Topological Spaces 


Neutrosophic Sets and Systems, Vol. 32, 2020 26 


2.1. Definition: [17] Let X be a non-empty fixed set. A Neutrosophic set (NS for short) A in X is an 
object having the form A = {(x, WaA(x), oa(x), va(x)): X © X} where the functions pWa(x), oa(x) and va(x) 
represent the degree of membership, degree of indeterminacy and the degree of non-membership 
respectively of each element x € X to the set A. 


2.2 Remark: [17] A Neutrosophic set A = {(x, Wa(x), oa(x), vA(x) ): x € X} can be identified to an 


ordered triple A = (x, Wa(x), 0a(x), va(x)) in non-standard unit interval ]0, 1°[ on X. 


2.3 Remark: [17] For the sake of simplicity, we shall use the symbol A = (x, ua, oa, va) for the 
neutrosophic set A = {(x, Wa(x), OA(X), VA(X)): x © X}. 


2.4 Example: [17] Every IFS A is a non-empty set in X is obviously on NS having the form 
A = {(x, UA(x), 1 — (ua(x) + va(x)), va(x)): x € X}. Since our main purpose is to construct the tools for 
developing Neutrosophic set and Neutrosophic topology, we must introduce the NS On and In in X 
as follows: 

On may be defined as: 

(01) ON = {(x, 0, 0, 1): x € X} 

(02) On = {(x, 0, 1, 1): x € X} 

(03) ON = {(x, 0, 1, 0): x € X} 

(04) ON = {(x, 0, 0, 0): x € X} 

1n may be defined as: 

(11) In = {(x, 1, 0, 0): x € X} 

(12) IN = {(x, 1, 0, 1): x € X} 

(13) In = {(x, 1, 1, 0): x € X} 

(14) In = {(x, 1, 1, 1): x € X} 








2.5 Definition: [17] Let A = (ua, oa, va) be a NS on X, then the complement of the set A [C(A) for 
short] may be defined as three kind of complements: 

(Ci) C(A) = {(x, 1-ua(x), 1-oa(x), 1-va(x)): x © X } 

(C2) C(A) = {(x, va(x), OA(X), HA(X)): X © X} 

(C3) C(A) = {(x, va(x), 1-oa(x), WA(x)): x © X} 


2.6 Definition: [17] Let X be a non-empty set and Neutrosophic sets A and B in the form A = {(x, 
A(x), OA(X), VA(X)): x © X} and B= {(x, UB(x), OB(x), vB(x)): xX € X}. Then we may consider two possible 
definitions for subsets (A © B). 

(1) ASB = ua(x) § us(x), oa(x) S$ OB(x) and UaA(x) = pB(x) V x € X 

(2) ASB = ua(x) S us(x), oA(x) 2 OB(x) and wa(x) = pB(x) V x € X 


2.7 Proposition: [17] For any Neutrosophic set A, the following conditions hold: 
On € A, On € ON 
A € In, 1n €1Nn 


2.8 Definition: [17] Let X be a non-empty set and A = {(x, Ua(x), Oa(x), va(x)): x € X}, B = {(x, UB(X), 
oB(x), VB(x)): x € X} are NSs. Then ANB may be defined as: 

(Ii) ANB = (x, wa(x) A uB(x), oa(x) Aon(x) and va(x) V vB(x)) 

(Iz) ANB = (x, Wa(x) A B(x), a(x) V oB(x) and va(x) V vB(x)) 

AUB may be defined as: 

(U1) AUB = (x, a(x) V B(x), OA(x) VoB(x) and va(x) A vB(Xx)) 

(Uz) AUB = (x, a(x) V B(x), A(x) AoB(x) and va(x) A vB(Xx)) 
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2.9 Definition: [17] A Neutrosophic topology [NT for short] is a non-empty set X is a family Tt of 
Neutrosophic subsets in X satisfying the following axioms: 
(NT1) On, IN € 1, 
(NT2) GiNG: € t for any G1, G2 € 1, 
(NT3) UGieé t for every {Gi:i € J} ST. 

Throughout this paper, the pair (X, Tt) is called a Neutrosophic topological space (NTS for short). 
The elements of t are called Neutrosophic open sets [NOS for short]. A complement C(A) of a NOS 
A in NTS (X, Tt) is called a Neutrosophic closed set [NCS for short] in X. 


2.10 Definition: [17] Let (X, t) be NTS and A = {(x, a(x), a(x), VA(xX)): x € X} be a NS in X. Then the 
Neutrosophic closure and Neutrosophic interior of A are defined by 
NCI(A) =N{K: Kis a NCS in X and A € K} 
Nint(A) =U{G: Gis a NOS in X and G € A} 
It can be also shown that NCI(A) is NCS and NInt(A) is a NOS in X. 
a) Ais NOS if and only if A = NInt(A), 
b) Ais NCSif and only if A= NCI(A). 


2.11 Definition: [13] A NS A = {(x, Wa(x), oa(x), va(x)): x € X} ina NTS (X, 7) is said to be 
(i) Neutrosophic regular closed set (NRCS for short) if A = NCI(NInt(A)), 
(ii) Neutrosophic regular open set (NROS for short) if A = NInt(NCI(A)), 
(iii) Neutrosophic pre closed set (NPCS for short) if NCI(NInt(A)) & A, 
(iv) Neutrosophic pre open set (NPOS for short) if A & NInt(NCI(A)), 
(v) Neutrosophic a- closed set (NSCS for short) if NCI(NInt(NCI(A))) & A, 
(vi) Neutrosophic a- open set (NSOS for short) if A © NInt(NCI(NInt(A))). 


2.12 Definition: [19] Let (X, t) be NTS and A = {(x, wa(x), a(x), VA(xX)): x © X} be a NS in X. Then the 
Neutrosophic pre closure and Neutrosophic pre interior of A are defined by 

NPCI(A) = A{K: Kis a NPCS in X and A € K}, 

NPInt(A) = U{G: Gis a NPOS in X and G € A}. 


2.13 Definition: [15] A NS A = {(x, pa(x), a(x), va(x)): x € X} in a NTS (X, 7) is said to be a 
Neutrosophic generalized closed set (NGCS for short) if NCI(A) © U whenever A € U and Uisa 
NOS in (X, t). A NS A of a NTS (X, T) is called a Neutrosophic generalized open set (NGOS for short) 
if C(A) is a NGCS in (X, T). 


2.14 Definition: [20] A NS A = {(x, wa(x), a(x), va(x)): x € X} in a NTS (X, 7) is said to be a 
Neutrosophic generalized pre closed set (NGPCS for short) if NPCl(A) © U whenever A € U and U 
is a NOS in (X, t). A NS A of a NTS (X, T) is called a Neutrosophic generalized pre open set (NGPOS 
for short) if C(A) is a NGPCS in (X, 7). 


2.15 Definition: [13] A NS A = {(x, pa(x), oa(x), va(x)): x € X} in a NTS (X, 1) is said to be a 
Neutrosophic generalized pre regular closed set (NGPRCS for short) if NPCl(A) € U whenever A © 
U and U is a NROS in (X, Tt). The family of all NGPRCSs of a NTS(X, t) is denoted by NGPRC(X). A 
NS A of a NTS (X, t) is called a Neutrosophic generalized pre regular open set (NGPROS for short) if 
C(A) is a NGPRCS in (X, 7). 

Every NRCS, NCS, NWCS, NaCs, NGCS, NPCS, NaGCS, NGPCS, NRaGCS, NRGCS is an 
NGPRCS but the converses are not true in general. 


2.16 Definition: [13] A Neutrosophic topological space (X, Tt) is called a Neutrosophic pre regular T1/2 
(NPRT12 for short) space if every NGPRCS in (X, t) is NPCS in (X, tT). 


K. Ramesh, Ngpr Homeomorphism in Neutrosophic Topological Spaces 


Neutrosophic Sets and Systems, Vol. 32, 2020 28 


2.17 Definition: [13] A Neutrosophic topological space (X, Tt) is called a Neutrosophic pre regular T12 
(NPRT"12 for short) space if every NGPRCS in (X, Tt) is NCS in (X, tT). 


2.18 Definition: [16] Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, Tt) > (Y, 0) is called Ngpr 
continuous (resp. NG continuous, NGP continuous) mapping if f!(B) is NGPRCS (resp. NGCS, 
NGPCS) in (X, t) for every NCS B of (Y, 0). 

Every Neutrosophic continuous, NG continuous, NGP continuous is a Ngpr continuous 
mapping but the converses are not true in general. 


2.19 Definition: [16] Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, Tt) > (Y, 0) is called Ngpr 
irresolute mapping if f(A) is NGPRCS in (X, t) for every NGPRCS A of (Y, 0). 


2.20 Definition: [14] Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, t) — (Y, 0) is called 
Neutrosophic closed mapping (resp. Neutrosophic open mapping) (NCM (resp. NOM) for short) if 
the image of every Neutrosophic closed set (resp. Neutrosophic open set) in (X, t) is a Neutrosophic 
closed set (resp. Neutrosophic open set) in (Y, 0). 


2.21 Definition: [14] Let (X, t) and (Y, o) be two NTSs. A bijection f: (X, t) — (Y, 0) is called a 
Neutrosophic homeomorphism if f and f! are Neutrosophic continuous mapping. 


3. Ngpr open mappings and Negpr closed mappings 


In this section introduce Ngpr open mapping, Ngpr closed mapping and Nigpr closed 
mapping in the Neutrosophic topological space and study some of their properties. Also established 
the relation between the newly introduced mappings and already existing mappings. 


3.1 Definition: Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, Tt) > (Y, 0) is called 
(i) Neutrosophic generalized open mapping (NGOM for short) if f(A) is NGOS in (Y, o) for 
every NOS A of (X, T). 
(ii) Neutrosophic a open mapping (NaOM for short) if f(A) is NaOS in (Y, o) for every NOS A 
of (X, T). 
(iii) Neutrosophic pre-open mapping (NPOM for short) if f(A) is NPOS in (Y, o) for every NOS 
A of (X, T). 
(iv) Neutrosophic generalized pre-open mapping (NGPOM for short) if f(A) is NGPOS in (Y, o) 
for every NOS A of (X, 7). 


3.2 Definition: Let (X, Tt) and (Y, o) be two NTSs. A mapping f: (X, tT) — (Y, 0) is called Ngpr open 
mapping (NGPROM for short) if f(A) is NGPROS in (Y, o) for every NOS A of (X, 7). 


3.3 Definition: Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, Tt) > (Y, 0) is called 
(i) Neutrosophic generalized closed mapping (NGCM for short) if f(A) is NGCS in (Y, o) for 
every NCSA of (X, T). 
(ii) Neutrosophic a closed mapping (NaCM for short) if f(A) is NaCS in (Y, o) for every NCS 
A of (X, T). 
(iii) Neutrosophic pre-closed mapping (NPCM for short) if f(A) is NPCS in (Y, o) for every NCS 
A of (X, T). 
(iv) Neutrosophic generalized pre-closed mapping (NGPCM for short) if f(A) is NGPCS in 
(Y, o) for every NCS A of (X, T). 


3.4 Definition: Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, t) > (Y, 0) is called Ngpr closed 
mapping (NGPRCM for short) if f(A) is NGPRCS in (Y, o) for every NCS A of (X, 7). 
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3.5 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, Vi, V2, 1N} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.4, 0.4, 0.5), (0.6, 0.3, 0.4)) and Vi = (y, (0.7, 0.5, 
0.3), (0.8, 0.4, 0.2)) and V2= (y, (0.6, 0.4, 0.4), (0.7, 0.3, 0.3)). Define a mapping f: (X, t) — (Y, 0) by f(a) = 
u and f(b) = v. Here the Neutrosophic set Us = (x, (0.5, 0.6, 0.4), (0.4, 0.7, 0.6)) is a Neutrosophic closed 
set in X. Then f(U‘) = (y, (0.5, 0.6, 0.4), (0.4, 0.7, 0.6)) is a NGPRCS in (Y, 0) as f(U*) €1Nn implies 
Npcl(f(Us)) = (Us) & In where 1N is a NROS in Y. Therefore f is a Ngpr closed mapping. 


3.6 Proposition: Every Neutrosophic closed mapping is Ngpr closed mapping but not conversely in 
eeneral. 


Proof: Let f: (X, t) > (Y, o) be a Neutrosophic closed mapping. Let A be a NCS in X. Then f(A) is a 
NCS in Y. Since every NCS is a NGPRCS in Y, f(A) is a NGPRCS in Y. Hence f is a Ngpr closed 


mapping. 


3.7 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V1, V2, 1N} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.4, 0.4, 0.5), (0.6, 0.3, 0.4)) and Vi = (y, (0.7, 0.5, 
0.3), (0.8, 0.4, 0.2)) and V2 = (y, (0.6, 0.4, 0.4), (0.7, 0.3, 0.3)). Define a mapping f: (X, t) > (Y, 0) by f(a) = 
u and f(b) = v. Here the Neutrosophic set Us = (x, (0.5, 0.6, 0.4), (0.4, 0.7, 0.6)) is a NCS in X. Then f(U*) 
= (y, (0.5, 0.6, 0.4), (0.4, 0.7, 0.6)) is a NGPRCS in (Y, 0) as f(U*s) S1n implies Npcl(f(Us)) = (Us) & IN 
where In is a NROS in Y. Therefore f is a Ngpr closed mapping. But f is not a Neutrosophic closed 
mapping since Us is NCS in X but f(U*) is not a NCS in Y as Nel(f (U*)) = In 4 £(U9). 


3.8 Proposition: Every Neutrosophic generalized closed mapping is Ngpr closed mapping but not 
conversely in general. 


Proof: Let f: (X, t) — (Y, o) be a Neutrosophic generalized closed mapping. Let A be a NCS in X. 
Then f(A) is a NGCS in Y. Since every NGCS is a NGPRCS in Y, f(A) is a NGPRCS in Y. Hence f is a 
Negpr closed mapping. 


3.9 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.3, 0.5, 0.4), (0.2, 0.5, 0.3) ) and V = (y, (0.6, 0.5, 
0.2), (0.4, 0.5, 0.2)). Define a mapping f: (X, t) — (Y, o) by f(a) = u and f(b) = v. Here the Neutrosophic 
set Us = (x, (0.4, 0.5, 0.3), (0.3, 0.5, 0.2) ) is a NCS in X. Then f(U*) = (y, (0.4, 0.5, 0.3), (0.3, 0.5, 0.2)) is a 
NGPRCS in (Y, o) as (Us) S1n implies Npcl(f(U*s)) = £(Us) & In where 1n is a NROS in Y. Therefore f is 
a Ngpr closed mapping. But f is not a Neutrosophic generalized closed mapping since Us is NCS in X 
but £(U*‘) is not a NGCS in Y as f(Us) & V implies Necl(f(Us)) = In & V. 


3.10 Proposition: Every Neutrosophic a closed mapping is Ngepr closed mapping but not conversely 
in general. 


Proof: Let f: (X, t) — (Y, 0) be a Neutrosophic a closed mapping. Let A be a NCS in X. Then f(A) is a 
NaCs in Y. Since every NaCS is a NGPRCS in Y, f(A) is a NGPRCS in Y. Hence f is a Ngpr closed 


mapping. 


3.11 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.4, 0.5, 0.4), (0.2, 0.5, 0.3)) and V = (y, (0.7, 0.5, 0.2), 
(0.3, 0.5, 0.2)). Define a mapping f: (X, t) — (Y, 0) by f(a) =u and f(b) = v. Here the Neutrosophic set Us 
= (x, (0.4, 0.5, 0.4), (0.3, 0.5, 0.2)) is a NCS in X. Then f(U*) = (y, (0.4, 0.5, 0.4), (0.3, 0.5, 0.2)) is a 
NGPRCS in (Y, o) as {(U*) S1n implies Npcl(f(U*s)) = £(Us) S In where 1n is a NROS in Y. Therefore f is 
a Ngpr closed mapping. But f is not a Neutrosophic a closed mapping since Us is NCS in X but f(U*) 
is not a NaC$ in Y as Nel(Nint(Nel(f(U*)))) = In € £(U5). 
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3.12 Proposition: Every Neutrosophic pre-closed mapping is Ngpr closed mapping but not 
conversely in general. 


Proof: Let f: (X, t) — (Y, 0) be a Neutrosophic pre-closed mapping. Let A be a NCS in X. Then f(A) is 
a NPCS in Y. Since every NPCS is a NGPRCS in Y, f(A) is a NGPRCS in Y. Hence f is a Ngpr closed 


mapping. 


3.13 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.4, 0.5, 0.6), (0.2, 0.5, 0.3)) and V = (y, (0.3, 0.5, 0.7), 
(0.3, 0.5, 0.4)). Define a mapping f: (X, t) — (Y, 0) by f(a) =u and f(b) = v. Here the Neutrosophic set Us 
= (x, (0.6, 0.5, 0.4), (0.3, 0.5, 0.2)) is a NCS in X. Then f(U*) = (y, (0.6, 0.5, 0.4), (0.3, 0.5, 0.2)) is a 
NGPRCS in (Y, o) as {(Us) S1n implies Npcl(f£(U*)) = (y, (0.7, 0.5, 0.3), (0.4, 0.5, 0.2)) S In where 1N is a 
NROS in Y. Therefore f is a Ngpr closed mapping. But f is not a Neutrosophic pre-closed mapping 
since Uc is NCS in X but f(U*‘) is not a NPCS in Y as Nel(Nint(f(U*))) = Ve £ f(U>). 


3.14 Proposition: Every Neutrosophic generalized pre-closed mapping is Ngpr closed mapping but 
not conversely in general. 


Proof: Let f: (X, t) — (Y, 0) be a Neutrosophic generalized pre-closed mapping. Let A be a NCS in X. 
Then f(A) is a NGPCS in Y. Since every NGPCS is a NGPRCS in Y, f(A) is a NGPRCS in Y. Hence f is 
a Ngpr closed mapping. 


3.15 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.3, 0.8, 0.5), (0.4, 0.7, 0.6)) and V = (y, (0.5, 0.2, 0.3), 
(0.6, 0.3, 0.4)). Define a mapping f: (X, t) — (Y, 6) by f(a) =u and f(b) = v. Here the Neutrosophic set Us 
= (x, (0.5, 0.2, 0.3), (0.6, 0.3, 0.4)) is a NCS in X. Then f(U*) = (y, (0.5, 0.2, 0.3), (0.6, 0.3, 0.4)) is a 
NGPRCS in (Y, 6) as f(Us) SIN implies Npcl(f(Us)) = In € In where In is a NROS in Y. Therefore f is a 
Negpr closed mapping. But f is not a Neutrosophic generalized pre-closed mapping since Uc is NCS 
in X but f (Us) is not a NGPCS in Y as f(U*s) SV implies Npcl(f (U*)) = In € V where V is a NOS in Y. 


3.16 Definition: Let (X, t) and (Y, o) be two NTSs. A mapping f: (X, t) > (Y, 0) is called Nigpr open 
mapping (NiGPROM for short) if f(A) is NGPROS in (Y, o) for every NGPROS A of (X, Tt). 


3.17 Definition: Let (X, t) and (Y, 0) be two NTSs. A mapping f: (X, t) — (Y, 0) is called Nigpr closed 
mapping (NiGPRCM for short) if f(A) is NGPRCS in (Y, o) for every NGPRCS A of (X, 7). 


3.18 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.5, 0.4, 0.3), (0.7, 0.8, 0.2)) and V = (y, (0.7, 0.4, 0.5), 
(0.8, 0.5, 0.5)). Define a mapping f: (X, t) — (Y, 0) by f(a) = u and f(b) = v. Hence f(A) is NGPRCS in 
(Y, o) for every NGPRCS A of (X, t). Therefore f is a Nigpr closed mapping. 


3.19 Proposition: Every Nigpr closed mapping is Ngpr closed mapping but not conversely in 
eeneral. 


Proof: Let f: (X, t) — (Y, o) be a Nigpr closed mapping. Let A be a NCS in X. Since every NCS is a 
NGPRCS in X, A is a NGPRCS in X. Then f(A) is a NGPRCS in Y. Hence f is a Ngpr closed mapping. 


3.20 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, 1n} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.2, 0.5, 0.7), (0.3, 0.5, 0.6)) and V = (y, (0.3, 0.5, 0.6), 
(0.4, 0.5, 0.5)). Define a mapping f: (X, t) — (Y, 0) by f(a) =u and f(b) = v. Here the Neutrosophic set Us 
= (x, (0.7, 0.5, 0.2), (0.6, 0.5, 0.3)) is a NCS in X. Then f(U*‘) = (y, (0.7, 0.5, 0.2), (0.6, 0.5, 0.3)) is a 
NGPRCS in (Y, o) as {(U*) S1n implies Npcl(f(U*)) = £(Us) & In where 1n is a NROS in Y. Therefore f is 
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a Ngepr closed mapping. But f is not a Nigpr closed mapping since W = (x, (0.3, 0.5, 0.6), (0.4, 0.5, 0.5)) 
is NGPRCS in X but f(W) is not a NGPRCS in Y as f(W) © V implies Npcl(f(W)) = Ve € V where V is a 
NROS in Y. Therefore f is not a Nigpr closed mapping. 


The relation between various types of Neutrosophic closed mappings is given by 


SO Se 
Co Gena) + — Crna) 


% Pa i 


Cre 


Fig.3.1.1 The reverse implications of Fig.3.1.1 are not true in general in the above diagram. 


3.21 Theorem: A mapping f: (X, t) — (Y, o) is Ngpr closed mapping if and only if Ngprcl(f(A)) S 
f(Ncl(A)). 


Proof: Let A © X and f: (X, t) > (Y, o) be a Ngpr closed mapping, then f(Ncl(A)) is NGPRCS in Y 
which implies Ngeprcl(f(Ncl(A))) = f(Nel(A)). Since f(A) & f(Ncl(A)), Ngprel(f(A)) S Ngprcel(f(Nel(A))) 
= f(Ncl(A)) for every NS A of X. 

Conversely, let A be any NCS in (X, t). Then A = Ncl(A) and so f(A) = f(Ncl(A)) 2 Ngprcl(f(A)), by 
hypothesis. Since f(A) © Ngprcl(f(A)), therefore f(A) = Ngprcl(f(A)). ie., f(A) is NGPRCS in Y and 
hence f is Ngpr closed mapping. 


3.22 Theorem: If f: (X, t) — (Y, o) is Ngpr open mapping iff for every NS A of (X, 1), f(Nint(A)) © 
Neprint(f(A)). 


Proof: Necessity: Let A be a NOS in X and f: (X, t) — (Y, o) be a Ngpr open mapping then f(Nint(A)) 
is NGPROS in Y. Since f(Nint(A)) & f(A) which implies Neprint(f(Nint(A))) & Negprint(f(A)). Since 
f(Nint(A)) is NGPROS in Y, we have f(Nint(A)) © Ngprint(f(A)). 

Sufficiency: Assume A is a NOS of (X, Tt). Then f(A) = f(Nint(A)) © Negprint(f(A)). But Ngprint(f(A)) 
€ f(A). So f(A) = Ngprint(f(A)) which implies f(A) is a NGPROS in (Y, o) and hence f is a Ngpr open 
mapping. 


3.23 Theorem: It f: (X, t) — (Y, o) is a Ngpr open mapping then Nint(f(A)) & f'(Ngprint(A)) for 
every NS A of (Y, 0). 


Proof: Let A be a NS in (Y, o). Then Nint(f"(A)) is a NOS of (X, t). Since f is Ngpr open mapping 
which implies f(Nint(f1(A))) is Neutrosophic gpr open in (Y, o) and hence f(Nint(f(A))) & 
Neprint(f(f(A))) & Ngprint(A). Thus Nint(f1(A)) & f'(Ngprint(A)). 


3.24 Theorem: A mapping f: (X, t) > (Y, o) is Ngpr open mapping iff for each NS A of (Y, o) and for 
each NCS B of (X, t) containing f1(A) there is a NGPRCS C of (Y, o) such that A © C and f(C) SB. 


Proof: Necessity: Assume f: (X, t) — (Y, 0) is Ngpr open mapping. Let A be the NS of (Y, o) and B be 
a NCS of (X, t) such that f(A) © B. Then C = (f(B‘))* is NGPRCS of (Y, 6) such that f4(C) © B. 

Sufficiency: Assume D is a NOS of (X, Tt). Then f7((f(D))* © De and De is NCS in (X, t). By hypothesis 
there is a NGPRCS C of (Y, 6) such that (f(D))* €C and f1(C) & Ds. Therefore D © (f1(C))*. Hence Ce © 
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f(D) © f((f(C))*) S Cs which implies f(D) = Cs. Since Cs is NGPROS of (Y, o). Hence f(D) is 
Neutrosophic gpr open in (Y, o) and thus f is Ngpr open mapping. 


3.25 Theorem: A mapping f: (X, t) > (Y, o) is Ngpr open mapping iff f(Ngprcl(A)) & Nel(f(A)) for 
every NS A of (Y, 0). 


Proof: Necessity: Assume f is a Ngpr open mapping. For any NS A of (Y, 0), f(A) & Nel(f(A)). 
Therefore by Theorem 3.24., there exists a NGPRCS C in (Y, o) such that A © C and f\(C) © 
Nel(f(A)). Therefore we obtain f1(Ngprcl(A)) & f1(C) S Nel(f1(A)). 

Sufficiency: Assume A is a NS of (Y, o) and B is a NCS of (X, T) containing f(A). Put C = Ncl(A), 
then A © C and C is NGPRCS, since f4(C) & Nel(f(A)) & B. Then by Theorem 3.24., f is Ngpr open 


mapping. 


3.26 Theorem: If f: (X, t) > (Y, o) and g: (Y, o) > (Z, n) be two Neutrosophic mappings and gof: (X, T) 
— (Z, n) Ngpr open mapping. If g is Ngpr irresolute mapping then f is Ngpr open mapping. 


Proof: Let A be a NOS of (X, t). Then gof(A) is NGPROS in (Z, n) because gof is Ngpr open mapping. 
Since g is Ngpr irresolute mapping and gof(A) is NGPROS of (Z, n) therefore g1(gof(A)) = f(A) is 
NGPROS in (Y, o). Hence f is Ngpr open mapping. 


3.27 Theorem: If f: (X, t) — (Y, 0) is Neutrosophic open mapping and g: (Y, 0) — (Z, n) is Ngpr open 
mapping then gof: (X, t) — (Z, n) is Ngpr open mapping. 


Proof: Let A be a NOS of (X, Tt). Then f(A) is a NOS in (Y, o) because f is a Neutrosophic open 
mapping. Since g is Ngpr open mapping, g(f(A)) = gof(A) is NGPROS in (Z, n). Hence gof is Ngpr 
open mapping. 


3.28 Theorem: Let f: (X, t) — (Y, 0) be a bijective mapping then the following statements are 
equivalent: 

(i) fisaNgpr open mapping. 

(ii) fis aNgpr closed mapping. 

(iii) f!is Neutrosophic continuous mapping. 


Proof: (i) > (ii): Let us assume that f is a Ngpr open mapping. By definition, A is a NOS in (X, 17), 
then f(A) is a NGPROS in (Y, o). Here A is NCS of (X, Tt), then X-A is a NOS of (X, t). By assumption, 
{(X-A) is a NGPROS in (Y, o). Hence, Y-f(X-A) is a NGPRCS in (Y, o). Therefore, f is a Ngpr closed 
mapping. 

(ii) => (iii): Let A be a NCS in (X, 7). By (ii), f(A) is a NGPRCS in (Y, o). Hence, f(A) = (f)1(A), so fis a 
NGPRCS in (Y, o). Therefore, f! is Neutrosophic continuous mapping. 

(iii) > (iv): Let A be a NOS in (X, 7). By (iii), (f*)1(A) = f(A) is a Ngpr open mapping. 


3.29 Theorem: Let f: (X, t) > (Y, 0) be a mapping. Then the following statements are equivalent if Y is 
a NPRT1,2 space: 

(i) fis aNgpr closed mapping. 

(ii) Nopcl(f(A)) S f(Ncl(A)) for each NS A of X. 


Proof: (i) > (ii): Let A be a NS in X. Then Ncl(A) is a NCS in X. By (i) implies that f(Ncl(A)) is a 
NGPRCS in Y. Since Y is a NPRT12 space, f(Ncl(A)) is a NPCS in Y. Therefore Npcl(f(Nel(A))) = 
f(Ncl(A)). Now Npcl(f(A)) & Nopcl(f(Nel(A))) = f(Ncl(A)). Hence Npcl(f(A)) & f(Nel(A)) for each NS 
A of X. 
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(ii) > (i): Let A be any NCS in X. Then Ncl(A) = A. By (ii) implies that Npcl(f(A)) & f(Ncl(A)) = f(A). 
But f(A) © Npcl(f(A)). Therefore Npcl(f(A)) = f(A). This implies f(A) is a NPCS in Y. Since every 
NPCS is NGPRCS in Y, f(A) is NGPRCS in Y. Hence f is a Ngpr closed mapping. 


3.30 Theorem: If f: (X, t) > (Y, 0) is amapping where X and Y are NPRT172 space. Then the following 
statements are equivalent: 

(i) fisa Nigpr closed mapping. 

(ii) f(A) isa NGPROS in Y for every NGPROS A in X. 

(iii) f(Npint(B)) S Npint(f(B)) for each NS B of X. 

(iv) Npcl(f(B)) S f(Npcl(B)) for each NS B of X. 


Proof: (i) > (ii): is obvious by definition of Nigpr closed mapping. 

(ii) => (111): Let B be any NS in X. Since Npint(B) is a NPOS, it is a NGPROS in X. Then by hypothesis, 
f(Npint(B)) is a NGPROS in Y. Since Y is NPRT1/2 space, f(Npint(B)) is a NPOS in Y. Therefore, 
f(Npint(B)) = Npint(f(Npint(B))) S Npint(£(B)). 

(iii) > (iv) is obvious by taking complement in (iii). 

(iv) => (i) Let B be a NGPRCS in X. By Hypothesis, Npcl(f(B)) & f(Npcl(B)). Since X is a NPRT172 space, 
Bis a NPCS in X. Therefore, Npcl(f(B)) & f(Npcl(B)) = £(B) S Npcl(f(B)) implies f(B) is NPCS in Y and 
hence f(B) is a NGPRCS in Y. Thus f is Nigpr closed mapping. 


4. Ngpr homeomorphism and Nigpr homeomorphism 


4.1 Definition: A bijection f: (X, tT) — (Y, o) is called Ngpr homeomorphism (resp. NG 
homeomorphism, NGP homeomorphism) if f and f! are Ngpr continuous (resp. NG continuous, 
NGP continuous) mapping. 


4.2 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U1, Uz, Ln} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where Ui = (x, (0.3, 0.5, 0.6), (0.5, 0.5, 0.5)), Uz = (x, (0.2, 0.4, 0.7), 
(0.4, 0.5, 0.6)) and V = (y, (0.2, 0.4, 0.7), (0.4, 0.3, 0.6)). Define a mapping f: (X, t) > (Y, 6) by f(a) =u 
and f(b) = v. Here V< = (y, (0.7, 0.6, 0.2), (0.6, 0.7, 0.4)) is a Neutrosophic closed set in (Y, 6). Then 
f1(Vc) is a NGPRCS in (X, t). Therefore f is Ngpr continuous mapping. Here U1‘ = (x, (0.6, 0.5, 0.3), 
(0.5, 0.5, 0.5)) is a Neutrosophic closed set in (X, t). Then f(U1°) is a NGPRCS in (Y, o). Therefore f+ is 
a Ngpr continuous mapping. Hence, f and f! are Ngpr continuous mapping then it is a Ngpr 
homeomorphism. 


4.3 Theorem: Each Neutrosophic homeomorphism is Ngpr homeomorphism but not conversely in 
eeneral. 


Proof: Let a bijection mapping f: (X, t) — (Y, o) be Neutrosophic homeomorphism, in which f and f7 
are Neutrosophic continuous mapping. Since every Neutrosophic continuous mapping is Ngpr 
continuous mapping. Hence f and f! are Ngpr continuous mapping. Therefore, f is Ngpr 
homeomorphism. 


4.4 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U1, Uz, Ln} and o = {On, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where Ui = (x, (0.2, 0.5, 0.7), (0.5, 0.5, 0.5)), Uz = (x, (0.1, 0.4, 0.7), 
(0.4, 0.5, 0.6)) and V = (y, (0.4, 0.3, 0.5), (0.3, 0.4, 0.7)). Define a mapping f: (X, t) > (Y, 6) by f(a) =u 
and f(b) = v. Here V«= (y, (0.5, 0.7, 0.4), (0.7, 0.6, 0.3)) is a NCS in (Y, 6). Then f1(V°) is a NGPRCS in 
(X, t). Therefore f is Ngpr continuous mapping. Here U1‘ = (x, (0.7, 0.5, 0.2), (0.5, 0.5, 0.5)) is a NCS in 
(X, t). Then f(U1°) is a NGPRCS in (Y, o). Therefore f! is a Ngpr continuous. Hence, f and f! are Ngpr 
continuous mapping then it is a Ngpr homeomorphism. However, here Vis a NCS in (Y, 6) but it is 
not a NCS in (X, t). Hence, f is not Neutrosophic continuous mapping. Therefore, f is not a 
Neutrosophic homeomorphism. 
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4.5 Theorem: Each NG homeomorphism is Ngpr homeomorphism but not conversely in general. 


Proof: Let a bijection mapping f: (X, t) — (Y, 0) be NG homeomorphism, in which f and f! are NG 
continuous mapping. Since every NG continuous mapping is Ngpr continuous mapping. Hence f 
and f! are Ngpr continuous mapping. Therefore, f is Ngpr homeomorphism. 


4.6 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U, Ln} and o = {0n, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where U = (x, (0.4, 0.5, 0.6), (0.3, 0.4, 0.5)) and V = (y, (0.8, 0.5, 0.2), 
(0.7, 0.7, 0.3)). Define a mapping f: (X, t) > (Y, 0) by f(a) = u and f(b) = v. Here V« = (y, (0.2, 0.5, 0.8), 
(0.3, 0.3, 0.7)) is a NCS in (Y, o). Then f1(V*‘) is a NGPRCS in (X, t). Therefore f is Ngpr continuous 
mapping. Here Us= (x, (0.6, 0.5, 0.4), (0.5, 0.6, 0.3)) is a NCS in (X, t). Then £(Us) is a NGPRCS in (Y, o). 
Therefore f! is a Ngpr continuous mapping. Hence, f and f! are Ngpr continuous mapping then it is 
Negpr homeomorphism. However, here Vc is a NCS in (Y, o) but it is not a NGCS in (X, t). Hence, f is 
not Neutrosophic continuous mapping. Therefore, f is not a NG homeomorphism. 


4.7 Theorem: Each NGP homeomorphism is a Ngpr homeomorphism but not conversely in general. 


Proof: Let a bijection mapping f: (X, t) — (Y, 0) be NGP homeomorphism, in which f and f+ are NGP 
continuous mapping. Since every NGP continuous mapping is Ngpr continuous mapping. Hence f 
and f! are Ngpr continuous mapping. Therefore, f is Ngpr homeomorphism. 


4.8 Example: Let X= {a, b} and Y = {u, v}. Then t = {0n, U1, U2, U3, 1N} and o = {O0n, V, Ln} are 
Neutrosophic topologies on X and Y respectively, where U1= (x, (0.3, 0.5, 0.7), (0.2, 0.5, 0.6)), U2 = (x, 
(0.6, 0.5, 0.5), (0.7, 0.5, 0.5)), Us = (x, (0.8, 0.5, 0.2), (0.7, 0.5, 0.1)) and V = (y, (0.3, 0.5, 0.7), (0.3, 0.5, 0.7)). 
Define a mapping f: (X, t) > (Y, o) by f(a) = u and f(b) = v. Here V°= (y, (0.7, 0.5, 0.3), (0.7, 0.5, 0.3)) is a 
NCS in (Y, 6). Then f1(V°) is a NGPRCS in (X, t). Therefore f is Ngpr continuous mapping. Here U1°= 
(x, (0.7, 0.5, 0.3), (0.6, 0.5, 0.2)) is a NCS in (X, t). Then f(U*‘) is a NGPRCS in (Y, o). Therefore f! is a 
Negpr continuous mapping. Hence, f and f! are Ngpr continuous mapping then it is a Ngpr 
homeomorphism. However, here V‘ is a NCS in (Y, o) but it is not a NGPCS in (X, Tt). Hence, it is not 
NGP continuous mapping. Therefore, it is not a NGP homeomorphism. 

The relation between various types of Neutrosophic homeomorphisms is given by 


NG homeomorphism NGP homeomorphism 
NGPR homeomorphism 


Fig.4.1.1 The reverse implications of Fig.4.1.1 are not true in general in the above diagram. 


4.9 Theorem: Let f(X, t) — (Y, o) be a Ngpr homeomorphism, then f is a Neutrosophic 
homeomorphism if X and Y are NPRT"12 space. 


Proof: Let A be a NCS in (Y, 0), then f(A) is a NGPRCS in (X, t). Since X is NPRT“12 space, f(A) is a 
NCS in (X, 1). Therefore, f is Neutrosophic continuous mapping. By hypothesis, f! is Ngpr 
continuous mapping. Let B be a NCS in (X, Tt). Then (f)? (B) = £(B) is a NGPRCS in Y. Since Y is 
NPRT“‘12 space, f(B) is NCS in Y. Hence f! is Neutrosophic continuous mapping. Hence f is a 
Neutrosophic homeomorphism. 
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4.10 Theorem: Let f:(X, t) — (Y, 0) be a bijective mapping. If f is Ngpr continuous mapping then the 
following statements are equivalent: 


(i) fis aNgpr closed mapping. 

(ii) fis a Ngpr open mapping. 

(iii) fis a Ngpr homeomorphism. 
Proof: (i) => (ii): Let us assume that f be a bijective mapping and a Ngpr closed mapping. Hence f7! is 
Negpr continuous mapping. Since each NOS in (X, t) is a NGPROS in (Y, o). Hence, f is a Ngpr open 
mapping. 
(ii) = (iti): Let f be a bijective mapping and a Ngpr open mapping. Furthermore, f! is a Ngpr 
continuous mapping. Hence f and f! are Ngpr continuous mapping. Therefore, f is a Ngpr 
homeomorphism. 
(111) => (i): Let f be a Ngpr homeomorphism. Then f and f? are Ngpr continuous mapping. Since each 
NCS in (X, t) is a NGPRCS in (Y, o). Hence f is a Ngpr closed mapping. 


4.11 Theorem: The composition of two Ngpr homeomorphisms need not be a Ngpr homeomorphism 
in general. 


4,12 Example: Let X = {a, b}, Y={c, d} and Z={e, f}. Then t= {0n, U, 1n}, o= {On, V, 1n} and n= {0n, W, 
1n} are Neutrosophic topologies on X and Y respectively, where U = (x, (0.2, 0.5, 0.8), (0.3, 0.3, 0.7)), V 
= (y, (0.4, 0.5, 0.6), (0.3, 0.4, 0.5)), W = (z, (0.8, 0.5, 0.2), (0.7, 0.7, 0.3)). Define a mapping f: (X, t) — (Y, 
o) by f(a) = c and f(b) = d and g: (Y, o) — (Z, n) by g(c) =e and g(d) =f. Then f and g are Ngpr 
homeomorphisms but their composition gof: (X, t) — (Z, n) is not a Ngpr homeomorphism. Since Ws 
is NCS in (Z, n) but it is not NGPRCS in (X, 7). 


4.13 Definition: A bijection f: (X, t) — (Y, 0) is called Nigpr homeomorphism if f and f! are Ngpr 
irresolute mappings. 


4.14 Theorem: Each Nigpr homeomorphism is a Ngpr homeomorphism but not conversely in 
eeneral. 


Proof: Let a bijection mapping f: (X, t) — (Y, 0) be Nigpr homeomorphism. Assume that A is a NCS 
in (Y, o) implies A is a NGPRCS in (Y, 0). Since f is Ngpr irresolute mapping, f1(A) is a NGPRCS in 
(X, t). Hence f is Ngpr continuous mapping. Therefore, f and f! are Ngpr continuous mapping. 
Hence, f is Ngpr homeomorphism. 


4.15 Example: Let X= {a, b} and Y = {u, v}. Then t = {On, U1, U2, 1n} and o = {O0n, V, 1n} are Neutrosophic 
topologies on X and Y respectively, where Ui = (x, (0.2, 0.5, 0.7), (0.4, 0.5, 0.6)), Uz = (x, (0.2, 0.4, 0.8), 
(0.3, 0.5, 0.7)) and V = (y, (0.5, 0.4, 0.5), (0.4, 0.5, 0.6)). Define a mapping f: (X, t) > (Y, 0) by f(a) =u 
and f(b) = v. Here V¢ = (y, (0.5, 0.6, 0.5), (0.6, 0.5, 0.4)) is a NCS in (Y, 6). Then f1(V°) is a NGPRCS in 
(X, t). Therefore f is Ngpr continuous mapping. Here U1‘ = (x, (0.7, 0.5, 0.2), (0.6, 0.5, 0.4)) is a NCS in 
(X, t). Then f(U1‘) is a NGPRCS in (Y, o). Therefore f! is a Ngpr continuous mapping. Hence, f and f! 
are Ngpr continuous mapping then it is a Ngpr homeomorphism. However, here A = (y, (0.2, 0.4, 
0.7), (0.3, 0.5, 0.6)) is a NGPRCS in (Y, o) but it is not a NGPRCS in (X, 1). Hence, f is not 
Neutrosophic irresolute mapping. Therefore, f is not a Nigpr homeomorphism. 


4.16 Theorem: If f: (X, t) > (Y, o) is a Nigpr homeomorphism then Negprcl(f1(A)) & f1(Npcl(A)) for 
each NS A in (Y, 0). 


Proof: Let A be a NS in (Y, o). Then Npcl(A) is NPCS in (Y, o) and since every NPCS is NGPRCS in 
(Y, o). Assuming f is Ngpr irresolute mapping, f'(Npcl(A)) is a NGPRCS in (X, 1), then 
Neprcl(f(Npcl(A))) = ft(Npcl(A)). Here, Neprcl(f(A)) S Neprcl(ft(Npcl(A))) = f'(Npcl(A)). 
Therefore, Neprcl(f(A)) & f1(Npcl(A)) for each NS A in (Y, 0). 
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4.17 Theorem: If f: (X, t) — (Y, 0) is a Nigpr homeomorphism then Npcl(f1(A)) = f1(Npcl(A)) for each 
NS A in (Y, 0). 


Proof: Given f is a Nigpr homeomorphism, then f is a Ngpr irresolute mapping. Let A be a NS in (Y, 
o). Clearly, Npcl(A) is a NPCS in (Y, o). This shows that Npcl(A) is a NGPRCS in (Y, o). Since f1(A) & 
f'(Npcl(A)), then Nopcl(f(A)) S Nopcl(f(Npcl(A))) = ft(Npcl(A)). Therefore, Nopcl(f(A)) & 
f'(Npcl(A)). 


Let f be a Nigpr homeomorphism, f! is a Ngpr irresolute mapping. Let us consider NS f(A) in (X, 7), 
which bring out that Npcl(f(A)) is a NGPRCS in (X, t). Hence Ngprcl(f(A)) is a NGPRCS in (X, 7). 
This implies that (f1)1(Npcl(f(A))) = f(Npel(f(A))) is a NPCS in (Y, o). This proves A = (f1)1(fA)) & 
(f!)1(Npcl(f(A))) = f(Npcl(f(A))). Therefore, Npcl(A) & Npcl(f(Npcl(f(A)))) = f(Npcl(f(A))), since 
f! is a Ngpr irresolute mapping. Hence f(Npcl(A)) © f1(f(Npcl(f(A)))) = Npcl(f(A)). That is 
f'(Npcl(A)) S Npcl(f(A)). Hence, Npcl(f(A)) = f1(Npcl(A)). 


4.18 Theorem: If f: (X, t) — (Y, o) and g: (Y, o) — (Z, n) are Nigpr homeomorphisms, then the 
composition gof: (X, t) — (Z, n) is a Nigpr homeomorphism. 


Proof: Let f and g be two Nigpr homeomorphisms. Assume C is a NGPRCS in (Z, n). Then g4(C) is a 
NGPRCS in (Y, o). Then by hypothesis, f!(g1(C)) is a NGPRCS in (X, t). Hence gof is a Ngpr 
irresolute mapping. Now, let A be a NGPRCS in (X, t). By assumption, f(A) is a NGPRCS in (Y, 0). 
Then by hypothesis, g(f(A)) is a NGPRCS in (Z, n). This implies that gof is a Ngpr irresolute 
mapping. Hence, gof is a Nigpr homeomorphism. 


5. Conclusion 


In this article, the new class of Neutrosophic homeomorphism namely, Ngpr homeomorphism 
and Nigpr homeomorphism was defined and studied some of their properties in Neutrosophic 
topological spaces. Furthermore, the work was extended as the Ngpr open mappings, Ngpr closed 
mappings and Nigpr closed mappings and discussed some of their properties. Many results have 
been established to show how far topological structures are preserved by this Negpr 
homeomorphism. 

Also, the relation between Negpr closed mappings and other existed Neutrosophic closed 
mappings in Neutrosophic topological spaces were established and derived some of their related 
attributes. Many examples are given to justify the results. 

This concept can be used to drive few more new results of Ngpr connectedness and Ngpr 
compactness in Neutrosophic topological spaces. 
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Abstract. The idea of neutrosophic set was floated by Smarandache by considering a truth membership, 


an indeterminacy membership and a falsehood or falsity membership functions. The engagement between 





neutrosophic set and soft set was done by Maji. More over it was used effectively to model uncertainty in different 
areas of application, such as control, reasoning, pattern recognition and computer vision. The first aim of this 
paper leaks out the notion of neutrosophic soft p-open set,neutrosophic soft p-closed sets and their important 


characteristics. Also the notion of neutrosophic soft p-neighborhood and neutrosophic soft p-separation axioms 





in neutrosophic soft topological spaces are developed. Important results are examed marrying to these newly 
defined notion relative to soft points. The notion of neutrosophic soft p-separation axioms of neutrosophic soft 
topological spaces is diffused in different results concerning soft points. Furthermore, properties of neutrosophic 


soft -P’-space (i = 0,1,2,3,4) and linkage between them is built up. 


Keywords: neutrosophic soft set; neutrosophic soft point; neutrosophic soft p-open set; neutrosophic soft 


p-neighborhood; neutrosophic soft p-separation axioms. ) 
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1. Introduction 


The outdated fuzzy sets is behaviorized by the membership worth or the grade of member- 
ship worth. Some times it may be very difficult to assign the membership worth for a fuzzy 
sets. This gap was bridged with the introduction of interval valued fuzzy sets. In some real 
life problems in expert system, belief system and so forth,we must take in account the truth- 
membership and the falsity-membership simultaneously for appropriate narration of an object 
in uncertain,ambiguous atmosphere. Fuzzy sets and interval valued fuzzy sets are badly failed 
to handle this situation. The importance of intuitionistic fuzzy sets is automatically come in 
play in such a hazardous situation.The intuitionistic fuzzy sets can only handle the imperfect 
information supposing both the truth-membership or association( or simply membership)and 
falsity-membership( or non-membership )values. It fails to switch the indeterminate and in- 
consistent information which exists in belief system. Smarandache bounced up conception 
of neutrosophic set which is a mathematical technique for facing problems involving imprecise, 
indeterminacy and inconsistent data.The words neutrosophy and neutrosophic were introduced 
by Smarandache. Neutrosophy (noun) means knowledge of neutral thought, while neutrosophic 
(adjective), means having the nature of or having the behavior of neutrosophy. This theory 
is nothing but just generalization of ordinary sets, fuzzy set theory [15], intuitionistic fuzzy 
set theory etc. Some work have been supposed on neutrosophic sets by some mathemati- 
clans in many area of mathematics [4/12]. Many practical problems in economics, engineering, 
environment,medical science social science etc.can not be treated by conventional methods, 
because conventional methods have genetic complexities. These complexities may be taking 
birth due to the insufficiency of the theories of paramertrization tools. Each of these theo- 
ries has its transmissible difficulties, as was exposed by Molodtsov (11). Molodtsov developed 
an absolutely modern approach to cope with uncertainty and vagueness and applied it more 
and more in different directions such as smoothness of functions, game theory, operations re- 
search, Riemann integration, perron integration, and so forth. Meticulously,theory of soft set 
is free from the parameterization meagerness condition of fuzzy set theory, rough set theory. 
probability theory for facing with uncertainty Shabir and Naz floated the conception of 
soft topological spaces, which are defined over an initial universe of discourse with a fixed 
set of parameters, and showed that a soft topological space produces a parameterized family 
of topological spaces. Theoretical studies of soft topological spaces were also done by some 
authors in [2}|3)/6}|8}. Kattak et al. (9) leaked out the notion of some basic result in soft bi 
topological spaces with respect to soft points. These results supposed the engagement of soft 
limit point, soft interior point, soft neighborhood, the relation between soft weak structures 
and soft weak closures. Moreover the authors also addressed soft sequences uniqueness of limit 


in soft weak-Hausdorff spaces, the product of soft Hausdorff spaces with respect to soft points 
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in different soft weak open set and the marriage between soft Hausdorff space and the diagonal. 
The combination of Neutrosophic set with soft sets was first introduced by Maji [10]. This 
combination makes entirely a new mathematical model Neutrosophic Soft Set and later this 
notion was improved by Deli and Broumi [7]. Work was progressively continue,later on math- 


ematician came in action and defined a new mathematical structure known as neutrosophic 





soft topological spaces. Neutrosophic soft topological spaces were presented by Bera in [5]. 

M. Abdel-Basset et al. proposed some novel similarity measures for bipolar and interval- 
valued bipolar neutrosophic set such as the cosine similarity measures and weighted cosine 
similarity measures. ‘The propositions of these similarity measures are examined, and two 


multi-attribute decision making techniques are presented based on proposed measures. For 





verifying the feasibility of proposed measures, two numerical examples are presented in com- 
parison with the related methods for demonstrating the practicality of the proposed method. 
Finally, the authors applied the proposed measures of similarity for diagnosing bipolar disorder 
diseases significantly. 


M. Abdel-Basset et al. supposed the objective function of scheduling problem to minimize 





the costs of daily resource fluctuations using the precedence relationships during the project 
completion time. ‘he authors designed a resource leveling model based on neutrosophic set 
to overcome the ambiguity caused by the real-world problems. In this model, trapezoidal neu- 
trosophic numbers are used to estimate the activities durations. ‘The crisp model for activities 
time is obtained by applying score and accuracy functions. ‘The authors produced a numerical 
example to illustrate the validation of the proposed model in this study. 

Arif et al. introduced the notion of most generalized neutrosophic soft open sets in neutro- 
sophic soft topological structures relative to neutrosophic soft points. ‘The authors leaked out 


the concept of most generalized separation axioms in neutrosophic soft topological spaces with 





respect to soft points. Gradually the study is extended to deliberate important results related 
to these newly defined concepts with respect to soft points. Several related properties, struc- 
tural characteristics have been investigated. The convergence of sequence in neutrosophic soft 
topological space is defined and its uniqueness in neutrosophic soft most generalized- Hausdorff 
space relative to soft points is reflected. ‘he authors further studied and switched over neutro- 
sophic monotonous soft function and its characteristics to multifarious results. The authors 
lastly addressed neutrosophic soft product spaces under most generalized neutrosophic soft 
open set with respect to crisp points. 

The first aim of this article bounces the notion of neutrosophic soft p-open set,neutrosophic 


soft p-neighborhood and neutrosophic soft p-separation axioms in neutrosophic soft topology 





which is defined on neutrosophic soft sets. Later on the important results are discussed related 


to these newly defined concepts with respect to soft points. Finally, the concept of p-separation 
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axioms of neutrosophic soft topological spaces is diffused in different results with respect to 
soft points. Furthermore, properties of neutrosophic soft-P’-space (i = 0,1,2,3,4) and some 
switch between them are discussed. We hope that these results will best fit for future study 


on neutrosophic soft topology to carry out a general framework for practical applications. 


2. Preliminaries 


In this phase we now state certain useful definitions, theorems, and several existing results 


for neutrosophic soft sets that we require in the next sections. 


Definition 2.1. A neutrosophic set A on the universe set X is defined as: 
A = {(x,TA(2), IA(a), FA(@)) :@ € X}, 
where T, I, F : X -]—0, 1*[ and —0 < T4(a) + IA(2) + FA(az) S 37. 


Definition 2.2. Let X be an initial universe, E be a set of all parameters, and P(x) 
denote the power set of X. A pair (F, FE) is called a soft set over X, where F is a mapping 
given by F : FE + P(X). In other words, the soft set is a parameterized family of subsets of 
the set X. For \ € E, F(A) may be considered as the set of A-elements of the soft set (F, £), 
or as the set of A-approximate element of the set, i.e. 

(F,E) ={(A,F(A)):A\€C E,F : E> P(X)}. 

After the neutrosophic soft set was defined by Maji [10], this concept was modified by Deli 
and Broumi |7| as given below: 


Definition 2.3. Let X be an initial universe set and E be a set of parameters. Let P(X) 


denote the set of all neutrosophic sets of X. Then a neutrosophic soft set (F , F) over X is a set 





defined by a set valued function F representing a mapping F : E + P(X), where F is called 
the approximate function of the neutrosophic soft set (F,E). In other words, the neutrosophic 
soft set is a parameterized family of some elements of the set P(X) and therefore it can be 
written as a set of ordered pairs: 

(F,E) = {(d, (2, Th (x), IFO (2), FPO (x)) sa © X): 2X € E}, 

where Th (x), IFO(x), FF) (x) € [0, 1] are respectively called the truth-membership, 
indeterminacy-membership, and falsity-membership function of F (\). Since the supremum of 


each T, I, F is 1, the inequality 0 < T/™ (a) + TPO) (2) 4+ fF (x) S 3 is obvious. 


Definition 2.4. Let (fF ,E) be a neutrosophic soft set over the universe set X. The 
complement of (fF, £) is denoted by (Ff, E)° and is defined by: 

(F, E)* = {(, (x, FPO (x), 1 — FPO (x), TE) (x)) sa © X) XE E}. 

It is obvious that ((F,E)°)° = (F,£E). 


Definition 2.5. Let (fF, E) and (G, E) be two neutrosophic soft sets over the universe 
set X. (F, E) is said to be a neutrosophic soft subset of (G, E) if TF) (x) $ TOO) (2), PFO) (x) 
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> TE) (2), FFM (2) > FEA”) (x), Vr € E, Vx € X. It is denoted by (F, E) © (G,E) . (F,E) 
is said to be neutrosophic soft equal to (G, E) if (F , E) is a neutrosophic soft subset of (G, E) 
and (G, E) is a neutrosophic soft subset of (fF , E). It is denoted by (fF, E) = (G, E). 


3. Applications of Neutrosophic Soft Point and its Characteristics 


Definition 3.1. Let (F', E) and (F?,E) be two neutrosophic soft sets over universe set X. 
Then their union is denoted by (F!, E) U (F?, E) = (F 3, E) and is defined by: 
(F°,E) = {(, (2, TPO (a), FPO) (a), FF O(a) : & EX): A € E}, 
where Th°) (x) = max {TPO (x), TF (z)}, 
TPO (x) = max {IFO (x), FPO (x)}, 


FPO)(2) = max {FP O(a), FPO (2)} 


Definition 3.2. Let (F!,E) and (F?,E) be two neutrosophic soft sets over the universe set 
X. Then their intersection is denoted by (F!, E) M (F?, E) = (F 3, E) and is defined by: 
where 
E) = min {TP O)(x), TP O)(a)} 
a 0) (x) = max {IF O) (x), FPO) (2x)}, 
FPO (e) = max {FPO (a), FPO (a)}. 


Definition 3.3. A neutrosophic soft set (F,E) over the universe set X is said to be a null 
neutrosophic soft set if 7’) (zo): = 0, TPO) (x) = (); FEO) (a) = 1; VAC H, Ve EX. It is 
denoted by 0(*"), 


Definition 3.4. A neutrosophic soft set (F,E) over the universe set X is said to be an 
absolute neutrosophic soft set if TE) (2) = |, TPO) ia) = 1, FEO (x) =0;VAEC BH, Vx € X. 
It is denoted by 1%”), 

Clearly, 0°(X, FE) = 1%) and 1°Cx, E) = 0%), 


Definition 3.5. Let NSS(X, E) be the family of all neutrosophic soft sets over the universe 
set X and S$ © NSS(X, E). Then S is said to be a neutrosophic soft topology on X if: 

1. O0*) and 1%) belong to 3 

2. the union of any number of neutrosophic soft sets in % belongs to S 

3. the intersection of a finite number of neutrosophic soft sets in S belongs to S 

Then (X,%, £) is said to be a neutrosophic soft topological space over X. Each member of 


¥ is said to be a neutrosophic soft open set. 


Definition 3.6. Let (X,%, E) be a neutrosophic soft topological space over X and (F, E) bea 
subset of neutrosophic soft topological space over X. Then (F , £) is said to be a neutrosophic 


soft closed set iff its complement is a neutrosophic soft open set. 
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Definition 3.7. Let (X,%, £) be a neutrosophic soft topological space over X and (F, E) bea 
subset of neutrosophic soft topological space over X. Then (F , F) is said to be a neutrosophic 


soft p-open (NSPO) set if (F,E) C NSint(NScl((F, E))) 


Definition 3.8. Let (X,%, E) be a neutrosophic soft topological space over X and (F, E) bea 
subset of neutrosophic soft topological space over X. ‘Then (F , F) is said to be a neutrosophic 


soft p-closed (NSPC) set if (F,E£) D NScl(NSint((F, E))) 


Definition 3.9. Let NS be the family of all neutrosophic sets over the universe set X and x 
€ X. The neutrosophic set x(@?:7 is called a neutrosophic point, for 0 < a, 6,7 <1, and is 


defined as follow: 


p(B) (y) = (GB. Fy =a (1) 
(0,0,1), if yA. 
It is clear that every neutrosophic set is the union of its neutrosophic points. 


Definition 3.10. Suppose that X = {x', x*}. Then neutrosophic set 
A = {(x", 0.1, 0.3, 0.5), (27, 0.5, 0.4, 0.7)} 
is the union of neutrosophic points x1(0.1,0.3,0.5)and x7(0.5, 0.4, 0.7). 


Now we define the concept of neutrosophic soft points for neutrosophic soft sets. 





Definition 3.11. Let NSS(X, E) be the family of all neutrosophic soft sets over the universe 
set X. Then neutrosophic soft set 2*(a, 8,7) is called a neutrosophic soft point, for every x € 


X,0<a,6,y <1, A € E, and is defined as follows: 


MPD 4" (y) = (08:9) if N= dandy =2 (2) 
(0,0,1), of MAA oryF a. 


Definition 3.12. Suppose that the universe set X is given by X = {x!,x7} and the set of 


parameters by E = {X!,\?}. Let us consider neutrosophic soft sets (F,E) over the universe 
X as follows: 
= M = {(x", 0.3, 0.7, 0.6), (x7, 0.4, 0.3, 0.8) } 
FS ; ; (3) 
2 = {(2x!, 0.4, 0.6, 0.8), (x?, 0.3, 0.7, 0.2)}. 
It is clear that(F,E£) is union of its  neutrosophic soft — point 
ly 1 (0.3,0.7,0.6) wp) 2(0-4,0.6,0.8) od. aad 7252" 3,0.7,0.6) Hens 


gig Gee _ ie = {(x', 0.3, 0.7, 0.6), (a .0.0; 1)} 


ihe (4) 
= {(x!,0,0, 1), (x, 0,0, 1)}. 


A! = {(x!, 0.3, 0.7, 0.6), (x?,0,0,1 
Pe -{ {(x ) ) ) ), (x »YU,YU; )} \. (5) 


dM = {(x', 0.4, 0.6, 0.8), (x7, 0,0, 1). 
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pe LOCO S08) = d! — Coe 0, 0, Ii) ae 0.4, 0.3, 0.8) } (6) 
d? = {(x!,0,0, 1), (x?,0,0, 1)}. ) 

Pee _ — se Cio 0, 0, iy Ce 0, 0, 1) (7) 
d? = {(x1,0,0,1), (x!, 0.3, 0.7,0.2)}. J 


Definition 3.13. Let (F,E) be a neutrosophic soft set over the universe set X. We say 
that oF) ¢ (F,E) read as belonging to the neutrosophic soft set (F,E) whenever 
a S$ TIO (c),8 < O(a) and y 2 FPO (a). 


Definition 3.14. Let (X,3%, EF) be a neutrosophic soft topological space over X. A neutro- 
sophic soft set (F, £) in (X,%, E) is called a neutrosophic soft p-neighborhood of the neutro- 
sophic soft point grOPD) (F , E) , if there exists a neutrosophic soft p-open set (G , E) such 
that a © (GE) c (F,E). 


Theorem 3.15. Let (X,%,E) be a neutrosophic soft topological space and (F,E) be a neu- 
trosophic soft set over X. Then (F,E) is a neutrosophic soft p-open set if and only if (F, E) 


is a neutrosophic soft p-neighborhood of its neutrosophic soft points. 


Proof. Let (F ,E) be a neutrosophic soft p-open set and grlOPD) (F,E). Then gO) 
(F,E)C (F,E). 
Therefore, (F , E) is a neutrosophic soft p-neighborhood of x 





(2,859) 


Conversely, let (F , Z) be a neutrosophic soft p-neighborhood of its neutrosophic soft points. 
Let oF ¢ (fF, E). Since (F, E) is a neutrosophic soft p-neighborhood of the neutrosophic 
soft point Ory) there exists (G, E) € $ such that pr oPD (G,E) C (F,E). Since (F, E) 
= {bo gg MhOPD) (fF, E)}, it follows that (F, £) is a union of neutrosophic soft p-open 
sets and hence (fF , E) is a neutrosophic soft p-open set. 

The p-neighborhood system of a neutrosophic soft point groP 1) denoted by U 
(a oP) E), is the family of all its p-neighborhoods. 5 


Theorem 3.16. The neighborhood system U (oP E) at OP) ina neutrosophic soft 
topological space (X,S,E) has the following properties. 

1 (F,E)€ U (a OP) , then ghoPy) EC (F,E); 

2) If (F,E) € U (28 B) and (F,E) C (H,E) , then (H,E) , then (H,E) € U 
(OP) Ey 

3) If (F,E) , (GE) < U (@*”  B) , then (F,E) 7 (G, EB) € U ("By ; 

4) If(F,E)€ U (FD) , then there exists a (G, E) € U (08D) E) such that (G, E) 
EU (yX CO) py , for each aon E(G.P). 
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Proof. The proof of 1), 2), and 3) is obvious from definition 3.12. 

4) If (F,E) € U (oP E) , then there exists a neutrosophic soft p-open set (G, E) such 
that 2%F) ¢ (G, E) C (fF, E). From Proposition 3.1, (G, E) EU (a OPD , so for each 
yr* are (G,E),(G,E)eU (yr ie ) EB) is obtained. 5 
(ae) 


Definition 3.17. Let 2'°"” and yr 


NCB 7) anid) yr (a’,B",’) 


be two neutrosophic soft points. For the neutro- 


over a common universe X, we say that neutrosophic 
(2.8.9) 5 ee — (XE). 


sophic soft points x 
soft points are distinct points if x 


It is clear that pO) and yr Car) 


ZyorN -~X. 


are distinct neutrosophic soft points if and only if x 


4. Neutrosophic Soft p-Separation Structures 


In this phase, we suppose neutrosophic soft p-separation axioms and neutrosophic soft topo- 
logical subspace consisting of distinct neutrosophic soft points of neutrosophic soft topological 


space over X. 


Definition 4.1. a) Let (X,%,E) be a neutrosophic soft topological space over the crisp set 
X , and oP Ds yy ee are neutrosophic soft points. If there exist neutrosophic soft 
p-open sets (F', E) and (G, E) such that 

OF) © (FE) and 2 4 (GE) = 0%) or 

yi Ore) € (G,E) and porn 0 (F,E) = 04), 

then (X,S%, FE) is called a neutrosophic soft-P°-space. 


b) Let (X,%, £) be a neutrosophic soft topological space over the crisp set X and grOPD 


yh Oy) are neutrosophic soft points. If there exist neutrosophic soft p-open sets (EF , £) and 
(G, E) such that 

aMOP) © BB), a?) 1 (G, EB) = 0%) or 

eran c (G, E) | ge 44 (FE) = Q(X.2), 

then (X,%, E) is called a neutrosophic soft-P!-space. 


c) Let (X,S, FE) be a neutrosophic soft topological space over the crisp set X, and grlOPD 


yr eet) are neutrosophic soft points. If there exist neutrosophic soft p-open sets (F , E’) and 
(G, E) such that 
gr OP”) © FR BY, yXOR © (GB) and (F, E)n (G,E) = 0%), 


then (X,%, E) is called a neutrosophic soft-P?-space. 


Example 4.2. Let X = {z!,x7} be a universe set, E= {X!,\7} be a parameters set, and 
ete) Co (gayi sOs0e) Sail (2) ,20-40-4,0.4) he ncuiosophie cor 
points. Then the family $ = {0% “) 14") (F!, £), (F?, E), (F°, E),(F*,E), 

(F°, E),(F°, E),(F", E),(F8,E)} , where 
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(F, E) = Ga 

(F?, B) = { (a1) )2(0-2:0-5,0-6) | 

(F3, E) = {(a7)1(0.3, 0.3, 0.5)} , 

FB) = (F,2) u (PB) 

(ae 2) Ea Cae) wen ae oe 

(FS, F) = (F?, FE) u (PF FB) ) 

(F", E) = (F', FE) U (F?, E) U (FB), 

(FS, E) = {(x 1y 104, 1,0.4, 0 7) (a 1) 2002 2,0. ee) (222) A2(0-3:0-3,0-5) (x2) d2(0.4, 0.4, 0.4)} | 


is a neutrosophic soft topology over X. Hence, (X,%, £) is a neutrosophic soft topolog- 
ical space over X. Also, (X,%,E) is a neutrosophic soft- P°-space but not a neutrosophic 
soft-P'-space because for neutrosophic soft points (a#t)A1(0.1,0.4,0.7) and (x7)A7(0.4, 0.4, 0.4) 


,(X,%, FE) is not a neutrosophic soft-P!-space. 


Example 4.3. Let X = N be a natural numbers set and E = {A} be a parameters set. Here 


proreb mn) are neutrosophic soft points. Here we can give (an, Gn, yn) appropriate values and 


an,bn,yn an,Bn,yn 
y(an,B 1) aX Bn,yn) 


the neutrosophic soft points n are distinct neutrosophic soft points if 


and only ifn # m. It is clear that there is one-to-one compatibitily between the set of natural 
numbers and the set of neutrosophic soft points N* = {prlorb ce 

Then we give cofinite topology on this set. Then neutrosophic soft set (EF , F) is a neutro- 
sophic soft p-open set if and only if the finite neutrosophic soft point is discarded from N°. 


Hence, (X,%, £) is a neutrosophic soft-P'-space but not a neutrosophic soft-P?-space. 


Example 4.4. Let X = Virsa) be a universe set, EK = tA} be a parameters set, and 
ijl 0-1,0.4,0.7) wl y2(0-2,0.5,0.6) 


go). and 2 )2(0-4,0.4,0.4) be neutrosophic soft points. Then the family 


oa {Q(%-F) | 1%) me aes E), GB) y.05(f , where 
fa EB = {rz 11 ae 


PO are) Aree 
Fl, BE) = (F', BE) u (F?, E) U (F3,E), 
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( ) 

(F2,E) ={(x 1) \ Oy 
(F3,E) = {(a 2) \1(0-3,0-3,0.5) 4 
(F4, B) = {(@2) Owen) | 
(Fo, E) = (F!,E) U (F?,£), 
(F°, BE) = (F!,E) U (F3,£), 
(E7, E) = (F!,E) U (£4,£), 
(F8, E) = (F?,E) U (F3,E), 
(F9, E) = (F?,E) U (F4,£), 
( 

( 
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(FY, EB) = (F,E) U (F?, £) u (F4, 2), 
(P'S, E) = (F?, EB) U (PF, E) U (PY), 
(FM, E) = (F!,E) u (F3,E)u (F4,E), 
(FS E) = {(x 1) \ 1 (0.1,0.4, ‘i 7) (a Pot ee); (ar2) \200-3:0-3:0.5) (a2) 2040-40-48) | 


is a neutrosophic soft topology over X. Hence, (X, 9, FE) is a neutrosophic soft topological 


space over X. Also, (X,%, E) is a neutrosophic soft -P?-space. 


Theorem 4.5. Let (X,%S,E) be a neutrosophic soft topological space over X. Then (X,S, E) 
is a neutrosophic soft-P'-space if and only if each neutrosophic soft point is a neutrosophic 


soft p-closed set. 


ya 


PY) be an arbitrary neutrosophic 
(a’,B'y") c 


Proof. Let(X,%, E) be a neutrosophic soft-P!-space and x 
A / 
soft point. We show that (a? 1) is a neutrosophic soft p-open set. Let y* 


(glob hen prob aud ype y) 


are distinct neutrosophic soft points. Hence, x ~ y 
or A S.A: 
Since (X,%, E) is a neutrosophic soft-P'-space, there exists a neutrosophic soft p-open set 
(G, E) such that 
NOB © (EB) and a 9 (GB) = 02). 
Then, since prorFD) (G, E) = 0%), we have yr 
(grlo8ny” 


al Bl at a on aN 
ae E(G,E)C (a>! Dy . This 


(a,6,7) 


implies that is a neutrosophic soft p-open set, i.e. x is a neutrosophic soft 


p-closed set. 


MOB ie a neutrosophic soft p-closed set. ‘Then 


a,B,7) 7 yr Boe) _ o*) Thus 


Suppose that each neutrosophic soft point x 
(aby . ; a 
Gs ) is a neutrosophic soft p-open set. Let x 
ja! Bl iw DN DX 
METS e (oP) and oP) fF (oF) — 0%"), Therefore, (X,S, £) is a neu- 


trosophic soft-P'-space over X. 4 


Theorem 4.6. Let (X,S, FE) be a neutrosophic soft topological space over X. Then (X, 3%, E) 
is a neutrosophic soft-P?-space iff for distinct neutrosophic soft points gOP) and yr “ ) 
there exists a neutrosophic soft p-open set (F,E) containing x*(a, 8,7) but not y* (a’, 6’, 7’) 


NA) does not belong to (F , E). 





such that y 


Proof. Let oP 7) and y (PM) be two neutrosophic soft points in neutrosophic soft -P?- 
space (X,S, FE). 

Then there exist disjoint neutrosophic soft p-open set (F,E) , (G, E) such that 

gD © (FB) yX OP © (GB). 
Mab) 1 ph EP) = 0%) and (F,E) 7 (G, E) = Q(%F) yr OPT) does not 
belong to (fF, £) . It implies that y* (7) does not belong to (e). 
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Mobs) oe Poy ; there exists a 


(a’,B",y") 


Next suppose that, for distinct neutrosophic soft points x 





neutrosophic soft p-open set (F , E) containing oP) but not y® aa) such that y* 


does not belong to (F, E). Then yr A ((F,E))° , i. (F,E) and ((F, £))° are disjoint 
(a,8,7) —oe 








neutrosophic soft p-open sets containing x respectively. 5 


Theorem 4.7. Let (X,%,E) be a neutrosophic soft-P'-space for every neutrosophic soft point 
oP) € (FB) eS. 

gO) © (GE) Cc (GE) C (F,B), 

then (X,&, E) is a neutrosophic soft-P?-space. 


If there exists a neutrosophic soft p-open set (G, E) such that 





Proof. Suppose that grlOPD) yr OD 0%) Since (X,S, E) is a neutrosophic soft 


(a,8,7) aad yr By 


T'-space, x” are neutrosophic soft p-closed sets in %. Thus gro? 7) E 


(y (a’, B’,’))© € &. Then there exists a neutrosophic soft p-open set (G, £) in & such that 
gr oP (G,E) Cc (G,E)C (y* (a’, B’,7))*. 


Hence, we have eel E ((G, E))°, gro8D C (G, E), and (G, BE)n ((G, E))° — 0(%F), 


ie. (X,%, E) is a neutrosophic soft P?-space. q 





Remark 4.8. Let (X,%,£) be a neutrosophic soft-P!-space for i = 0, 1, 2. For each x 
# y, neutrosophic points xa, 8,7) and y‘a’, 6’, 7’) have neighborhoods satisfying conditions 


of-P'-space in neutrosophic topological space (X, $3) for each \ € E because oP 7) and 


pon are distinct neutrosophic soft points. 

Definition 4.9. Let (X,%, E) be a neutrosophic soft topological space over X, (F,E) be a 
neutrosophic soft p-closed set , and pro) (F,E) = 0), If there exist neutrosophic 
soft p-open open sets (+, E) and (G?, E) such that gMoBD (G!, E), (F, E) C (G?,E), and 
(G!,E) 7 (G?,E) = 0) | then (X,3,E) is called a neutrosophic soft b-regular space. 
(X,%, E) is said to be a neutrosophic soft-P°-space if is both a neutrosophic soft p-regular 


and neutrosophic soft-P+!-space. 


Theorem 4.10. Let (X,3, FE) be a neutrosophic soft topological space over X, (X,S,E) is a 
neutrosophic soft-P°-space if and only if for every gMhoPD (F,E) €S&, there exists @ E) 
© & such that PF? (G,E) Cc (G,E)C(F,E).- 





Proof. Let (X,%,E) be a neutrosophic soft P°-space and gOP) € (F,E) € &. Since 


(a,8,7) and neu- 


(X,%, E) is a neutrosophic soft-P°-space for the neutrosophic soft point x 
trosophic soft p-closed set (fF ,E)° , there exist (G!, E) , (G?,E) € & such that grVoPy) 
(G!,E), (F,E)° C (G2, E), and (G!, E) n (G?, E) = 0). thus, we have proPD ¢ (G!, E) 
= (G?, E)e C (F,E). Since (G?, E)< is a neutrosophic soft p-closed set, (G!, E) = (G?, E)< 
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Conversely , let proFD 7 (H, E) = 0) and (H, E) be a neutrosophic soft p-closed set. 
Thus, (OF) & (A, E)° and from the condition of the theorem, we have goP) E (G. E) 
C (G,E) Cc (HE). 

Then 207) ¢ (G, E) , (H, E) Cc ((G, E))° , and (G, E) a (G, E)° — 0(%£) are satisfied, 


i.e. (X,%, E) is a neutrosophic soft-P°-space. 5 








Definition 4.11. A neutrosophic soft topological space (X, 9, &) over X is called a neutro- 





sophic soft p-normal space if for every pair of disjoint neutrosophic soft b-closed set (F!, E) , 
(F?,E) , there exists disjoint neutrosophic soft p-open sets (C. EB), (C. E) such that (F!, E) 
c (G!, E) and (F2,E) Cc (G?, E). 

(X,%, FE) is said to be a neutrosophic soft b-T*-space if it is both a neutrosophic soft p- 


normal and neutrosophic soft-P+-space. 


Theorem 4.12. Let (X,S, FE) be a neutrosophic soft topological space over X . Then (X, 3, E) 
is a neutrosophic soft-P*-space if and only if, for each neutrosophic soft p-closed set (F , E) 
and neutrosophic soft p-open set (G, E) with (F,E)C (G, E) , there exists a neutrosophic soft 
p-open set (D, E) such that 

(F,E) C (D,E) C (D,E) Cc (G,E). 





Proof. Let (X,%,E) be a neutrosophic soft-P*-space, (fF, £) be a neutrosophic soft p-closed 
set and (F,E) C (G,E) € 9. Then (G,E)< is a neutrosophic soft p-closed set and (fF, E) 
a (G, E)° = 0“), Since (X,%, E) is a neutrosophic soft-P*-space, there exist neutrosophic 
soft p-open sets (D!, E) and (D?, E) such that (F,E) C (D!, E) ic. E\eo (D?, E) , and 
(D!, E) n (D?, E) = 0%). This implies that 
(F,E)c (D',E) c (D?, BE) c (G, EB). 
(D?, E)° is a neutrosophic soft p-closed set and (D!, E) C (D?, E)< is satisfied. Thus, 
(FE) c (PE) c (DB) c (GB) 
is obtained. 


Conversely, let (F!,E) , (F?,E) be two disjoint neutrosophic soft p-closed sets. Then 





(F1,E) C (F?,E)° . From the condition of theorem, there exists a neutrosophic soft p-open 
set (D, E) such that 

(F*,E) Cc (D,E) c (D!,E) c (F?, BE). 

Thus, (D, E) , ((D, E))° are neutrosophic soft p-open sets and (fF !, £) C (D, BE). 07.2) ce 
((D, E))° , and (D, E) 0 ((D, E))* = 0”) are obtained. Hence, (X,%, £) is a neutrosophic 


soft-P*-space. 4 
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Definition 4.13. Let (X,%, E) be a neutrosophic soft topological space over X and (fF , E) be 
an arbitrary neutrosophic soft set. Then 9/2) = {(fF, E)(H,E) : (H,E) € 3} is said to 
be neutrosophic soft topology on (fF, F) and ((F, £), GFE) E) is called a neutrosophic soft 
topological subspace of (X, S, F). 


Theorem 4.14. Let (X, 3, E) be a neutrosophic soft topological space over X. If (X, 3, FE) is a 
neutrosophic soft-P'-space, then the neutrosophic soft topological subspace ((F, E), GE) F E) 


is a neutrosophic soft-P'-space for i = 0, 1, 2, 8. 


Proof. Let grou) Tiel = E ((F, E), 3% ™), E) such that x Mob.) ny NU) _ (XB). 
Thus , there exist neutrosophic soft p-open set (F!, E) and (F 7, E) satisfying the conditions 
of neutrosophic soft -P’-space such that gr oPD € (F a) pe € (F?,E). Then 
prVoPD) (F1,E)(F,£E) and Tal € (F?,E)M(F,E) . Also, the neutrosophic soft 
p-open set (F!, FE) (F,E) , (F?,E)(F,£) in 3(/E) satisfy the conditions of neutrosophic 
soft-P’-space for i= 0, 1, 2, 3. 4 








Theorem 4.15. Let (X,S,E) be a neutrosophic soft topological space over X. If (X,S, E) is 
a neutrosophic soft-P*-space and (fF, E) is a neutrosophic soft p-closed set in (X,&, E), then 
((F,E), GFE) E) is a neutrosophic soft -P*-space. 


Proof. Let (X,%,E) be a neutrosophic soft P*-space and (Ff, E) be a neutrosophic soft p- 
closed set in (X,%,E). Let (F', E) and (F?,E) be two neutrosophic soft p-closed sets in 
((F,E),3 gE) EF) such that (F!,E) 7 (F?,E) = 0%”), When (F,£E) is a neutrosophic 
soft p-closed set in (X,%,E) , (F!,E) and (F?,E) are neutrosophic soft p-closed sets in 
(X,%,E). Since (X,%,£) is a neutrosophic soft-P*-space, there exist neutrosophic soft. p- 
open sets (G!, E) and (G?, E) such that (F!,E) c (G!,E) , (F2,E) C (G?,E) and (G!, E) 
n (G2,E) = 0), Then (F!,E) = (G',E) 7 (F,E) , (F?,E) = (G,E) 7 (F,E) and 
((G!,E)O(F,E)) 7 ((G@2,E)n(F,£)) = 0%). This implies that ((F, E),% GE) FE) is a 


neutrosophic soft-P*-space. 4 


5. Conclusion 


Neutrosophic soft p-separation structures are the most imperative and fascinating notions 
in neutrosophic soft topology.We have introduced neutrosophic soft p-separation axioms in 
neutrosophic soft topological structures with respect to soft points, which are defined over 
an initial universe of discourse with a fixed set of parameters( data,decision variables). We 
further investigated and scrutinized some essential features of the initiated neutrosophic soft 
p-separation structures. It is supposed that these results will be very very useful for future 
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studies on neutrosophic soft topology to carry out a general framework for practical applica- 


tions. Applications of neutrosophic soft p-separation structures in neutrosophic soft topological 


spaces can be traced out in decision making problems. 
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Abstract: Within this paper, we present and research the definition of interval valued neutrosophic 
topological space along with interval valued neutrosophic finer and interval valued neutrosophic 

coarser topologies. We also describe interval valued neutrosophic interior and closer of an interval 
valued neutrosophic set. Interval valued neutrosophic subspace topology also studied. 


Some examples and theorems are presented concerning this concept. 


Keywords: Interval valued neutrosophic topology, Interval valued neutrosophic subspace topology 


1. Introduction 


The notion of fuzzy set has invaded almost all branches of mathematics since its introduction by 
Zadeh[20]. Fuzzy sets and fuzzy logic has been applied in many real applications to handle 
uncertaintely fuzzy set theory is very successful in handling uncertainties arising from vagueness or 
partial belongingness of an element in a set, it cannot model all type of uncertainties pre — veiling in 
different real physical problems such as problems involving incomplete information. Turksen [18] 
introducted the idea of interval valued fuzzy sets. 

Later, Atanassov[10] introduced the concept generalization of fuzzy set, which is known as 
intuitionistic fuzzy sets. Intuitionistic fuzzy sets take into account both the degree of membership 
and non — membership. Further, intuitionistic fuzzy sets were extended to the interval valued 
intuitionistic fuzzy sets[11]. The interval valued intuitionistic fuzzy set uses a pair of interval 
[t-,t*],0 <t <t* <1and [f,f*t],0< f° < f* <1 with t*+/f*t <1, to describe the 
degree of true belief and false belief. Because of the restriction that t* + f* < 1, intuitionistic fuzzy 
sets and interval valued intuitionistic fuzzy sets can only handle incomplete information not the 
indeterminate information and inconsistent information which exists commonly in belief systems. 

As a generalization of fuzzy set and intuitionistic fuzzy set, neutrosophic set have been 
introduced and developed by F. Smaramdache[15,16 & 17 ]. It is a logic in which each proposition is 
calculated to have degree of truth(T), a degree of indeterminacy(I) and a degree of falsity(F). 


Smarandache’s neutrosophic concept have wide range of real applications for many fields of 
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[1,2,3,4,5,6,7 & 8] information system, computer science, artificial intelligence, applied mathematics, 
decision making, mechanics, electrical and electronics, medicine and management science etc. 

Salama, Albloe[14] proposed the concept of neutrosophic topological space. Later, Wang, 
Smarandache, Zhang and Sunderraman introduced the notion of interval valued neutrosophic 
set[19]. An interval valued neutrosophic set A defined on X, x = x(7,1,F) €A with T,] and F 
being the subinterval of [0,1]. Lupianez discusses the relation between interval value neutrosophic 
sets and topology [12] 

The purpose of this article is to propose the idea of interval valued neutrosophic topological 


space and discuss the some of the basic properties. 


2. Preliminaries 


Definition 2.1[19] Let X be a space of points (objects), with a generic element in X denoted by x. An 
interval valued neutrosophic setUNS) Ain X is characterized by truth - membership function Ty, 
indeterminacy — membership function J, and falsity -membership function F,. For each point x in 


X, T,(X), 14 (x), Fa(x) & [0,1]. 


Example 2.2[19] Suppose, X = {x,,X2,x3}. The strength is x,, the trust is x, and the price is x3. 
The x1,X2 and x3 values are given in [0,1]. They're obtained from some domain experts ' 


questionnaire, their choice could be degree of goodness, degree of indeterminacy, and degree of 


poorness. A and B are the interval neutrosophic sets of xX define by Az=< 

[0.2,0.4],10.3,0.5110.3,0.5] [0.5,0.7}0,0.2],10.2,0.3] [0.6,0.8)10.2,0.3}0.2.0.3] . Buc 
X41 X2 WB 

[0.5,0.7),[0.1,0.3],[0.1,0.3] [0.2,0.3],[0.2,0.4],[0.5,0.8] [0.4,0.6},[0,0.1],[0.3,0.4] 


x4 X2 X3 


Definition 2.3[19] An interval neutrosophic set A is empty if andonlyif its infT,(x) = 
sup 7T,(x) = 0, infl,(x) = supl,(x) = 1 and inf F,(x) = sup F,(x) = 0, for all xin X. 


Definition 2.4(Containment) [19] An interval neutrosophic set A is contained in the other interval 
neutrosophic set B, A © B, if and only if 

inf T,(x) < infT,(x),supT,(x) < sup Tp(x) 

inf I,(x) = inf Ip(x),sup 1,(x) = sup Tp(x) 

inf F(x) = inf Fp(x),sup F,(x) = sup Fp(x) 


for all x in X. 


Definition 2.5[19] Two interval neutrosophic sets A and B are equal, written as A= 


B,if and onlyif AS Band BCA. Let Oy =< 0,1,1 > and 1, =< 1,0,0 >. 
Definition 2.6[19] The complement of an interval neutrosophic set A is denoted by A and is defined 
by Ti(x) = Fy(x); inflz(x) = 1—supl,(x) ;sup1z(x) = 1 — infl,(x); Fa(x) = T,(x) forall x in X. 


Example 2.7[19] Let A be the interval neutrosophic set defined in Example 2.3, then 


qe 10:8,0:5],10.5,0:7)10:2,0-4] [0.2,0.3},[0.8,0),[0.5,0.7] [0.2,0.3],[0.7,0.8],[0.6,0.8] = 


x4 X2 X3 
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Definition 2.8 (Intersection) [19] The intersection of two interval neutrosophic sets A and B is an 
interval neutrosophic set C = ANB, whose truth-membership, indeterminacy — membership and 
false - membership are related to those of A and B by 
inf T; (x) = min(infT,(x),infT;(x)), sup 7T-(x) = min(sup T, (x), sup Tp, (x)) 
inf I; (x) = max(inf/,(x),infIp(x)), supT-(x) = max(sup I,(x), sup Ip (x)) 
inf Fo (x) = max(inf F,(x),infF,(x)), sup 7T-(x) = max(sup F,(«), sup Fp(x)) 


for all xin X. 


Example 2.9[19] Let A and B be the interval neutrosophic sets defined in Example 2.3, then AN B = 


Z [0.2,0.4],[0.3,0.5],[0.3,0.5] [0.2,0.3],[0.2,0.4],[0.5,0.8] [0.4,0.6],[0.2,0.3],[0.3,0.4] . 


X41 X2 xB 


Theorem 2.10[19] A B is the largest interval neutrosophic set contained in both A and B. 


Definition 2.11(Union) [19] The union of two interval neutrosophic sets A and B is an interval 
neutrosophic set C, written as C = AUB, whose truth —- membership, indeterminacy — membership 
and false membership are related to those of A and B by 
inf T; (x) = max(infT,(x),infT,(«)),  supT-(x) = max(sup T,(x), sup Tp (x)) 
inf I, (x) = min(inf I,(x),infIp(~)), sup T-(x) = min(sup I, (x) , sup Ip (x)) 
inf F; (x) = min(inf F,(x),infF,(«)), sup T-(x) = min(sup F(x) , sup Fp, (x)) 


for all xin X. 


Example 2.12[19] Let A and B be the interval neutrosophic sets defined in Example 2.3, then A U 


Bze [035,071 10:10-3)101,0.4]) [0.5,0.7),10,0.2),[0.2,0.3] [0.6,0.8],[0,0.1],[0.2,0.3] S. 


oe X2 *3 
Theorem 2.13[19] A U B is the smallest interval neutrosophic set containing both A and B. 


3. Interval Valued Neutrosophic Topological Spaces 


With some examples and results, we give the concept of interval valued neutrosophic topologi 


cal spaces. 


Definition 3.1 An interval valued neutrosophic topological space of interval valued neutrosophic set 
(In short IVN topological space) is a pair (X,Ty) where X is a nonempty set and Ty is a family of 
IVN sets on X satisfying the following axioms: 

1. Oy, 1y € Ty 

2. ABEty >ANBEty 


De A; E Tl El => Vier A; Ee TN 


Ty is called an interval valued neutrosophic topology on X. Ty members are called interval valued 


neutrosophic open sets (In Short /VN open sets). 


Example 3.2 Assume that X = {a,b}. Here ais denoted by quality of Computers, b is denoted by 
Price of Computers. The value of a and bare in [0,1]. These are collected from some domain 
expects questionnaire; their choices could be degree of excellence, degree of indeterminacy, degree 


of poorness. The IVN set are 
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0.1,0.4],|0.2,0.7]|,|0.4,0.6 0.6,0.8],[0.2,0.3],[0.2,0.3] 
Ow = [0,0], [1,1], [1,1]), 1y = [1,1], [0,0], [0,0]), A = (teeeZinenn oe), B= 


(do dalIe suites) (16:2, 0:2)10-0 S)103,070) 


7‘ » Ty = {Oy,1y,A4,B} is called an IVN topology on X. 


(X,Ty) is called an IVNTS. 


Example3.3 Let X = {a,b} and the IVN sets are 


Hee ((104,0.71,10.5,0.7}[0.4,0.9) ((0.2,0:3},0-4,0.5)0.7,0.9)) D= (0.5.0.8) 10.3,0.8)[0.2,0.7) ((0:5,0.7),[0.1,0-5],0.3,0.7))y 
a : b . = a : b 


Ty = {0y,1y,C,D} is called an IVN topology on X. (X,Ty) is called an IVN topological space. 


Theorem 3.4 Let {Ty EI} be a family of IVN topologies of IVN sets on X. Then Nn; {Ty, it E 1} is 
also an IVN topology of IVN sets on X. 
Proof: (i) Oy, 1y € ty, for each i € I, Hence 0,1, € ( ) ry, (ii) Let {A;:i € I} be a arbitrary family 
iel 
of IVN sets where A, € () ty, for each i€J].Then for each i€]. A, €T, for ie] and since for 
iel 
each i € I, ty, isa IVN topology, Therefore _J4, €T, for each i € J. Hence L) 4 E ()ry, 
iel iel iel 
But union of [VN topologies as seen in the following example need not be an IVN topology. 
Example: 3.5 In example 3.2 and 3.3 the families Ty, = {0y,1y,A,B} and ty, = {Oy,1y,C,D} are 
IVN topologies inX. ForX, however their union Ty, UTy, = (On, 1y,4,B,C,D} is not a IVN 
topology. 
Definition 3.6 Let (X,T,) be an IVN topological space. An IVN set A of X is called an interval 
valued neutrosophic closed set (in short IVN -closed set) if its complement A‘ is an IVN open set 


In Ty. 


Example 3.7 Let us consider the Example 3.2, the IVN closed sets in (X,tTy) are A‘ = 


({0.4,0.6],[0.3,0.8],[0.1,0.4]) ([0.2,0.3],[0.7,0.8],[0.6,0.8]) Z ({0.5,0.8],[0.2,0.7],[0.1,0.3]) ([0.3,0.7],[0.2,0.6],[0.2,0.7]) F 
cy A 


and 15 = Oy are the IVN — closed sets in (X,Ty). 


Theorem 3.8 Let (X,t,) be an IVN topological space. Then (i) Oy,1y are IVN — closed sets. (ii) 
Arbitrary intersection of [VN — closed sets is IVN — closed set. (iii) Finite union of [VN — closed sets 
is IVN — closed set. 

Proof: (i) since Oy,1y € Ty, Oy =1y and 1), = Oy, therefore 0) and 1), are IVN -— closed sets. (ii) 


Let {A;:i € I}be an arbitrary family of IVN — closed sets in (X,ty) and let A=()4 Now 


iel 


iel iel icl 


A= 0 4 = LUlAy and A® et, for each i€/, hence LJ(4 \ €T,, therefore A‘ € Ty. 


Thus A is an IVN- closed set. (iii) Let {A,:k = 1,2,......... nn} be a family of IVN — closed set in 
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(X,Ty) and let G=U4, . Now (G) -| 4,] =() 4s and (A, J’ aa (0) a Sa Re n 


k=] k=l 


, SO () A; €T,.Hence G° €T,,, thus G is IVN — closed set. 
k=l 


Definition 3.9 Let both (X,Ty,) and (X,tTy,) be two IVNTS. If each A € Ty, implies A € Ty,, then 
Ty, is called interval valued neutrosophic finer topology than Ty, and Ty, is called interval valued 
neutrosophic coarser topology than Ty, 


_ ((10.5,0.71,10.3,0.6),[0.2,0.8)) ((0.4,0.6},0.3,0.51104,0.7) B= 
a : b = 


Example 3.10 Let X = {a,b} and IVN sets are A 


((0:3,0.71,[0-4,0.6],[03,0.8]) ({0.1,0.7},[0.3,0.8}[02,0.6)), ae ((0:5.0.710.3,0.61,0.2,0.8)) ((0.-4,0.7},[0.3,05}[0.2,0.6]), D= 


J J 


a b a b 


([0.3,0.7],[0.4,0.6],[0.3,0.8]) ([0.1,0.7],[0.3,0.8], 
( a ‘ b 


04079). Let ty, = {Oy,1y, 4,B,C,D} and ty, = {Oy,1y,4,C} be 


an IVN topologies on X and let (X,ty,) and (X,ty,)be a IVN topological spaces. If ty, is IVN 


finer topology than ty, andty, is IVN coarser topology than Ty, 


Definition 3.11 Let (X,Ty) be a IVN topological space. A subcollection 8 of Ty is said to be base 
of Ty if every element of Ty can be expressed as the arbitray VN union of some elements of 


8, then Bis called an IVN basis for the IVN topology Ty. 


Example 3.12 In Example 3.10, for the IVN topology ty, = {0y,1y,4,B,C,D}. The sub collection 
B= {0y,1y, A,B,C} of P(X) isa IVN basis for the IVN topology Tty,. 


Definition 3.13 Let (X,t,)) bea IVN topological space and A € IVNs(X), the interior and closure of 
Ais denoted by IVN Int(A) and IVN CI(A) are defined as 
IVN Int(A) =U {G €Ty:G © A}, IVN CI(A) =N{K € Ty: A € K} 


Example 3.14 Let us take an Example 3.3 and consider an IVN set 


= Eee ({0.3,0.5],[0.3,0.6], 


J 


a b we), Now IVN Int(E) = 0y and IVN CL(E) = 1y . 


Theorem 3.15 Let (X,ty) be a IVN topological space and A,B € IVNs(X) then the following 
properties holds: 

(i) IVN Int(A) GA 

(ii) AS B= IVN Int(A) GIVN Int(B) 

(iii) IVN Int(A) € Ty 

(iv) AE ty iff IVN Int(A) =A 

(v) IVN Int(IVN Int(A)) = IVN Int(A) 

(vi) IVN Int(0y) = Oy, IVN Int(1y) = 1y 
Proof: 

(i) Straight forward. 
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(ii) A& B= All of the IVN open sets in A that are also in B. Both IVN open sets included 
in A also included in B._ ie.,{K Ety:K GA} C{G Ety:G CB}. ie.,.U{K € ty: K S A} GU 
{G €ty:G SB}. ie.,IVN Int(A) € IVNInt(B). 

(iii) IVN Int(A) =U {K € ty: K G A}. It is clear that U{K € Ty: K © A} € Ty. So, IVN Int(A) € Ty. 

(iv) Let A € Ty, then by(i), IVN Int(A) € A. Now since A € Ty and IVN Int(A) € A. Therefore 
A CU {G €Ty:G € A} =IVN Int(A), ACINV Int(A). Thus IVN Int(A) = A. Conversely, let 
IVN Int(A) = A. Since by (iii), IVN Int(A) € Ty. Therefore A € Ty. 

(v) By (iii), IVN Int(A) € ty. Therefore by (iv), IVN Int(IVN Int(A)) = IVN Int(A). 

(vi) We know that Oy, 1y € Ty, by (iv), IVN Int(Oy) = Oy, IVN Int(1y) = 1y. 


Theorem 3.16 Let (X,Ty) bea IVNTS and A,B € IVNs(X) then possess the following properties: 
(i) ACIVN Cl(A) 
(ii) ASC BS>IVN Cl(A) CIVN Cl(B) 
(iii) (IVN CL(A)) € ty 
(iv) AS Ety iff IVN CI(A) =A 
(v) IVN CLUVN Cl(A)) = IVN Cl(A) 
(vi) IVN Cl(Oy) = Oy, IVN Cl(1y) = 1n 
Proof: 


Straight forward. 


Theorem 3.17 Let (X,Ty) be a IVN topological space and A,B € IVNs(X)then hold the following 
properties: 
(i) IVN Int(AN B) = IVN Int(A) NIVN Int(B) 
(ii) IVN Int(A U B) 2 IVNInt(A) U IVNInt(B) 
(iii) IVN C1(A U B) = IVN Cl(A) U IVNInt(B) 
(iv) IVN CI(AN B) GS IVN CIA) NIVN Int(B) 
(v) (IVN Int(A))< = IVN C1 (A‘) 
(vi) UVN CI(A))£ = IVN Int(A‘) 
Proof: 
(i) By Theorem 3.15(i), IVN Int (A) © A and IVN Int(B) © B. Thus IVN Int(A) NIVN Int(B) © 
ANB. Hence IVN Int(A) NIVN Int(B) S IVNInt(A NB) ----------- (1) 
Again since ANBE&A, by Theorem 3.15(ii). IVN Int(An B) SIVNInt(A). Similarly 
IVN Int(A NB) © IVNInt(B). 
Hence IVN Int(AN B) CIVNInt(A) NIVNInt(B) -------- (2) from (1) and (2) we eget, 
IVN Int(AN B) = IVNInt(A) OIVN Int(B). 
(ii) Since AS AUB. IVN Int(A) S IVNInt(A U B) by Theorem 3.15(ii). Similarly IVN Int(B) © 
IVNInt(A U B). Hence IVN Int(A) UIVN Int(B) S IVNInt(A UB). 
(iii) By Theorem 3.16(i), AGIVNCI(A) and BEIVNCI(B). Thus AUB CIVNCI(A) U 
IVNCI(B), IVN Cl(A UB) © IVN CIA) U IVNCI(B)----------- (1) 
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Again since AS AUB, by Theorem 3.16(ii), IVN CI(A) SIVNCI(AUB) . Similarly 
IVN Cl(B) SIVNCI(A UB). Hence IVN Cl(A) UIVN Cl(B) € IVNCI(A U B)------ (2) from (1) 
and (2) we get IVN CI(A) UIVN Cl(B) = IVNCI(A UB). 

(iv) Since ANBEA, IVNCI(ANB) CIVNCI(A) by Theorem 3.16(ii), Similarly, IVN CI(A N 
B) C IVN Cl(B). Hence IVN CI(AN B) © IVN C1(A) NIVNCI(B). 

(v) {IVN Int(A)}° = [U{G € ty:G S A}]® =N {G € TS: AS S G}, 
{IVN Int(A)}° = IVN CL(A)¢. 

(vi) IVN Cl(A)}© = [N{G € th: AS S GHIS =U{G € Ty: G E A}, 
{IVN C1(A)}¢ = IVN Int(A)¢. 


In theorem 3.17((ii) and (iv)), the equality does not hold. Let us display this by an example below 


[0,0],[0,0],[1,1] [0,0],[0,0],[1,1] 


Example 3.18 Let X = {a,b} and the IVN sets are 0y =< a = 
eee ene eee Ss. ae eee < 


B=e Eds OS OELES el [0.2,0.7],[0.4,0.8],[0.3,0.7] 


- - >, Ty = {0y,1y,A,B} isan IVN topology on X. Let us 


Senta Ces TPN ee dee [0.1,0-41,[0-3,0.7)10-5,0.6] [0.4,0.8],[0.2,0.3],[0.2,0.3] 


> and D =< 
a b 


[0,0.3],[0.2,0.8],[0.4,0.9] [0.6,0.7],[0.3,0.6],[0.2,0.5] ScNoe up ee [0.1,0.4],[0.2,0.7],[0.4,0.6] [0.6,0.8],[0.2,0.3],[0.2,0.3] 


> 
a b a b 


A; IVN Int(C UD) = IVN Int(A) = A; IVN Int(C) = Oy, IVN Int(D) = Oy, IVN Int(C) U 

IVN Int(D) = On; 

Therefore IVN Int(C U D) # IVN Int(C) UIVN Int(D). 

By Theorem 3.17(v), IVN CI(C)* = UVN Int(C))° = (On) =1y , IVN CI(D)© = UVN Int(D))*° = 
(Oy) =1y, IVN Int(C)NIVN Int(D)=1y;  IVN CI(C“ ND) = IVN CLI((C U D)*) = (IVN Int(C U 
D))° = UVN Int(A))£ = AS; IVN CL(CS NDS) # IVN CL(CS) UIVN ClI(DS). 


4. Interval Valued Neutrosophic Subspace Topology 


In this section we present, along with some examples and findings, the definition of interval 


valued neutrosophic subspace topology. 


Theorem 4.1 Let (X,t,) bea IVN topological space on X and Y € P(X). Then the collection tyy = 
{YNG:G Ety} isa IVN topology on X. 


Proof: 
(i) Since Oy, 1y € Ty, therefore YN Oy = Oy € Tyy and YN1y =Y E Tyy. 
(ii) Let Y, E€Tyy,Vk El, then Y =YOG, where G,€tTy for each KEI. Now 


Ly, -Yorng)=¥ [UG Jer sine LJc, ET, aseach G, € Ty. 


kel kel kel kel 
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(iii) Let is Y, E Tuy J Y, = Y ‘a Gy and Y, = Y 1) G> where G4, G> Ee Tn Now Y, 1) Y, = 


(YNG,)NWNG,) =YN(G,NG2) E€ Tyy, since G,NG, € Ty as G,,Gz E Ty. 


Definition 4.2 Let (X,tT,) bean IVN topological space on X and Y is a interval values neutrosophic 
subset (In short IVN subset) of X, the collection tyy = {YNG:G € Ty} is called interval valued 


neutrosophic subspace (In short IVN subspace) of Y. Y is called IVN subspace of X. 


Example 4.3 Let us consider the IVN topology Ty, = {Oy,1y,A,B,C,D}as in Example 3.10 and an 


IVN set Y =< ee meee eee >, Oy = YN Oy = Oy; 

6, =Y NA, G, =< MAeslloso7lio29s) [ososifoasyoson 

Gy = OB, G, =< Oasshloso7io208) [oro sorsuo206 . 

Gy = NC, Gy =< WAMslios071 0298) [o4n7Vfo4sLo2.os) 

GVA. G Se ee) Oe An Then ye 0 ay Gs Gs aN 


a b 


subspace topology for Ty, and Tyy is called IVN subspace of (X,Ty,). 


Theorem 4.4 Let (X,T)) be an IVN topological space, 8 be an IVN basis for ty and Y is an IVN 
subset of X. Then the family By = {Y NG:G € B}is an IVN basis for IVN subspace topology Tyy. 
Proof: 


Let U € Tyy be arbitrary, then there exists an IVN set G € ty such that U=YNG. Since 8 is an 


IVN basis for ty, therefore there exists a sub collection {y;:i € I} of B such that G = L) x, . Now, 
iel 
U=YoG=|Jz; = Lvax). Since YN y; € By, therefore By is a IVN basis for an IVN 
iel iel 


subspace topology Tyy. 
5. Conclusion 


The concept of interval valued neutrosophic topological space, interval valued neutrosophic 
interior and interval valued neutrosophic closure of an interval valued neutrosophic sets were 
introduced. An interval valued neutrosophic subspace topology of interval valued neutrosophic sets 
are also introduced. The newly introduced’ Interval Valued Neutrophic Topological Spaces’ is a 


stronger version of ‘Neutrosophic Topological Spaces’. 
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Abstract: In this paper, the theory of pentagonal neutrosophic number has been studied in a 
disjunctive frame of reference. Moreover, the dependency and independency of the membership 
functions for the pentagonal neutrosophic number are also classified here. Additionally, the 
development of a new score function and its computation have been formulated in distinct rational 
perspectives. Further, weighted arithmetic averaging operator and weighted geometric averaging 
operator in the pentagonal neutrosophic environment are introduced here using an influx of 
different logical & innovative thought. Also, a multi-criteria group decision-making problem 
(MCGDM) in a mobile communication system is formulated in this paper as an application in the 
pentagonal neutrosophic arena. Lastly, the sensitivity analysis portion reflects the variation of this 


noble work. 


Keywords: Pentagonal neutrosophic number, Weighted arithmetic and geometric averaging 


operator, Score functions, MCGDM. 


1. Introduction 
1.1 Neutrosophic Sets 


Handling the notion of vagueness and uncertainty concepts, fuzzy set theory is a dominant field, 
was first presented by Zadeh [1] in his paper (1965).Vagueness theory has a salient feature for 
solving engineering and statistical problem very lucidly. It has a great impact on social-science, 
networking, decision making and numerous kinds of realistic problems. On the basis of ideas of 
Zadeh’s research paper, Atanassov [2] invented the prodigious concept of intuitionistic fuzzy set 
where he precisely interpreted the idea of membership as well as non membership function very 
aptly. Further, researchers developed the formulation of triangular [3], trapezoidal [4], pentagonal 
[5] fuzzy numbers in uncertainty arena. Also, Liu & Yuan [6] established the concept of the 


triangular intuitionistic fuzzy set;Ye [7] put forth the basic idea of trapezoidal intuitionistic fuzzy set 
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in the research field. Naturally, the question arises, how can we evolve the idea of uncertainty 
concepts in mathematical modelling? Researchers have invented disjunctive kinds of methodologies 
to define elaborately the concepts and have suggested some new kinds of ambivalent parameters. To 
deal with those kinds of problems, the decision-makers’ choice varies in different areas. F. 
Smarandache [8] in 1998 generated the concept of a neutrosophic set having three different 
integrants namely, (i) truthiness, (ii) indeterminacies, and (iii) falseness. Each and every 
characteristic of the neutrosophic set are very pertinent factors in our real-life models. Later, Wang et 
al. [9] proceeded with the idea of a single typed neutrosophic set, which is very productive to sort 
out the solution of any complicated kind of problem. Recently, Chakraborty et al. [10, 11] 
conceptualized the dynamic idea of triangular and trapezoidal neutrosophic numbers in the 
research domain and applied it in different real-life problem. Also, Maity et al. [12] built the 
perception of ranking and defuzzification in a completely different type of attributes. To handle 
human decision making procedure on the basis of positive and negative sides, Bosc and Pivert [13] 
cultivated the notion of bipolarity. With that continuation, Lee [14] elucidated the perception of 
bipolar fuzzy set in their research article. Further, Kang and Kang [15] broadened this concept into 
semi-groups and group structures field. As research proceeded, Deli et al. [16] germinated the idea 
of a bipolar neutrosophic set and used it as an implication to a decision-making related problem. 
Broumi et al. [17] produced the idea of bipolar neutrosophic graph theory and, subsequently, Ali 
and Smarandache [18] put forth the concept of the uncertain complex neutrosophic set. Chakraborty 
[19] introduced the triangular bipolar number in different aspects. In succession; Wang et al. [20] 
also introduced the idea of operators in a bipolar neutrosophic set and applied it in a 
decision-making problem. The multi-criteria decision making (MCDM) problem is a supreme 
interest to the researchers who deal with the decision scientific analysis. Presently, it is more 
acceptable in such issues where a group of criteria is utilized. Such cases of problems relating to 
multi-criteria group decision making (MCGDM) have shown its fervent influence. Also MCDM has 
broad applications in disjunctive fields under various uncertainty contexts.We can find many 
applications and development of neutrosophic theory in multi-criteria decision making problem in 
the literature surveys presented in [21-25], graph theory [26-30], optimization techniques [31-33] etc. 
In this current era, Basset [34-40] presented some worthy articles related to neutrosophic sphere and 
applied it in many _ different well-known fields.Also, K.Mondal [41,42] successfully 


applied the notion of neutrosophic number 


in faculty recruitment MCDM problem in education purpose. Recently, the viewpoint of 
plithogenic set is being constructed by Abdel [43] and it has an immense influential motivation in 
impreciseness field in various sphere of research field. Also, Chakraborty [44] developed the 


conception of cylindrical neutrosophic number is minimal tree problem. 


Neutrosophic concept is very fruitful & vibrant in a realistic approach in the recent research field. R. 
Helen [45] first germinated the idea of the pentagonal fuzzy number then Christi [46] utilized the 
conception of pentagonal fuzzy number into pentagonal intuitionistic number and skillfully applied 
it to solve a transportation problem. Additionally, Chakraborty [47, 48] put forward the notion of 
pentagonal neutrosophicnumber and its different and disjunctive representation in transportation 


problem and graph-theoretical research arenas. Subsequently, Karaaslan [51-56] put forth some 
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innovative idea on multi-attribute decision making in neutrosophic domain. Also, Karaaslan [57-61] 
presented the notion of soft set theory with the appropriate justification of neutrosophic fuzzy 
number. Recently, Broumi et.al [62-66] manifested the conception of the graph-theoretical shortest 
path problem under neutrosophic environment. Further, Broumi [67] implemented the concept of 
neutrosophic membership functions using MATLAB programming. A few works [68-71] are also 
established recently, based on impreciseness domain. 

In this article, we mainly focus on the different representation of pentagonal neutrosophic number 
and its dependency, independency portions. We generate a new logical score function for 
crispification of pentagonal neutrosophic number. Additionally, we introduce two different logical 
operators namely i) pentagonal neutrosophic weighted arithmetic averaging operator (PNWAA), ii) 
pentagonal neutrosophic weighted geometric averaging operator (PNWGA) and established its 
theoretical developments along with its different properties. Also, we discussed the utility of these 
operators in real-life problems. Later, we consider a mobile communication based MCGDM problem 
in neutrosophic domain and solve it using the established two operators & score function.Sensitivity 
analysis of this problem is also addressed here which will show distinct results in different aspects. 
Finally, comparison analysis is performed here with the established methods which give an 
important impact in the research arena. This noble thought will help us to solve a plethora of daily 


life problems in uncertainty arena. 


1.2 Motivation for the study 


With the advent of vagueness theory the arena of numerous realistic mathematical modeling, 
engineering structural issues, multi-criteria problem have immensely achieved a productive and 
impulsive effect.Naturally it is very intriguing to the researchers that if someone sheds light on the 
pentagonal neutrosophic number then what will be it in the form of linearity and its classification? 
Based on this perception we impose three components on a pentagonal neutrosophic number i.e. 
truthiness, indeterminacy and falsity. Proceeding with the PNNWAA and PNNWGA operators and 
based on the score function of pentagonal neutrosophic numbers, an MCGDM method is built up 


and some interesting and worthy conclusions are tried to extract from this research article. 
1.3 Novelties of the work 


Recently, researchers are utmost persevere to develop theories connecting neutrosophic field and 
constantly try to generate its distinct application in various sphere of neutrosophic arena. However, 
justifying all the perspectives related to pentagonal neutrosophic fuzzy set theory; numerous 
theories and problems are yet to be solved. In this research article our ultimate objective is to shed 
light some unfocussed points in the pentagonal domain. 

(1) Classification of Pentagonal Neutrosophic Number. 

(2) Illustrative demonstration of aggregation operations and geometric operations on 

Pentagonal Neutrosophic Number’s. 
(3) Proposed new score function and its utility. 


(4) Execute the idea of Pentagonal Neutrosophic Number’s in MCGDM problem. 


2. Preliminaries 
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Definition 2.1: Fuzzy Set: [1] Let A be a set such that A = {(B, ax (B)): BEA, ax (B)e[0,1]} which is 
normally denoted by this ordered pair(B, ax(B)), here 6B is a member of the setAand 0 < ax($) < 1, 


then set A is called a fuzzy set. 


Definition 2.2: Neutrosophic Set:[8] A set Aye, in the domain of discourse A, most commonly 
stated as € is called a neutrosophic set if Ane, = {(€; [eax (©) Vans, (©), 6 Anz, (©) |) :€ 
cA} ,where @ Ane, (©): A 7] — 0,1 + [ symbolizes the index of confidence, ys; (€):4 >] — 0,1 + 
[symbolizes the index of uncertainty and 6,,~ (€):A >] — 0,1 + [symbolizes the degree of falseness 


in the decision making procedure. Where, [op Y epee (=o Presee =P OY rset (€)| satisfies the in the equation 


—0 § OK, (9) + Yang, © + OG, (OE) S 3 +- 


Definition 2.3: Single Typed Neutrosophic Number: [8]Single Typed Neutrosophic Number (7) is 
denoted as fi = ([(u', v?, wt, x); a], [(u2, v2, w2, x7); BI, (Cu, v?, w?, x7); y])wherea, B, y € [0,1], 
where(gq): R > [0,a@], (va): R > [6,1] and (6,):R - [y,1] is given as: 


€—(€) when u' <E< v' 
a when v! <E<w! 

€a,(€) when wt <E< x" 
0 otherwise 


PalE) = 


Yu(©) when u2 <E< v? 
£ = 6B whenv* <E< w’ 
Van (€) when w* <E< x 
1 otherwise 
and 


Ua(€) when u? <E< v? 
3 3 
5.(€) = Y whenv? <E<w 
al€) Um (€) when w? <E< x? 
1 otherwise 
Definition 2.4: Single-Valued Neutrosophic Set:[9] A Neutrosophic set in the definition 2.2 is 


Aneysaid to be a Single-Valued Neutrosophic Set (Aye,) if € is a single-valued independent 
variable. Aye = {(€; [Gaye (©), Bane, (©) Yano, (©) 1€ eA} , where a4,,,, (©), Binoy (O&V ayer, (©) 
denote the idea of accuracy, ambiguity and falsity membership functions respectively.SnSis named 
as neut-convex, which implies that Sn is a subset of R by satisfying the following criterion: 
i. = Ay, (Od, + (1 — 6)az) = min(azy,,, (A1), Cine, (A2)) 
li. = Bane, (OQ1 + A — 8)ag) S max( Pj, (41), Bayer, (A2)) 
iii, Vay, (641 + (1 — 8)az) S max(yjy,,, (1), Vane, (A2)) 


wherea, &az,€Randde[0,1| 
3. Single Type Linear Pentagonal Neutrosophic Number: 


In this section we introduce different type single type linear pentagonal neutrosophic number. For 


the help of the researchers we pictorially draw the following block diagram as follows: 
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Interval number 





Pentagonal Neutrosophic 


Triangular Neutrosophic 
Number 






Trapezoidal Neutrosophic 





WUMDer 





enor 





Figure 3.1: Block diagram for a different type of uncertain numbers and their categories 


Definition 3.1: Single-Valued Pentagonal Neutrosophic Number: [47]A Single-Valued Pentagonal 
Neutrosophic Number (Npen) is defined asNpen = 

([Chy, hz, hz, hg, hs); 1], [Chy, hz, hz, ha, hs); ul, [hy he, hz, hg, hs); o]), wherez, u,o € [0,1]. The accuracy 
membership function(ts): R > [0,7], the ambiguity membership function (0s): R > [p,1] and the 
falsity membership function (¢¢):.R > [o,1] are defined by: 








m™(x—hy) 
anes when h, <x < hy 
m™(x—h2) 
Gacy when h, ie aa hz 
oe 1 when x = hg 
a i re eee 
(h4—h3) ae 
m(h4—-X) 
ieee) when hy <x< he 
0 otherwise 
h, —x+ u(x —h,) 
———————— henh,<x<h 
(oh) 
hz —x + u(x — hz) 
————_—_————_ whenh, <x<h 
(hz — hz) ° ° 
henx=h 
0s(x) = a " 
(hy — hg) : == 
x — hy + w(hs — xX) 
——————— whenh, < x<h 
(hs _ hy) * : 
1 otherwise 


and 


Avishek Chakraborty, Baisakhi Banik ,Sankar Prasad Mondal and SharifulAlam; Arithmetic and Geometric Operators of 
Pentagonal Neutrosophic Number and its Application in Mobile Communication Based MCGDM Problem 


Neutrosophic Sets and Systems, Vol. 32, 2020 66 


h,y—-xt+oa(x-—h 
ee a) whenh, <x < hy 


(hz — hy) 

hz —x +0(x— hj) 

SUE TSE a henh,<x<h 
(hy — hy) ee ie 

fy = O when x = hz 
_—_ cea 1 ag) ee 

(hy 1 h3) : 4 

x —h,+oa(h, —<x) 

——————— whenh, = x<h 
(hs 7 hy) : : 

1 otherwise 


4. Proposed Score Function: 
Score function of a pentagonal neutrosophic number entirely depends on the value of truth 
membership indicator degree, falsity membership indicator degree and uncertainty membership 
indicator degree. The necessity of score function is to draw a comparison or transfer a pentagonal 
neutrosophic fuzzy number into a crisp number. In this section, we will generate a score function as 
follows.For any Pentagonal Single typed Neutrosophic Number (PSNN) 

Apt = (S1, 82,83, S4, S55 1, U, 0) 


We define the score function as 
1 
Spt = 75 (1 + 52 + 5s + Ss, + Ss) X(2+m-o- fp) 


Here, Sp; belongs to [0,1]. 


4.1Relationship between any two pentagonal neutrosophic fuzzy numbers: 


Let us consider any two pentagonal neutrosophic fuzzy number defined as follows 


Apt = (Sper Spt12) Spt13» Spt14» Sptiss Upt1, Upti) Opt andA ppp = 
(Spro., Spt22) Spt23» Spt24» Spt25) Upt2, Upta2) Opt2) 


The score function for the are 


1 
Spt = 15 (Sper + Sper + Spe13 + Spera + Speirs) X (2 + Mper — Oper — Uptr) 


and 


Spi2 = 15 (Spe21 + Spe22 + Spe23 + Spe2a + Spt2s) X (2 + Mpe2 — Oper — Upt2) 
Then we can say the following 
1) Ape, > Ape if Sper > Spee 
2) Apter < Appoif Sper < Spp2 
3) Ape = Apt2 if Sper = Spt2 


Table 4.1: Numerical Examples 


Pentagonal Neutrosophic Number (Ap;) Score Value (Sp;) Ordering 
Apr =< (0.2,0.3,0.4,0.5,0.6;0.4,0.5,0.6) > 0.17333 
Apiz =< (0.35, 0.4,0.45, 0.5,0.55; 0.6, 0.3,0.4) > 0.28500 Apta > Aptz2 > Apti > Api3 
Api3 =< (0.15, 0.2, 0.25, 0.3, 0.35; 0.6,0.4,0.5) > 0.14167 
Apts =< (0.7, 0.75, 0.8, 0.85, 0.9; 0.3, 0.2,0.6) > 0.40000 
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4.1 Basic Operations for pentagonal neutrosophic fuzzy number: 
Let Dy = ((C1, C2, C3, C4, Cs); Mz, Up, Op;)and pz = ((dy, dz, d3,d4,d5); M5, Ugs,g;)be two IPFNs and 
a = 0. Then the following operational relations hold: 
4.1.1 Addition: 
Dy + Pz = ((cy + dy, Cz + dz, C3 + dz, Cy, + dy, Cs + ds); Mg + Mp — Mp Mas, Mp; Ups» Sp; Ops) 
4.1.2Multipliction: 
PiP2 = ((C1dy, C22, C3d3, Cyd4, Css); 155s) Mat, Mas — Up Ups %n, + Cp — Og: O5;) 
4.1.3 Multiplication by scalar: 
Ap, = ((ACy, ACz, ACz, AC4, ACs); 1 — (1 — Tg), Ug, Op, *)) 
4.1.4 Power: 


p,% (Ge 66." CG"): Te”, (1— Ms), (1- Oz-)*) 


5. Arithmetic and Geometric Operators: 


5.1 Two weighted aggregation operators of Pentagonal Neutrosophic Numbers 

Aggregation operators are such pertinent tool for aggregating information to tactfully handle the 
decision making procedure, this section generates a brief understanding between two weighted 
aggregation operators to aggregate PNNs as a generalization of the weighted aggregation operators 


for PNNs, which are broadly and aptly used in decision making. 


5.1.1 Pentagonal neutrosophic weighted arithmetic averaging operator 
Let p; = ((Cj1) Cia Ca» Cha, Cis); T5-, Ug, Op: )U = 1,2,3,...,n) be a set of PNNs, then a PNWAA 


operator is defined as follows: 
PNWAA (p,, Po, eee Dn) = ye Wj Dj (5.1) 


wherew, is the weight of 6; = 1,2,3,....,n) such that w; > 0 and Dt w; = 1. 
In accordance with the result ofSection 4.1 and equation (5.1) we can introduce the following 


theorems: 


Theorem 5.1. Let Bj = ((Cj1, Cj2, C3, Cia, Gjs)3. Maz pz, Cp, )U = 1,2,3,....,n) be a set of PNNs, then 
according to Section 4.1 and equation (5.1) we can give the following PNWAA operator 


n 


PNWAA (9, fo, «+--+ Pn) = > 0; Pj 


J=1 


=((Lya1 Oj Cj, Dar ©; Cpe, Ly=1 ©} Cja, Dhar ©; Ca, L7=1 Gs )3 1 — W211 - 
Te) jar bp)» Wja1 op,” 
Where a, is the weight of p;Y = 1,2,3,....,n) such that w; > 0 and a w; = 1. 


Theorem 5.1 can be proved with the help of mathematical induction. 


Proof: When n = 2 then, 


asa ce W w 
W1P1 = (( 4044, 01012, W1 C13, W1Cy4, W Cis ); 1- (1 = Tz. ) O75, * Up, *) Op; 1) 


NA, = 2 Ww Ww 
and W2pz = ((W2C21,W2C22, W2C23, W2C24,W2C25 ); 1- (1 — pz) begs? Ops?) 
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Thus, PNWAA (pj, D>) = @1 Pp, + W2P> 

=((@4Cq1 + W2Coq + WyCq2 + W2Co2 + W1 C13 + W2C23 + WyCy4 + W2Co4 + W1Ci5 + W2C25); 1 — 
(i= Mp:) pia Mp3) a(= M:) (A (i= Tp) )s Hg? gs °?, Op; 1055?) 
When applying n = k, by applying equation (5.1) , we get 

PNWAA (By, Boy +s By) = Dh, @ B,(5-2) 


— (vya1 Wj Cj, an Wj Cj2, Lit Wj C73, an Wj Cig, Ly=1 W; Cjs )3 1— j-1(1 = 
Tp) ; My=1 bp ) My=1 Op," 4) 

When n=k + 1, by applying oe (5.1) and (5.2) we can yield 
PNWAA (Pi, Po, pre -»Pr+i) = = a7 Wj pj(5.3) 


ae 
= k+1 k+1 k+1 k+1 k+1 . k J 
= ((dyai @; Cj1, Lai ©; Cjo, Uyjzi ©j Cjs, Lyja1 @j Cia, Lya1 ©; Cs Js 1 - Waa (1 — Tp; ) +1- 
me k+1 Wj k+1 
(Laie) j=1 Up, 7 Ij i OR; ') 
= Oie7 Oren, a CW; Cj2, unt Wj Cj3, Lya1 ©; Cj, Lyat &; Gs 31 - Wa — 
k+1 Wj k+1 
Te)? VW Nje1 Mp, 7 LNG =a On,° f) 


This encinds the pone 
Obviously, the PNWAA operator satisfies the following properties: 


i) Idempotency: Let p;U = 1,2,3,....,n) be a set of PNNs. If 6; = 1,2,3,....,n) is equal, ie. pj =p 
for j=1,2,3,....n then PNWAA (fy, Po, ..-, Dn) = D.- 


Proof: Since p; = p for j = 1,2,3,....,n we have, 
n 
PNWAA (fy, By) +s Bn) = > w; B; 
j=l 
=((yy=1 Wj Cj4, ya Wj Cj2, 4 Wj C73, yy=1 Wj Cig, Dea Wj Cis i ja1(1 = 


7 (cy y=1 Wj ,C2 Dei Ww; C3 yy=1 Wj C4 = Wj Cs yy=1 w;); (= (1 = 
SP ay yw; yw; 

mz, )) J=1 1, Up j=1 ! On Jatt) 

=(( C1, C2, C3,Cq, Cs); 1 (1 = Tp), Laz» Oz-) = p 


ii) Boundedness: Let 9, (j=1,2,3,.....n) be a set of PNNs and let 


p= (min, (cis ), min; (cj. ), min, (c;3 ), min; (Cj ), min; (Cs )) smin, (1t5,),max, (up; ),max, (o5.)) 


and p= 


(max; (cj ), max; (c;2 ),max; (c;3 ),max; (cya ),max; (cis )) j Max; (5, ,min,; (up, ,min,; (o5.)) 


Then p- < PNWAA (f,, Bo, .--, Dn) < Dr. 
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Proof: Since the minimum PNN is p~ and the maximum is p'there is fp” < p; < p*. Thus there is 
we1 0; PS D1 WP; < L7=-1 @;H" According to the above property (i) there is P” < Y7_, 0; pj < 


~+ 


pt, 
i.e.,B~ < PNWAA (1, By Bn) < Bt. 


ili) Monotonicity: Let p;( = 1,2,3,....,n) beasetofPNNs. If p; < p a for j= j=1,2,3,.....n, then 
PNWAA (91, f2, »--+Dn) S PNWAA(D; p> D3 Pas, ) 
Proof: Since pj, <p; for j= j=1,2,3,...,n there is Di_,w pj) SLi; p; ie. 


~wke wk wk ~ 


PNWAA (,, Po, +--+, Pn) < PNWAA(D; p> D3 P4,ps).Thus we complete the proofs of all the properties. 
5.2 Pentagonal neutrosophic weighted geometric averaging operator 


Let p; = ((Cj1) Cja Ca» Cia, Cjs)i 15, Ug, Op: )U = 1,2,3,...,n) be a set of PNNs, then a PNWGAA 
operator is defined as follows: 

PNWGA (Pi, Po, nae Pr = Vj=1 p,°1(5.4) 

wherew, is the weight of 6; = 1,2,3,....,n) such that w; > 0 and iat w; = 1. 


Theorem 5.2. Let Bj =< (C1, Gj2, Cj3, Ga, Cis); peg Op = VY = 1, 2)3j0051) be a set of PNNs, then 

according to Section 4.1 and equation (5.4) we can give the following PNWGA operator 

PNWGA (By, Bz, +s Bn) = Wer,” (5.5) 

= (Tj=1 Cj1 ae Vj=1 Cj2 a Tas C73 mek Wj=1 Cj4 re j=1 Cis re [Tj=1 "5p," a j-10 — bp) oe 
jai (1 = Op,)°) 

wherew, is the weight of p;( = 1,2,3,....,n) such that w; > 0 and 4 w; = 1. 

By the similar proof manner of Theorem 5.1 we can prove the Theorem 5.2 which is not repeated 

here. 


Obviously, the PNWGA operator satisfies the following properties: 


i) Idempotency: Let p;( = 1,2,3,....,n) be a set of PNNs. 
If p;G = 1,2,3,....,n) is equal,ie. p; = p for j = 1,2,3,....,n then PNWGA (f,,p2,....,Pn) = D. 


ii) Boundedness: Let 6;(/ = 1,2,3, ....,n) be a set of PNNs and let 

p =((min,(cj1 ), min; (cz ), min;(cj3 ), min; (cj, ), min; (cs ); min; (15, ),max; (up, ),max, (a5) 

and 

Bp’ =((max; (cj ), max; (cz ),max;(cj3 ), max; (cj, ),Max;(cjs ); Max; (15, ) ,min, (up, ) min; (o5-)) 
Then p- < PNWGA (f,,fo,....,fn) < pr. 

ili) Monotonicity: Let p;U = 1,2,3,....,.n) be a set of PNNs. If p,; < p; for f= fra Zoe; 


then 
PNWGA (9, D2, ---, Pn) S PNWGA(D; p> P3 P4,Ds ) 
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As the proofs of these properties are similar to the proofs of the above properties, so we don’t repeat 


them. 


6. Multi-Criteria Group Decision Making Problem in Pentagonal Neutrosophic Environment 


Multi-criteria group decision-making problem is one of the reliable, logistical and mostly used topics 
in this current era. The main goal of this process is to find out the best alternatives among a finite 
number of distinct alternatives based on finite different attribute values. Such decision-making 
program may be raised powerfully by the methods of multi-criteria group decision analysis 
(MCGDA) which is extremely beneficial to produce decision counselling and offers procedure 
benefits in terms of upgraded decision attributes,delivers improvised communication techniques 
and enrichesresolutions of decision-makers.The execution process is not so much easy to evaluate in 
the pentagonal neutrosophic environment. Using some mathematical operators, score function 


technique, we developed an algorithm to tackle this MCGDM problem. 


In this section, we consider a multi-criteria group decision-making problem based on mobile 
communication provider services in which we need to select the best service according to different 


opinions from people. The developed algorithm is described briefly as follows: 
6.1 Illustration of the MCGDM problem 
We consider the problem as follows: 


Suppose G = { G1, G2,G3..........Gm,} is a distinctive alternative set and H = { Hy, H2,H3..........Hy} 
is the distinctive attribute set respectively. Let w = { Wy, 2,3 ..........@,} be the corresponding 
weight set attributes where each w =0 and also satisfies the relation));_, w; = 1. Thus we consider 
the set of decision-maker 2 = {A1,2,A3 «1 0..2..Ax} associated with alternatives whose weight 
vector is stated as 1 = {0,,05,03..........0;,} where each 0; = 0 and also satisfies the 
relation, 9; = 1, this weight vector will be chosen in accordance with the decision-makers 


capability of judgment, experience, innovative thinking power etc. 
6.2 Normalisation Algorithm of MCGDM Problem: 
Step 1: Composition of Decision Matrices 


Here, we construct all decision matrices proposed by the decision maker’s choice connected with 
finite alternatives and finite attribute functions. The interesting fact is that the member’s s;; for each 


matrix are of pentagonal neutrosophic numbers. Thus, we finalize the matrix and is given as follows: 


H, H, Hz .. . &H, 
k k k k 
G, Sty Sqz Sqz  « +e s) Stn 
k k k k 
yK —~| G2 Str S22, S23, + ee SO (6.1) 
G3 " x f . . . 
; k ko k 


Step 2: Composition of Single decision matrix 
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For generating a single group decision matrix X we have promoted the logical pentagonal 
neutrosophic weighted arithmetic averaging operator (PNWAA) as, sj; = 7, @; si; , for individual 


decision matrix X*, wherek = 1,2,3....n. hence, we finalize the matrix and defined as follows: 


H, H, Hz .. . Hy 
| | I | 
Gy Syy S42, 843s wes St 
Gp 85, S3 Ce « a « SS 
i= = 21 ae a 3 an (6.2) 
3 
' s! s! s! 
Gm Sm1 m2 m3 . "8 mn 


Step 3: Composition of leading matrix 


To illustrate the single decision matrix we have promoted the logical pentagonal neutrosophic 
weighted geometric averaging operator (PNWGA ) as, sj; = ps5 for each individual column 
and finally, we construct the decision matrix as below, 
Hy 
G, $44 
X=| G. S21 | (6.3) 


Gm Sm 
Step 4: Ranking 
Now, considering the score value and transforming the matrix (6.3) into crisp form, we can evaluate 
the best substitute corresponding to the best attributes. We align the values as increasing order 


according to their score values and then detect the best fit result. The best result will be the highest 


magnitude and the worst ones will be the least one. 


6.3.1 Flowchart: 








ComputeRanking using Score Value. 
Sensitivity Analysis 


Figure 6.3.1: Flowchart for the problem 
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6.3 Hlustrative Example: 


Here, we consider a mobile communication service provider based problem in which there are three 
different companies are accessible. Among those companies, our problem is to find out the best 
mobile communication service provider in a logical and meaningful way. Normally, mobile 
communication service providers mostly depend on attributes such as Service & Reliability, Price & 
Availability, and Quality & Features of the system. Here, we also consider three different categories 
of people i) youth age ii) adult age iii) old age people as a decision-maker. According to their 
opinions we formulate the different decision matrices in the pentagonal neutrosophic environment 
described below: 
G, = Mobilecommunicationserviceprovider 1, 
G, = Mobilecommunicationserviceprovider 2, 
G3 = Mobilecommunicationserviceprovider 3 
are the alternatives. 
Also 
H, =Service & Reliability, 
H, =Price & Availability, 
H3 = Quality & Features 
arethe attributes. 
Let, D, = Youthagepeople , D2 = Adultagepeople, D3; = Senioragepeople having weight allocation 
D = { 0.31, 0.35, 0.34 } and the weight allocation in different attribute function is A= {0.3,0.4,0.3}.A 
verbal matrix is built up by the decision maker’s to assist the classification of the decision matrix. 
Attribute vs. Verbal Phrase matrix is given below in Table 6.3.1. The total MCGDM problem is 
graphically described as below: 


Mobile Mobile Mobile 
Communication Communication Communication 
Service Provider 3 


9uality & 


Features 


Reliability Availability 
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Table 6.3.1: List of Verbal Phrase 
SI no. Attribute Verbal phrase 


Quantitative Attributes 


1 Service & Reliability Very High (VH), High (L), Intermediate (I), Small (S), Very 
small (VS) 
2 Price & Availability Very high (VH), High (H), Mid (M), Low (L), 
Very low (VL) 
3 Quality & Features Very high (VH), High (H), Standard (SD), Low (L), 
Very low (VL) 


Table 6.3.2: Relationship between Verbal Phrase and PNN 


Verbal Phase Linguistic Pentagonal Neutrosophic Number (PNN) 
Very Low (VL) < (0.1,0.1,0.1,0.1,0.1; 0.4,0.4,0.4) > 
Low (L) < (0.2,0.3,0.4,0.5,0.6; 0.5,0.3,0.3) > 
Moderate (M) < (0.4,0.5,0.6,0.7,0.8; 0.7,0.2,0.2) > 

Little High (LH) < (0.5,0.6,0.7,0.8,0.9; 0.75,0.18,0.18) > 

High (H) < (0.6,0.7,0.8,0.9,1.0; 0.8,0.15,0.15) > 

Very High (VH) < (1.0,1.0,1.0,1.0,1.0; 0.95,0.05,0.05) > 

Step 1 


In accordance with finite alternatives and finite attribute functions the decision matrices are 
constructed by the proposal of decision maker’s choice. The noteworthy fact is that the entity s;; for 


each matrix are of pentagonal neutrosophic numbers. Finally, the matrices are presented as follows: 


D} 


H, H, H, 

G,  <0.2,0.3,0.4,0.5,0.6; 0.4,0.6,0.5 > < 0.1,0.2,0.3,0.4,0.5; 0.5,0.6,0.7 > < 0.3,0.4,0.5,0.6,0.7; 0.6,0.3,0.3 > 
G, <0.15,0.25,0.35,0.45,0.5;0.5,0.6,0.5 >  <0.3,0.4,0.5,0.6,0.7; 0.7,0.3,0.5 > < 0.4,0.5,0.55,0.6,0.7; 0.8,0.7,0.3 > 
G;  < 0.4,0.5,0.6,0.7,0.8; 0.6,0.4,0.3 >  <0.25,0.3,0.35,0.4,0.45; 0.4,0.6,0.5 > <0.35,0.4,0.45,0.5,0.55; 0.6,0.3,0.4 > 


Youth's opinion 


| H, H, H, 
D2 = G, <0.15,0.2,0.25,0.3,0.35; 0.6,0.4,0.5 > < 0.1,0.15,0.3,0.35,0.4; 0.7,0.5,0.3 > < 0.7,0.75,0.8,0.85,0.9; 0.3,0.2,0.6 > 
~~ \G,  <0.2,0.25,0.3,0.35,0.4; 0.7,0.5,0.4 >  < 0.2,0.25,0.3,0.4,0.45; 0.6,0.3,0.3 > < 0.4,0.5,0.55,0.6,0.7; 0.8,0.7,0.4 > 
G; <0.3,0.35,0.4,0.45,0.5; 0.7,0.5,0.3 > <0.5,0.55,0.6,0.7,0.8; 0.5,0.6,0.7 > < 0.6,0.7,0.75,0.8,0.9; 0.6,0.5,0.6 > 
Adult's Opinion 
| H, H, H, 
p= G, <0.2,0.25,0.3,0.4,0.45; 0.6,0.3,0.3 >  < 0.2,0.3,0.4,0.5,0.6; 0.4,0.6,0.5 > < 0.7,0.75,0.8,0.85,0.9; 0.3,0.2,0.6 > 


G, <0.3,0.4,0.5,0.6,0.7;0.7,0.3,0.5 > < 0.6,0.7,0.75,0.8,0.9; 0.6,0.5,0.6 > < 0.7,0.75,0.8,0.85,0.9; 0.3,0.2,0.6 > 
G3; <0.3,0.35,0.4,0.45,0.5; 0.7,0.5,0.3 > < 0.4,0.5,0.55,0.6,0.7; 0.8,0.7,0.3 > < 0.15,0.2,0.25,0.3,0.35; 0.6,0.4,0.5 > 


Senior 's Opinion 


Step 2: Composition of Single decision matrix 
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In this step we generate a single group decision matrix M and have incorporated the idea of logical 


pentagonal neutrosophic weighted arithmetic averaging operator (PNWAA) as, sj; = D7, @; si5, for 


ij? 
individual decision matrix D*, wherek = 1,2,3 ....n. Thus we finalize the matrix which is presented 


as follows: 


M 


, H, Hp H, 
G, <0.18,0.25,0.31,0.4,0.46; 1.00,0.41,0.42 > < 0.13,0.22,0.33,0.42,0.50; 0.99,0.56,0.46 > < 0.58,0.64,0.70,0.77,0.84; 0.98,0.23,0.43 > 
~\G,  < 0.22,0.30,0.38,0.47,0.53; 1.00,0.44,0.46 > < 0.38,0.45,0.52,0.60,0.68; 1.00,0.36,0.44 > < 0.42,0.48,0.53,0.58,0.65; 1.00,0.40,0.39 > 
G3 < 0.33,0.40,0.46,0.53,0.59; 1.00,0.47,0.30 > <0.39,0.46,0.51,0.57,0.66; 1.00,0.41,0.47 > <0.37,0.48,0.49,0.58,0.60; 1.00,0.40,0.50 > 


Step 3: Composition of leading matrix 

To define the single decision matrix we have employed the concept of the logical pentagonal 
neutrosophic weighted geometric averaging operator (PNWGA) as, s;; = Me Sec for each 
individual column and finally, we present the decision matrix as below 


(0.26, 0.35, 0.44, 0.56, 0.60; 0.99,0.98,0.99) 
M =| (0.33, 0.41, 0.48,0.55,0.62; 1.00,0.98,0.99) 
(0.36,0.43,0.48,0.54,0.62; 1.00,0.99,0.99) 
Step 4: Ranking 


Now, we examine the proposed score value for crispification of the PNN into a real number, thus we 


< 0.1503 > 
M= (< 0.1641 >| 
< 0.1652 > 
Here, ordering is 0.1503 < 0.1641 < 0.1652. Hence, the ranking of the mobile communication 


get the ultimate decision matrix as 


service provider is G3 > Gz > G4. 


6.4 Results and Sensitivity Analysis 

To understand how the attribute weights of each criterion affect the relative matrix and their ranking 
a sensitivity analysis is done. The basic idea of sensitivity analysis is to exchange weights of the 
attribute values keeping the rest of the terms are fixed. The below table is the evaluation table which 


shows the sensitivity results. 


Attribute Weight Final Decision Matrix 
<(0.3, 0.3, 0.4)> < 0.1367 > oe Ge 
< 0.1617 > 
< 0.1650 > 
<(0. 33, 0.35, 0.32)> < 0.1387 > CSG SG. 
< 0.1641 > 
< 0.1666 > 


<(0. 3, 0.37,0.33)> < 0.1394 > GS GG. 
< 0.1621 > 
< 0.1692 > 

<(0.45, 0.25, 0.3)> < 0.1415 > C50.20, 
< 0.1641 > 
< 0.1699 > 

<(0.25, 0.45, 0.3)> < 0.1799 > Ca Gees 
< 0.1559 > 
< 0.1623 > 
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<(0.25, 0.3, 0.45)> < 0.1367 > 
< 0.1669 > 
< 0.1680 > 
< (0.4,0.3,0.3) > < 0.1544 > 
< 0.1675 > 
< 0.1666 > 


< (0.3,0.4,0.3) > (= 0.1503 ) 


< 0.1641 > 
< 0.1652 > 





Figure 6.4.1: Sensitivity analysis on attribute functions 





Figure 6.4.2: Best Alternative Mobile Communication Service 


6.5 Comparison Table 

This section actually contains a comparative study among the established work and proposed 
work.Comparing with °° , we find that the best service provider among those three and it is noticed 
that in each case G3becomes the best mobile communication service provider. The comparison table 


is given as follows: 
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Proposed method G3 >G,>G, 


7. Conclusion and future research scope 





The idea of pentagonal neutrosophic number is intriguing, competent and has ample scope of 
utilization in various research domains. In this research article, we vigorously erect the perception of 
pentagonal neutrosophic number from different aspects. We also resort to the perception of 
truthiness, falsity and ambiguity functions in case of pentagonal neutrosophic number when the 
membership functions are interconnected to each other and a new score function is formulated here. 
Also, two logical operators have been developed here theoretically as well as applied it in MCGDM 
problem. Finally we perform a sensitivity analysis and also demonstrate a comparative study with 
the other results derived from other research articles to enumerate our proposed work and conclude 
that our result is pretty satisfactory as we consider the pentagonal neutrosophic value in the 
problem of multi-criteria decision making. 

Further, researchers can immensely apply this idea of neutrosophic number in numerous flourishing 
research fields like an engineering problem, mobile computing problems, diagnoses problem, 
realistic mathematical modelling, cloud computing issues, pattern recognition problems, an 
architecture based structural modelling, image processing, linear programming, big data analysis, 
neural network etc. Apart from these there is an immense scope of application basis works in 


various fields which can be constructed by taking the help of pentagonal neutrosophic numbers. 
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Abstract: As an extension of neutrosophic soft sets, Q-neutrosophic soft sets were established to deal with two- 
dimensional indeterminate data. Different hybrid models of fuzzy sets were utilized to different algebraic structures, 
for example groups, rings, fields and lie-algebras. A field is an essential algebraic structure, which is widely used 
in algebra and several domains of mathematics. The motivation of the current work is to extend the thought of 
Q-neutrosophic soft sets to fields. In this paper, we define the notion of Q-neutrosophic soft fields. Structural charac- 
teristics of it are investigated. Moreover, the concepts of homomorphic image and pre-image of Q-neutrosophic soft 
fields are discussed. Finally, the Cartesian product of Q-neutrosophic soft fields is defined and some related properties 
are discussed. 


Keywords: Neutrosophic soft field, Neutrosophic soft set, Q-neutrosophic soft field, Q-neutrosophic soft set. 


1 Introduction 


Fuzzy sets were established by Zadeh [1] as a tool to deal with uncertain data. Since then, fuzzy logic has 
been utilized in several real-world problems in uncertain environments. Consequently, numerous analysts 
discussed many results using distinct directions of fuzzy-set theory, for instance, interval valued fuzzy set [2] 
and intuitionistic fuzzy set [3]. These extensions can deal with uncertain real-world problems but it does not 
cope with indeterminate data. Thus, Smarandache [4] initiated the neutrosophic idea to overcome this problem. 
A neutrosophic set (NS) [5] is a mathematical notion serving issues containing inconsistent, indeterminate, 
and imprecise data. Molodtsov [6] introduced the concept of soft sets as another way to handle uncertainty. 
Since its initiation, a plenty of hybrid models of soft set have been produced, for example, fuzzy soft sets [7], 
neutrosophic soft sets (NSSs) [8]. Accordingly, NSSs became an important notion for more deep discussions 
[9-17]. NSSs were extended to Q-neutrosophic soft sets (Q-NSSs) [18] a new model that deals with two- 
dimensional uncertain data. Q-NSSs were further investigated and their basic operations and relations were 
discussed in [18, 19]. 

Different hybrid models of fuzzy sets and soft sets were utilized in different branches of mathematics, 
including algebra. This was started by Rosenfeld in 1971 [20] when he established the idea of fuzzy subgroup. 
Since then, the theories and approaches of fuzzy soft sets on different algebraic structures developed rapidly. 
Mukherjee and Bhattacharya [21] studied fuzzy groups, Sharma [22] discussed intuitionistic fuzzy groups. 
Recently, many researchers have applied different hybrid models of fuzzy sets and soft sets to several algebraic 
structures such as groups, semigroups, rings, fields and BCK/BCI-algebras [23-32]. NSs and NSSs have 
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received more attention in studying the algebraic structure of set theories dealing with uncertainty. Cetkin 
and Aygun [33] established the concept of neutrosophic subgroup. Bera and Mahapatra introduced the notion 
of neutrosophic soft group [34], neutrosophic soft fields [35]. Moreover, two-dimensional hybrid models 
of fuzzy sets and soft sets were also applied to different algebraic structures. Solairaju and Nagarajan [36] 
introduced the notion of Q-fuzzy groups. Thiruveni and Solairaju defined the concept of neutrosophic Q-fuzzy 
subgroup [37], while Rasuli [38] established the notion of Q-fuzzy subring and anti Q-fuzzy subring. The 
concept of Q-NSSs was also implemented in the theories of groups and rings [39, 40]. 


Inspired by the above works and to utilize Q-NSSs to different algebraic structures, in the current paper, 
we continue the work presented in [41] about Q-neutrosophic soft fields (Q-NSFs) and investigate some of 
its structural characteristics; we give some theorems that simplifies the main definition, also we discuss the 
intersection and union of two Q-NSFs . The concepts of homomorphic image and pre-image of Q-NSFs are 
investigated. Also, we discuss the Cartesian product of Q-NSFs and discuss some related properties. 


2 Preliminaries 


In this section, we recall the basic definitions related to this work. 


Definition 2.1 ( [18]). Let _X be a universal set, Q be a nonempty set and A C E be a set of parameters. Let 
u'QNS(X) be the set of all multi Q-NSs on X with dimension / = 1. A pair (9, A) is called a Q-NSS over 
X, where lg : A > p'QNS(X) is a mapping, such that [g(e) = dife ¢ A. 


Definition 2.2 ( [19]). The union of two Q-NSSs (Cg, A) and (Wg, B) is the Q-NSS (Ag, C) written as 
(Tg, A) U (Wea, B) = (Ag, C), where C = AU B and for all c € C,(x,q) € X x Q, the truth-membership, 
indeterminacy-membership and falsity-membership of (Ag, C’) are as follows: 


Tea. q) ifcE A-B, 
Dr g(c) Ge q) = Lv Q(c) Ge q) if C € B _ A, 
max{Tpo(¢) (2,9), Tvgin(t,q)} fee ANB, 


pt 1) ifcEA-—B, 
eo. Ge q) = Ly (0) & q) if c € B 7 A, 
min{Ipg(c)(@,9), lug (t,Q} ieee ANB, 


Fie 2.) ifcEe A-—B, 
Vania) q) — Fyg(c) a, q) if c = B 7 A, 
min{ Fro(c)(2, 9), Fug) (@,q)} ife ec ANB. 


Definition 2.3 ( [19]). The intersection of two Q-NSSs (Ig, A) and (Wg, B) is the Q-NSS (Ag, C) written as 
(Tg, A) (Va, B) = (Ag, C), where C = AM B and for all c € C and (x, q) € X x Q the truth-membership, 
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indeterminacy-membership and falsity-membership of (Ag, C’) are as follows: 


Tks (c) Ge q) = min{ Tyo (c) a, qd); Lv o(c) G2 q)}, 
Lia €e q) i max {Ip (c) Gs q), LW o(c) Ge q)}, 
Fis Gs q) =e max{ Fro (c) Ga q), Fug(c) o, q)}. 


3 Q-Neutrosophic Soft Fields 


In this section, we define the notion of Q-NSF and discuss several related properties. 


Definition 3.1. Let ((g, A) be a Q-NSS over a field (F,+,.). Then, ((g, A) is said to be a Q-NSF over 
(F,+,.) if for all e € A, [g(e) is a Q-neutrosophic subfield of (F’,+,.), where g(e) is a mapping given by 
Cg(e) : FX a) 7. 0, ie 


Definition 3.2. Let (F',+, .) be a field and (('g, A) be a Q-NSS over (F, +, .). Then, (Ug, A) is called a Q-NSF 
over (F’,+,.) if for all x,y € F,q € Qande € A it satisfies: 


Liste eye). mn Tey 70), yh ed) pe a) = as tg) Ie ug)4 
and Fro(e)(@ + y,q) < max { Froce)(2, 4), Frocey(y, @) }- 


2a TP) 0G) 2) ley =) ri 7) and Pie) 0g) re (2). 


2 IT Q(e) GAUe q) > min ee Ge q), IT 9 (e) (y, q) lr g(e) (oy, q) < max {Iro(e) Ge q), Ir g(e) (y, q)} and 
Fro(e) Gale q) < max { Fro(e) Ge qd), Ppa) (y, q)}. 


4. Tro (e) aes q) = IT e(e) (x, q), Ir g(e) Cae q) = Irg(e) Ge q) and Fro(e) Comes q) < Fro(e) Ge q). 


Example 3.3. Let F' = (IR,+,.) be the field of real numbers and A = N the set of natural numbers be the 
parametric set. Define a Q-NSS (Tg, A) as follows for g € Q,x € Randm € N 


7 ba 0 if x 1s rational 
tg) = Pare ee 
Palm) = if x is irrational 
; ae 1— = if x is rational 
m LX , = . ue bs - ’ 
Pe(m) 4 0 if x is irrational 


1+ if x 1s rational 


Fier) 2) = ‘ 


3 
m 


if x 1s irrational 


It is clear that (Ig, N) is a Q-NSF over F’. 


Proposition 3.4. Let (Cg, A) be a Q-NSF over (F,+, .). Then, for the additive identity 0 and the multiplica- 
tive identity 1p, for allx € F,q € Q ande € A the following hold 


Le Tree) Ore ¢) = Tree.) 4re@ On) = ee) .@) and Pree (0n.d) = Pro (e:@): 
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2. Troe) (Lr, 9) > Troe) (2,4), Irotey (Lr, 9) < Inge) (2, gq) and Fry(e)(1r, g) < Froce)(z, g), for x A Or. 
3. IT 9(e) (Or, q) 2 Tree la, qd); Ir g(e) (Or, q) < Inge), q) and Fro(e) (Or, q) < Pr) (Lit, q). 


Proof. Vx € F,qeE Qandece A 
LO 0nd) =e eg) an i) Nd) ree tsd)) = ree ag) 
Ire Una) = rye (e= Bo) = max re) @@) Jogo: Pe =I 250), 
Fro (Or, @) = Frote)(@ — 2, q) < max Feral D) Pie G0) =e oa). 


Zi Traeytln, q) = IT 9 (e) Cae q) = min {Tro (e) Ge q), IT 9(e) Ge q) } = TT 9(e) Ga q), 
Ipgie)(1F, g) = Le Ga 5 o) < max { fate (0; 0) lie) (ag) | — Id). 
Frac (ie; q) — Prove) Cee q) < Max { Fro(e) a, q), Free (x, q)} — Proce) ar, q). 


3. Follows directly by applying 1. L 
Theorem 3.5. A Q-NSS (Ug, A) over the field (F',+,.) is a Q-NSF if and only if for all x,y € F,q € Q and 
ecA 

I, IT 9le \(x — U4 q) = min {Tro a L ,); Ibi e) (y, q yt, LTg(e) _ Yq) < max { Ipo(e)(x, 4), 


ley a) irs = Va) = cme Fie \(z, @), ae 
Zz ITE) Cae q) > min {Tro (e) ey q), Lr 9(e) (y, q)}, Ir g(e) Calm q) < max { Iro(e) eZ q), 
lrg(e) (y, q)}, Ee Cae q) < max {Frote) Ge q), Fro(e) (y, q)}. 
Proof. Suppose that (Ig, A) is a Q-NSF over (F) +, .). Then, 
Ir 9(e) (x — Y; q) > min ore, ee q), Hie ey Gath q)} > min {Tro (e) Ge a) IT g(e) (y, q)}, 


fae Ce — Y; q) < max irae, q), I ((—¥, q)} < max { Iro(ey (2, qd), lrg) (Y; q)}, 
Fro(e) (x —_ Y; q) < max { Fro(e) a, q), Frese, q)} < max { Fro(e) (2, q), Proce) (y, q)}. 


Also, 


>m min {Tro (ey ( XL iG), IT 9 (e) (y, q)}, 
< max { Ip Conley creas 
< max { Fro (e) a) Pra) 


Tea a) mim trae) a, @), — “Dh 
lee 3a) <max {Ipo(e \(z,q), IT g(e) Say 
‘qs 


Fro (t-y*, 9) <max { Froce)(2, DQ), Fr gte - 
Conversely, Suppose that conditions 1 and 2 are satisfied. We show that for each e € A, (('g,A) is a 
Q-neutrosophic subfield 
(Or, 9), Trac = as 
(x, q), sey ay vq = Lrg e)(& ); 
Irate (=e, q) = Irg(e) (Or _ i, q) < Max {Iro( e) (Or, qd), ioe e) Ge q) } 
< Inax {Tro ae q), Lise aCe q)} = Ir g(e) Ge qd), 
Free, q) a Free) (Or “2 L, q) S Max { Fro( e) (Or, qd), sey il q)} 
(4); Fro(e)(#, 9) } = Fro (a, a) } 


Tei =a, q) = Tile (Or — x,q) > min aete 
> min aere 


< max { Fro( e) 
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also, 
IT 9 (e) (x 5 q) = LT 9(e) & — Gacpe q) > min {Tro (e) Ge q), LT 9 (e) (y, q)}, 
LT 9(e) a Aa q) —— Lr g(e) & i (9): q) < max { Iro(e) CE qd), Ir g(e) (y, q)}, 
eC. (x TY; q) — Ree i (=y); q) < max {Frote) Ge G) PTA) (Yy, q) 
Next, 
IT 9(e) Gag q) = Senes Cl ae ame q) Za min {Tro ees q), Tye i az, q)} 
= min {Troi a (2g): 19g (e) (x mae | Vee Ire Ce q), 
one Came q) = Ipg(e)(1r-t™, q) < max { Irote \(1F, qd), der Be q)} 
< max { Irote wae q), Ir o¢ a; = aa Tree, q), 
Pree, q) = Fee la q) < max { Fro( (e) (1p, a) Fees, q)} 
< max { Fro(ey (2, q), Fro(e) (2, q)} = aa (2, q)} 
and 
IT 9 (e) Cae q) _ Tis) Came ae q) > min bee @ q), IT (e) (y, a) 
Ir g(e) (x.y, q) — Ir gle) CU me q) < max { Iro(e) a, qd), Ir g(e) (y, ie 
Fro(e) (Ty, q) = PRs) Cie ie q) < max { Fro(e) (Ds q), Fro(e) (y, q)}. 
This completes the proof. [ 


Theorem 3.6. Let (Ug, A) and (Wg, B) be two Q-NSFs over (F,+,.). Then, (Cg, A)N (Va, B) is also Q-NSF 
over (F,+,.). 


Proof. Let (Tg, A)N (Wa, B) = (Ag, AN B). Now, Vz,y € Fig € Qande € ANB, 


Lrole oy, q) = min LD e) c= y. qd); T¥o(e (x —y,@) } 


| : 


min < min {Tro e) ( Xv ,q); Tg (e) (x mG) We min {Tro e) (y, qd), Two(e)(¥; a)}} 


min { min {Troi | ab q); IT 9( e) (y, qd 2 min {Two Bi ab <a) Two (e) (Y; a}} 


min 4 Trg(e)(2, 9), Drage ly, ah, 
also, 


Line e= = max Ir g(e) — Y¥, q), I¥g(e) (x -y,a} 


| ‘ 


am af Xx q); lTog(e) (y, q We max { Ivo (e)( ab 9); Fagor @}} 
max { max {Irg(e (2,4), Fag(e)(#,@)}, max {Irg(e)(¥; 4), Lvqe(y.@} } 


= max rato (2, q), Irg(e\(Y; a), 
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similarly, Fh,(e)(% — y,q) < max 1 Fhoto (2: Ds Froe(¥. a). Next, 


Enrol) (x.y, q) = min {Trae ag, qd), Tv g(e) Gale a} 


| 5 


min { min {Tro(e)(2, 4); Troe) (yg) $, min {Tyg (e)(2, 9); Twa, a}} 

— ne ay {Tro (e) ( Ta). Lv Q(e) (x, gq yt, min Eee) (y, 1), Tuae ya} } 
= min {Pro (id) Pula; a}, 

also, 


IAN Ce mae = Nax Ir g(e) @)3 Ly o(e) (x.y, q)} 


aloatne a Xx q); Ire e) Gy q Ve max { Ivo( By ab ,q); Lv ole s(y. a} $ 
= — avi L 0), Ly o(e) (,q)},max {Irge(¥, 4), Ivao(v.a} $ 


X 4 Troy ZK L ,q); Engle) (y, a} 
similarly, we can show Fy, (e)(%-y*,q) < max 1 Fhote (2: QD), Proce ly, @) \ This completes the proof. a 


Remark 3.7. For two Q-NSFs (Tg, A) and (Wg, B) over (F,+,.), (Cg, A) U (Wa, B) is not generally a Q- 
NSF. 

For example, let F' = (Q,+,.), # = 2Z. Consider two Q-NSFs (Tg, £) and (Wg, FE) over Fas follows: for 
xrxEQqeEQandmeZ 


0.50 if —4tm, at eZ. 


0 otherwise, 


Tay (a, q) = 


on 0 if c = 4tm, at € Z, 
m)\", = : 
aa 0.25 otherwise, 


RF aa 0.40 ifx =4tm,at € Z, 
m)\L, = ; 
le 0.10 otherwise, 
and 
0.70 if x = 6tm, at € Z, 
0 otherwise, 


0 if x = 6tm, at € Z, 
0.50 otherwise, 


0.20 if x = 6tm,at € Z, 
0.40 otherwise. 
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Let (Cg, A) U (Wo, B) = (Ag, EF). Form = 2,2 = 8,y = 12 we have 


Trg(s)(8 — 12, ¢) = Thors)(—4, g) = max {Frat (—4 q), Tug(s)(—4, )} 5 mex 0,0) ==0 
and 
min {Prats (8, q), Tro(s) (12, )} 
= min 4 max {77,4 8)(8, 4), Tvo(s)(8, g) }, max { Tro 8) (12, ¢), Tug(s) (12, a)}} 


min { max {0. oO sO max {0, oy) 


tata O60 0.70 = 0.50. 


Hence, T,,(g)(8 — 12,q) < min {Trot(8, q), Tag(s) (12, a}. Thus, the union is not a Q-NSF. 


4 Q-Neutrosophic Soft Homomorphism 


In this section, we define the Q-neutrosophic soft function, then define the image and pre-image of a Q- 
NSS under a Q-neutrosophic soft function. In continuation, we introduce the notion of Q-neutrosophic soft 
homomorphism along with some of it’s properties. 


Definition 4.1. Letg: X x Q > Y x Q and h: A — B be two functions where A and B are parameter sets. 
Then, the pair (g, /h) is called a Q-neutrosophic soft function from X x Q to Y x Q. 


Definition 4.2. Let (Cg, A) and (Vg, B) be two Q-NSSs defined over X x Q and Y x Q, respectively, and 
(g, h) be a Q-neutrosophic soft function from X x Q to Y x Q. Then, 


1. The image of (Ig, A) under (g, h), denoted by (g, h)(('g, A), is aQ-NSS over Y x Q and is defined by: 


(9, h)(Pq, A) = (g(Lq),h(A)) = {(b,9(Pa)(b) 2b € h(A)) 


where for all b € h(A),y € Y andg € Q, 


Lp _ J Maxg(e,q)=(y,q) MAXA(a)=1Tre(a)(tsQ)] if (wg) € 9 "(Y 9), 
ran only q) = 0 otherwise 


I — MINg(x,q)=(y,q) Minp(a)=o|r, (a) eZ q)| if cz q) = mag tre qd); 
oeaun 4) = 1 otherwise 


F = MINg(«,q)=(y,4) mMinp(a)—o| Fre (a) i, q)| if Ge q) = g‘(y, qd); 
Ce) YD = 4, erveer a 


2. The preimage of (Vg, B) under (g, h), denoted by (g,h)~'(Wg, B), is a Q-NSS over X and is defined 
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by: 
(9, h)"(Wq, B) = (g- (Wa), h"(B)) = { (a9 (We)(a) :a€ h-(B)) I 
where for alla € h-'(B),x2 € X andqg € Q, 


T9-1(Wg)(a) (2; q) = Lug {[n(a)] (g(x, @)), 
I,-1(Gg)(a) (2; q) = Ly e[n(a) (9(%, 9), 
Fo-1(GQ)(a) (2; q) = Fy g[n(a) (g(a, q)). 


If g and h are injective (surjective), then (g, h) is injective (surjective). 


Definition 4.3. Let (g, h) be a Q-neutrosophic soft function from X x Q to Y x Q. If g is a homomorphism 
from X x @ to Y x Q, then (g, h) is said to be a Q-neutrosophic soft homomorphism. If g is an isomorphism 
from X x Q to Y x Q and h is a one-to-one mapping from A to B, then (g, h) is said to be a Q-neutrosophic 
soft isomorphism. 


Example 4.4. Let A = N (the set of natural numbers) be the parametric set and F = (Z;,+,.) be a field. 
Define a Q-NSS (V9, A) as follows, for any a € A,q € Q and x € Zs, 


0 ifx € {1,3} 


Tre(a)(2, 4) = | ee 
: + if € {0,2,4} 


1—+ ifge {1,3} 
I a)\ az, = - é ee 
Fata) 24) ‘ if x € {0,2,4} 
if x € {1,3} 
an CONS) e— in aoe SS ee 2 
Fata) 4) f if x € {0,2,4} 
Now, let g : Z; xX Q > Zs x Q andh: N > N be given by g(z,q) = 3a + 1 and h(a) = a’. Then for 
b € N*,y € 3Z5 + 1, the image of (Ig, A) under (g, h) as follows : 


0 ify € {1,3} 
1 Ao aA 
Fora) (¥.@) = a i : z - 


Theorem 4.5. Let (Cg, A) be a Q-NSF over F\ and (g,h) : Fi, x Q > F) x Q be a Q-neutrosophic soft 
homomorphism. Then, (g,h)(Ug, A) is a Q-NSF over F. 


Proof. Let b € h(A) and y;, yo € Fo. For g~'(y,¢) = d or g-*(yo,q) = 4, the proof is straight forward. 
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So, assume there exists x1, 2 € F, such that g(x1,q) = 


(y1,q) and g(%2,q) = 


88 


(Yo, q). Then, 


T — yo,q) = max max IT ne | 
aPaV OH — B18) = eo la gaa) Mabe | aed 9) 
a eee Trot (x1 — £2, )| 
> a | min {Trai Zits) Ie = 2,4) }| 
= eee | min { Trata (41, qd), IT 9 (a) (Xo, a} 
= min { ha)ob Troe (a Wes Trota)(t2, 0)| ; 
Taro) (Y1-Y¥o >) = lax Max Tro (2, )| 


g(@,q)=(y1-Yq gq) Pla)=b 


Mes ee Trot (21.29 a) 
= h(a)—b | min {Frat (a1 ea a} 
> max | min {Frat (21,9); Trot) (2,4) | 


h(a)=b 


= ml L a ) Je ) 
nin oe 


Since, the inequality is satisfied for each 71,272 € F{, satisfying g(21,q) 


Then, 


eG Wax 


Y2,4d 
9(#1,¢)=(y1,¢) h(a)=b 


Ty(Po)() (Yi — 


ve max 
(x1,¢)=(y1,¢) h(a)=b 


Lora) (b \(Y1- Yo 4) =m int 


Similarly, we show that 
Ig(P9)(6)(Y1 — Yas qd) < max oraney (Yr GQ). Lg(roy(b) (Ye, ah, 


Tyre) (Y1-Ya > q) < max ora) (M q), Tg(Pg)(b) (Y2> ah, 
Fyrg)(o) (Yi — Ya, q) < max ' Fyrg)(b) (Ys 1) Fare) (6) (Yo: ah. 
Forg)(s) (Y1-Y2 3 q) < max 1 Foray) (91 q), Forg)(b) (Ye: a. 


Trove (Zi 0): 


min 1 g(To)( (b) (yi, q), Tyra)(t) 24) $- 


Trove Dis |. 


min Talo) (b) (y1, qd), Lor 20)(2. 4) } 


max 
h(a)=b 


Trova \(x2,q)] } 


= (y1,q) and g(x2,q) = (Y2,q). 


Troe (2, 0)| \ 


max max 
g(#2,¢)=(y1,q) h(a)=b 


max max 
g(#2,9)=(y1,q) h(a)=b 


Troe, 0)| ; 
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Theorem 4.6. Let (Wg, B) be a Q-NSF over Fy and (g,h) be a Q-neutrosophic soft homomorphism from 
F, x Q to Fy x Q. Then, (g,h)~'(Wg, B) is a Q-NSF over over F,. 


Proof. Fora € h~'(B) and 21,72 € F\, we have 
Ty-1(Wq)(a) (1 — £2,9) = Tygin(ay(9(@1 — %2,9)) 
= Tyg[n(a)|(9(@1;5 7) — 9(@2,q)) 
{ Teoinie) (9(@1,q)), LV [r(a)] (—g(X2, »)} 
> min {2 Wo (h(a) (9(21, @)), Twointay (9 (x2, ”))} 
{To-rwayte) (1, 1), Ty-1(vq)(a) (2, a} 
and 


T 5-1 (¥)(a) (1-249) = Twotn(a))(g(*1-22 9) 
= = Tyg in h(a)| (9(x1, ° a q)) 


> min { Tuointe) g(#1,q)), Loin (a) (Gg ong) st 
> min { Tvointe) ,q)); Lvoih (a) (Gg (To, »)} 
= min {Tye 1( caida 


Similarly, we can obtain 


I5-1(g)(a) ("1 — £2,9) S g-1(¥q)(a) (£1, @); Lg-1(W9) (a) (L259) ¢ 
li as ea 
F9-1(Wq)(a)(1 — La, q) S max 4 Fy-1(wQ)(a) (21; 4); LG-1(Gq)(a) (Lay q 


F, -1(U9)( Oca Lo ‘q 


< max Voraya (Diy “oe L9-1(GQ)(a) (ro, q) \ 


FGg-1(Go)(a) (41, qd), Fg-1(Go)(a) (Xa, q) \ r 
Thus, the theorem is proved. L 


5 Cartesian Product of Q-Neutrosophic Soft Fields 


In this section, we define the Cartesian product of Q-NSFs and prove that it is also a Q-NSF. 


Definition 5.1. Let (Ig, A) and (Vg, B) be two Q-NSFs over (F, +, .) and (F5, +, .), respectively. Then, their 
Cartesian product (Ag, A x B) = ((g, A) x (Wg, B), where Ag(a, b) = Tg(a) x Va(b) for (a,b) € A x B. 
Analytically, for x € F,,y € Fo andg € Q 


Ag(a,) = ‘ (((2,9); 4); Tro(asy (2,4), 4); Tag(an ((2,4)s 4): Faotan (2,4), 4) ) S, where 
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Lno(a,b) (a, i) q) = min gio (a) (x, q) ’ L¥Q(b) (y, q) y 
Lp 9 (a,b) (ar, y)s q) = Max {Iro(a) (z, q): Lyg(b) (y. q) 3 
Fxg (ap) (G2 y), q) — Max { Fro (a) Ge q); Fy o(b) (y, q) ie 


Theorem 5.2. Let (Ug, A) and (Vg, B) be two Q-NSFs over (F\,+,.) and (F2,+, .), respectively. Then, their 
Cartesian product (Ug, A) x (Wg, B) is a Q-NSF over (Fx F4). 


Proof. Let (Ag, A x B) = ((g, A) x (Wa, B), where Ag(a, b) = g(a) x Vag(b) for (a,b) € A x B. Then, 
for ((21, 1), 4 ) (x2, y2), 4g) S €3) x Fy) x Q we have, 


Lno(a,b) (a Yi) _ (Xo, yo), 1)) 
=F ihetaey( Gio. y — 93), g) 
= min {Tro(a) ((e1 — £2), 4), Tuq(e ((q — 42), 9) } 


, Trea) ( — 22,4) $s min {Twi (¥1 4), Twq() ( — Ye: a}} 
AT ela \(x2,q) }, min {Two ») (41, 9), L¥Q(b) (y2, q) }h 
sl teG (41, q)}, min {Troi a) (xo, q), Teg) (Yo, a}} 


Gin (aD) a)} 


> min { min {Tro 4) (x1, q 


> min min {Tro(a) (1,4 


9 ee a oa 


= min ' min a) (£1, q 


ais 


min 4 Tro(a) (21, 91) 
also, 


En (a,b) (21, yi) — (Xa, ye); ‘)) 


= Lae ») (21 — €2, 41 — yo); 4) 
= max { Inga) (21 — £2), 4), vq) (Cn — ¥2), @) } 


< max { max {Tro (x1, a), Tro (a \( — x2, - max {Ivo (41, q), lug) (—ys,a)}} 
< max { max {Iro(a ne GO) lr (xo, q)}, max {Ivo (yi, q); Tuc) (vo,a)} } 
= max ' max {Jpo(a) (11; 9); Lugo) (Ys g) fs max {Irg(a) (2; 2), Iwo is) (Yo: a}} 


= = max { Tro sol 11, Y1 4), Lrg Pel 2, Y2), a}. 
similarly, Frocas)( (01,31) (To, Ya), 1) < max { Froiasy( Goren? 4); Fho(a. ((2,92),4) }. Next, 


Lng(a,b) ( (21, 91)-(22, yo) ‘)) 
1 ace Ct, us. 1a) 
= min {Tro (a) (Qiao q) » Lug (b) ((y1-Y2")s q)} 
> min { mn tri) (Pie @)s ree) (xy*,q) }, min {Tv oo) (Y1; 9); Two) (yz "+ 4) }h 
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> min ' min Vee) (x1, q) LP e(a) (x2, q) ic min {Tvo(b) (yi, q) LY (b) (ye, q) }} 
= min ' min {Tr(a (1,9); Tue) (yg) f.Min [Tro (a) (22, 4); Tug() (Ye, 4) i 


— min {Thole (x1, Yi) I) Tro (ay ((%2, y2), q) I. 


Ino(a( ((e1,m1)-(e2,42)*, 4) ) 
= lia (ards Y1- Yo), q) 
max {Irg (a) ((a1.29" ), q); Ly ») ((u- Y), q)} 
qd 


< max { max {Irg(a (21,9), Fre(a(e2",g) f, max {Lug (41,9), vac (ye ' ay} 
< max { max {Irgia)(#1-4)- Arai (2-4) }.max {Taq (¥ir)- vaio (v2.9) }} 
= max { max {Irg(a) (1, 9) Lv) (Yr) f, max Ure (a) (£2, 9), Lugo (ye, a}} 

= max { Iro(asy( (21, 91); @)s Lrg(as) (22; 2); a}. 


similarly, Protas) ( (1.91): 4)-((e2,42)4, 9) ) < max { Fro(asy (1, 41)>4)> Fho(a ((2, ¥2):4) }. This 
completes the proof. cal 


6 Conclusions 


In this study, we have introduced the concept of Q-neutrosophic soft fields. We have investigated some of 
its structural characteristics. Also, we have discussed the concepts of homomorphic image and pre-image of 
Q-neutrosophic soft fields. Moreover, we have defined the Cartesian product of Q-neutrosophic soft fields and 
discussed some related properties. The proposed notion enriches knowledge on neutrosophic sets 1n the branch 
of algebra. Also, it illuminates the way for more further deep discussion in algebra under neutrosophic and 
Q-neutrosophic soft environment for example, by establishing the notions of n-valued neutrosophic soft fields 
Q-neutrosophic soft modules and more. 
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Abstract. A significant area of module theory is the concept of free modules, projective modules and injective 


modules. The goal of this study is to characterize the projective G-modules under a single-valued neutrosophic 





set. So we define neutrosophic G-submodule as a generic version of projective G-submodule. It also describes 
and derives fundamental algebraic properties including quotient space and direct sum of neutrosophic projective 


G-submodules 


Keywords: Neutrosophic set; Neutrosophic G-module;Direct sum; Projective G-module; Neutrosophic projec- 


tive G-module 


1. Introduction 


The projective G-module in the abstract algebra plays a pivotal role to analyze the algebraic 


structure G-module and its characteristics. Cartan and Eilemberge introduced the concept 





of projective modules that offer significant ideas through the theoretical approach to module 





theory. The algebraic structure G-module widely used to study the representation of finite 
groups developed by Frobenius G and Burnside in the 19th century. Several researchers 
have studied the algebraic structure in pure mathematics associated with uncertainty. Since 
Zadeh introduced fuzzy sets, fuzzification of algebraic structures was an important mile- 
stone in classical algebraic studies. The notion of a fuzzy submodule was introduced by Negoita 
and Ralescu and further developed by Mashinchi and Zahedi (24). This basic notion has 
been generalized in several ways after Zadeh’s implementation of fuzzy sets [4}[5). In 1986 
Atanassov (6) put forward intuitionistic fuzzy set theory in which each element coincides with 
membership grades and non-membership grades. Biswas (9) applied the idea of the intuitionis- 


tic fuzzy set to the algebraic structure group and K. Hur et.al. additionally studied it. In 
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2011 P. Isaac, P.P.John studied about algebraic nature of intuitionistic fuzzy submodule 
of a classical module. 

The theory of neutrosophy first appeared in philosophy and then evolved neutrosophic 
set as a mathematical tool. In 1995, Smarandache outlined the neutrosophicset as a 


combination of tri valued logic with non-standard analysis in which three different types of 





membership values represent each element of a set.'The main objective of the neutrosophic set 
is to narrow the gap between the vague, ambiguous and imprecise real-world situations. Neu- 
trosophic set theory gives a thorough scientific and mathematical model knowledge in which 
speculative and uncertain hypothetical phenomena can be managed by hierarchal membership 
of the components “ truth / indeterminacy / falsehood ” (21/31/32). Neutrosophic set generalizes 
a classical set, fuzzy set, interval-valued fuzzy set and intuitionistic fuzzy set that can be used 
to make a mathematical model for the real problems of science and engineering. From a scien- 
tific and engineering perspective, Wang et.al. specified the definition of a neutrosophic set, 
which is called a single-valued neutrosophic set. Several scientists dealt with the neutrosophic 
set notion as a new evolving instrument for uncertain information processing and a general 
framework for uncertainty analysis in data set (1y[7)[17|{28}. 

The consolidation of the neutrosophic set hypothesis with algebraic structures is a growing 
trend in mathematical research. Among the various branches of applied and pure mathematics, 
abstract algebra was one of the first few topics where the research was carried out using 
the neutrosophic set concept. W. B. Vasantha Kandasamy and Florentin Smarandache 
initially presented basic algebraic neutrosophic structures and their application to advanced 
neutrosophic models. Vidan Cetkin consolidated the neutrosophic set theory and 
algebraic structures, creating neutrosophic subgroups and neutrosophic submodules. F. Sherry 
introduced the concept of fuzzy G-modules in which the concept of fuzzy sets was 
combined with G-module and the theory of group representation. One of the key developments 
in the neutrosophic set theory is the hybridization of the neutrosophic set with the algebraic 
structure G-module. The above fact leads to inspiration for conducting an exploratory study 
in the field of abstract algebra, especially in the theory of G-modules in conjunction with 
neutrosophic set. In this paper we described neutrosophic projective G-submodule as the 
general case of projective G-module and derived its algebraic properties. 

The reminder of this work is structured as follows. Section 2 briefs about necessary pre- 
liminary definitions and results which are basic for a better and clear cognizance of next 


sections. Section 3 defines neutrosophic projective G-modules, algebraic extension of pro- 





jective G-submodules and derive the theorems related to quotient space and direct sum of 
neutrosophic G-submodules. A comprehensive overview, relevance and future study of this 


work is defined at the end of the paper in Section 4. 
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2. Preliminaries 


In this section, we recall some of the preliminary definitions and results which are essential 


for a better and clear comprehension of the upcoming sections. 


Definition 2.1. Let (G,*) be a group. A vector space M over the field K is called a 
G-module, denoted as Gy, if for every g € G and m € M; J a product (called the action of 
Gon M), g:m€ M satisfies the following axioms 

(1) lag-m=m; Vm eM (le being the identity element of G) 

(2) (gxh)-m=g-(h-m); YWme M andg,heEG 

(3) g- (kim, + kame) = ki(g- m1) + ko(g- ma); V ki, ko © K3my,m2€ M ”. 


Example 2.1. Let G = {1,—-1,7,-7} and M = C”; (n> 1). Then M is a vector space 
over C and under the usual addition and multiplication of complex numbers we can show that 
M is a G-module. 


Definition 2.2. Let M be a G-module. A vector subspace N of M is a G-submodule if 


N is also a G-module under the same action of G. 


Definition 2.3. Let M and M* be G-modules. A mapping f : M — M”™ is called a 
G module homomorphism (Homg(M, M*)) if V ky, ko © K,m,,m2 € M,g € G satisfies the 
following conditions 

(1) f(kimi + kgm) = ky f(m1) + kof (me) 

(2) f(gm) = gf(m) 


Definition 2.4. A G-module M is projective if for any G-module M* and any G- 
submodule N* of M*, every homomorphism y : M > M*/N* can be lifted to a homomorphism 
w:M > M* or row =y where 7: M* > M*/N*. 


Remark 2.1. A G-module M is projective if and only if M is M* projective for every G- 
module M* 


Theorem 2.2. Let M and M* be G-modules such that M is M* projective. Let N* be 
any G-submodule of M*. Then M is N* projective and M is M*/N* projective. 


Proposition 2.1. Let M and M; be G-modules.Then M is 6%_,M;-projective if and 
only if M is M;-projective V 2 


Definition 2.5. A neutrosophic set P of the universal set X is defined as P = 
{(n,tp(n),ip(n), fp(m)) : 7 © X} where tp,ip, fp : X — (~0,17). The three components 


tp,ip and fp represent membership value (Percentage of truth), indeterminacy (Percentage 
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of indeterminacy) and non membership value (Percentage of falsity) respectively. These com- 


ponents are functions of non standard unit interval (~0,1*) [27]. 


Remark 2.3. 


(1) If tp,ip, fp : X — [0,1], then P is known as single valued neutrosophic set(SVNS). 
(2) In this paper, we discuss about the algebraic structure R-module with underlying set 
as SVNS. For simplicity SVNS will be called neutrosophic set. 


(3) U* denotes the set of all neutrosophic subset of X or neutrosophic power set of X. 


Definition 2.6. Let P,Q € U*. Then P is contained in Q, denoted as P C Q if 
and only if P(n) < Q(n) Vn € X, this means that tp(7) < tg(n),7P(n) < te(n), fe(n) = 
faln), Vn eX. 


Definition 2.7. [26]|33] For any neutrosophic subset P = {(7,tp(),ip(y), fe(n)) : 7 © X}, 
the support P* of the neutrosophic set P can be defined as P* = {n € X,tp(n) > 0,ip(n) > 


Q, fr(n) < Ge 


Definition 2.8. [8) 8] Let (G, *) be a group and M be aG module over a field kK. A neutrosphic 
G-submodule is a neutrosophic set P = {(7,tp(7),7P(n), fp(n)) : 7 € M} in Gy such that the 


following conditions are satisfied; 


(1) tp(on + 70) = tp(n) A tp(A) 
ip(on + 70) > ip(n) Aip(@) 
fe(on+78) < fre(m) Vv fe(9), 
VndE€M,0,7TEK 


(2) tp(én) = te(n) 
ip(€n) = ip(n) 
fe(én) < felmVEEG nEeM 


Remark 2.4. We denote neutrosophic G-submodules using single valued neutrosophic set by 
U(Gy). 
Example 2.2. Consider the example [2.1] for G-module M. Define a neutrosophic set 
P= in,tp(n),tp(n), fea): € My} 
of M where 
1 if 7n=0 1 if 7n=O0 0 if 7 =O0 


tp(n) = | , tp(n) = | , fp(y) = | 
0.5 if 7 #0 0.5 afnO0 0.25 wif 7 #0 


Then P is a neutrosophic G-submodule of M. 
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Definition 2.9. Let P = {(x,tp(x),ip(x), fp(x)) : « € X} € U((&™)). The support 
P* of the neutrosophic G-submodule P can be defined as P* = {x € X,tp(x) > 0,ip(a2) > 
0, fp(a) <1,Va € Gy}. 


Proposition 2.2. If P © U(Gy,), then the support P* € Gy, . 


Definition 2.10. Let P € U(Gyz) and N be a G-submodule of M. Then the restriction 
of P to N is denoted by P|y and it is a neutrosophic set of N defined as follows P|y(7) = 
(7, tp) (7), tpi, (7), fj, (7)) where 

tp|y (7) = ten), tpiy (7) =iP(n); fri (m) = fe(n), Vn € N. 


Proposition 2.3. Let P € U(Gyy) and N C M then P|y € U(Gy). 


Definition 2.11. Let M € Gy and N be a G-submodule of M. Then the neutrosophic 
set Py of M/Ndefined as Py(n+ N) = {n+ N,tpy(n+N),tpy(n +N), fey (7 + N)},where 


tp, (7 +N) =Vtp(ntn):nEeNn 
ipy(n +N) =Vip(ntn):nEeN 
fey(n+N)=Afp(nt+tn): ne N,Vn eM 
Proposition 2.4. Let M € Gy. Let N be a G-submodule of M. Then Py € U(Gyy). 


Proposition 2.5. Let P € U(Gy) and Q € U(Gyy«) where M and M* are G-modules 
over the field K. Let r € [0,1], the neutrosophic set Q; = {7,tg,.(7), 2Q,.(7), fo, (nm): € M*} 
defined by tg,.(7) = te(n) Ar, ta,(7) = te(m) Ar, fa,(n) = feln) V(l-r) Vn © M* bea 


neutrosophic G-submodule. 


Definition 2.12. Let M and M* be G-modules over K and a mapping TY : M > M* is 
a G-module homomorphism. Also P € U(Gy,) and Q € U(Gyy«). A homomorphism Y of M 
on to M* is called weak neutrosophic G-submodule homomorphism of P into Q if T(P) C Q. 
If Y is a weak neutrosophic G-module homomorphism of P into Q, then P is weakly 
homomorphic to @ and we write P ~ Q. 

A homomorphism YT of MW on to M* is called a neutrosophic G-module homomorphism 


of P onto Q if Y(P) = Q and we represent it as P= Q. 





3. Neutrosophic Projective G module 


In this section we discuss the generalized notion of projective G-modules, called neutro- 
sophic projective G-modules, and study several characteristics of projective G-modules in the 


neutrosophic domain. 
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Definition 3.1. Let M and M* be G-modules. Let P = {n,tp(n),ip(n), fe(n) : 7 € M} be 
neutrosophic G submodule of M and Q = {n,tg(n),7e(n), fe(m) : 7 € M*} be neutrosophic 
G-submodule of M*. ‘Then P is said to be @ projective, if the following conditions are satisfied; 


Theorem 3.1. Let P and Q be neutrosophic G-submodules of finite dimensional G-modules 


of M and M* respectively and M is M* projective. Let {6}, G2, ..., Gn} be a basis for M*. If 


(1) tp(n) < min{ta(B));j =1,2,-n} 
(2) tp(n) S mintig(Gj); J = 1, 2,-5.4 
(3) fp(n) 2 max fa(B;);J = 1,2, lf V NE M 


~ 


Then P is Q-projective. 


Proof. Let Q = {n,tB(n),7B()), fa(n) : 7 € M*} be a neutrosophic G submodule of M*. Then 
Vom, 12 € M"; 0,7 € K; 


> tea(m) A te(n2) 
> ta(m) A ig(n2) 
= 


Also P is a neutrosophic G-submodule of M and M is M®* projective G-module and w € 
Hom(M, M*) be any G-module homomorphism. For any 7 € M, (7) € M*. 
ae (7) — a1 = a2 Bo ar sake AnBn rms= Kk, Bi = M"*, 1= I 2; veey TL 


to(v(n)) = telarBi + a2Bo +... + AnBn) 
2 ta(P1) Ate(B2) A... 
AtQ(Bn) 
= mini{te(f1), te(B2), 
taQ(Bn)} 


> tp(n) 
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Similarly ig(#(n)) 2 tp(n) 
falo(m) = falar + a2f2 +... + anBn) 
< fa(fi) Ate(B2) A... A te(Bn) 
= maxi fa(P1), fe(P2), 
+ fQ(Pn)t 
fe(n) 


IA 


.. P is Q projective. 7 


Theorem 3.2. Let P € U(Gy), Q € U(Gyy«) and P is Q projective. If N* is a G-submodule 
of M* and C € U(Gy-~), then P is C-Projective if Q|w* CC 


Proof. Given P is Q projective, then 
(1) M is M* projective 
(2) tp() < tev), 
ip(n) < 1Q(¥(n)) 
fe(n) = fev) 
Vwe Home(M, M*), 7 € M. Since N* is a G-submodule of M*, by a theorem [2.2| M is N* 
projective. Let y € Homg(M, N*) and 6: N* + M* be the inclusion homomorphism. Then 
Gop=yp 
.. from the condition 2 
tp(n) < te(v(n)) = ta(9 0 y)(n) 
= ta(9(e(n))) = ta(vln)). 
Similarly ip(7) < ia(y(m)) and fr(n) 2 fo(v(n) Vn € M, y € Home(M, N*). 
Given C € U(Gy«), y(n) € N* and Q|n* CC 





Cain (¥(7)) = talvln)) < te(yln) 


= tp(n) < tc(y()). Similarly, ¢p(n) < tc(y(n)) and fre(n) = fo(y(m)). Hence P is C- 


Projective. 5 


Theorem 3.3. Let M and M* be G-modules where P and Q are neutrosophic G-submodules 
of M and M* respectively. Let r € [0,1], the neutrosophic set Q, = {7,ta,(7),2Q,.(7), fo, (7) : 


7 € M*} defined by tg,.(7) = to(m) Ar, ta,(7) = tal Ar, fa. (m) = felm) VA -1r) Vn € M* 
be a neutrosophic G- submodule. If P is Q,. projective, then P is @ projective. 


Proof. Consider P as Q, projective where r € [0,1]. Then 
(1) M is M* projective 
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oo 


(2) 


P(n) < 
< 


" 
ip(n 


’ 
| 


Since Qr CQ, = ta, (W(n)) < ten), 
ig, (W(n)) < ie(W(n)) and 

fo.(wi)) = fev), ¥ v(m) © M*. 
= tp(n) < te(w(n)), 

ip(n) < te(v(n)) and 


fe(n) 2 fen) Vine M. 
.. P is Q projective. 5 
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Proposition 3.1. Let M = 6%_,M; be a G-module where M/s are G-submodules of M. If 
P, € U(Gmu,) (1 < i < n), then the neutrosophic set P of M defined by tp(7) = A{tp,(m) : 


(=D sy Wp PS ip) ee =, 


...,n} and fp(n) = V{fe.(m) :i = 1,2,...,n} where 


n= yer (im), n; € M;, is a neutrosophic G-submodule of M. 


Proof. Let n,v € M where n = een i and y= oe Vj. 


Each 7;,, 4%€ M; and 0,b € K. 


Then by definition, o7 + Tv = y=" Loni +7] where on; +74, € M; (1 <i <n). Now 


tp(en+Tv) = 


IV 


Similarly ip(on + Tv) > ip(n) Aip(y) 


Now consider 


Now, forg€G,nEM 


tp(gn) 


\ tp,(om + 7%) 
/\ {tp, (mi), tp,(%)} 
{A te(m)} ALA tp, (%)} 


tp(n) Atplv) 


V fp,(om + 7%) 

V {fP(m), fp,(%)} 

{V fac(mi)t V{V fp, at 
fe(n) V fe) 


= tp(gm) 
= N {tp,(m)t 


= tp(n) 
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Similarly ip(gn) > ip(n), fe(gn) < fe(n) -.P €© U(Gmu). o 


Definition 3.2. Let M = 67_,M; be aG module where M/s are G-submodules of M. If P; € 
U(Gi,) (1 — a < n) and Pe U(Gu=er_,M;) with tp(0) = tp, (0), ¢p(0) _ ip, (0) and fp(0) _ 
fp,(0) Vt Then P is called the direct sum of P; and it is denoted as P = 61, F,. 


Theorem 3.4. Let M = 67_,M; be G module where M/s are G submodules of M. Let 
P € U(Gm) and Q; € U(Gy,) such that Q = 6%_,Q;. Then P is Q projective if and only if 
P is Q; projective V2. 


Proof. Assume that P is Q-projective, then 
(1) M is M projective 
(2) tp(n) < to(v(n)), 
ip(m) < ta(W(n) 
fe(n) = fob) 
w € Homeg(M,M);n€ M 
To prove that P is Q; projective where 7 = 1,2,...,n, it is enough to prove the following 
conditions. 
(1) M is M; -projective 
(2) tp(n) < ta, (y(n), 
ip(n) < ia, (e(n)) 
fe(n) 2 fa;(¢(n)) 
where V »y € Home(M, M;),n € M. 
Here M is M = 6;_,M;-projective and by the the proposition [2.2} M is M; projective V2 = 
1,2,...,n. Let py € Home(M, M;) and 6: M; —~ M © Homeg(M;, M) (inclusion) such that 
w=Ooyg. Then V »y € Home(M, M;) 


IA 
oF 
O 
= 
<a 


tp(n) 


Similarly ip(7) < ig(y(n)) and 
fe(n) = fal 
= fa((9°¥)(n)) 
= fey¢ln))) 
= foleln)) 
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Now y(n) € M; C M and 7 € M and consider 
y(n) =04+0+4+...4+- 9(n) +... +0 
Then 


tg(y(n)) = te(0+0+...+ y(y) +... +0) 


tg, (0) A tg, (0) A... A tg, p(n) A... A ta,, (0) 


ta;(y(n)) 


Similarly 79(y~(7)) = _ ()) and 
fale(n)) = fa:(e(n)) V 

= tp(n) <te(yln)) = tactvtn)) 
Also ip(7) < ia(¥(n)) = ta,(~(m) and 


fp(n) 2 falyl(a)) = fa(vln), Vn € M,y € Home(M, M;). 
Then P is Q; projective. 


Conversely Assume that P is Q; projective where 7 = 1, 2,..., 


(1) M is M;-projective 

(2) tp(m) < ta,(vilm)), 
ip(m) < tg,(yvilm) and 
fe(m) 2 fo(¢ilm), 
y; © Home(M, M;);m € M 
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n. Then 


To prove P is Q projective, it is enough to prove the following conditions 


(1) M is M projective 
(2) tp(n) < te(v(n)), 
ip(n) < ta(v(n)) 
fr(n) = fe(v(n)), v € Home(M, M);n © M 


1. :- Since P is Q; projective and proposition [2.1] M is M-Projective where M = 67.,™M;. 
2. :- Let ~ € Homg(M, M) where M = 62_,M; such that V 7 € M, 
win) € M, te. W(n) = mn +yet.. tmV mm € Mi1<i<nand mj: M — M; be the 
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projection map where 7 = 1,2,...,n such that 7;(w~(7)) = m, V 7., then 


VQ) = Piet 
Vm €M;1<i<n 
= mi(%(n)) + m2((M)) + --. 
+ Tm(¥(n)) 
= (mo w)(n) + (120 P)(n) +... + 
(7m © W)(7) 
= yiln) + a(n) +. + n(n) 
Also 
ta(v(n)) = telyr(n)) + te(yaln)) +. + 
ta(Yn(n)) 


= Atta,(yiln)):0<t<n} 
lby the proposition [3.1] 


tp(m) 


IV 


Similarly ig(W(7)) > tp(m) and 


fo(v(n)) =~ fel¥vi(n)) + fe(ye(n)) + 
+ fQ(Yn(7)) 
Vifa(piln)) 0 <1 <n} 


< fp(m) 


IA 


.. Ais Q projective. 4 


4. Conclusion 


The study of G-module in a neutrosophic set domain using a single-valued neutrosophic set 
provides a new step in the algebra sector and helps to analyze group action in application level 
on a vector space. Projective G-modules expand the free G-modules class by maintaining a 
portion of the free module’s primary properties. Neutrosophic projective G-module is one of 
the most generalizations of classical projective G-module. ‘This paper has developed, the notion 
of projectivity of neutrosophic G-modules and its quotient and direct sum properties of M 
projectivity. ‘This analysis leads to the extension of the quasi projective module, neutrosophic 


injective & projective modules and its features in neutrosophic domain. 
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Abstract. In this paper we have introduced the concept of score and accuracy function of the Quadriparti- 
tioned Single valued Neutrosophic Numbers (QSVNN) and also defined ranking methods between two QSVNNs 
which is based on its score function. Dombi operators are used in solving many Multicriteria Attribute Group 
decision making (MAGDM) problems because of its very good flexibility with a general parameter.Here Dombi 
T-norm and T-conorm operations of two QSVNNs are defined. Based on this Dombi operations, we introduced 
two Dombi weighted aggregation operators QOVNDWAA and QSVNDWGA under Quadripartitioned Single 
valued Neutrosophic environment and also studied its properties. Finally, we discussed about Multicriteria 
Attribute Decision making method (MADM) using QOVNDWAA or QSVNDWGA operator and also an illus- 
trative example is given for the proposed method which gives a detailed results to select the best alternative 


based upon the ranking orders. 


Keywords: Quadripartitioned single valued neutrosophic sets, Score and Accuracy functions, Dombi Weighted 


Aggregation Operators . 


1. Introduction 


Fuzzy sets which allows the elements to have a degrees of membership in the set and it was 





introduced by Zadeh in 1965. The degrees of membership lies in the real unit interval 
(0, 1]. Intuitionstic fuzzy set (I F'S) allows both membership and non membership to the ele- 
ments and this was introduced by Atnassov |1) in 1983. By introducing one more component 
in IFS set neutrosophic set was introduced by Smarandache in 1998. Neutrosophic set 
has three components truth membership function, indeterminacy membership function and 
falsity membership function respectively. ‘This neutrosophic set helps to handle the indetermi- 
nate and inconsistent information effectively. Later Wang (2010) introduced the concept 


of Single valued Neutrosophic set (SVNS) which is a generalization of classic set, fuzzy set, 
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interval valued fuzzy set and intuitionstic fuzzy set. 


In 1982 Pawlak defined the standard version of rough set theory which is given in terms 
of a pair of sets that is lower and upper approximation sets. It provided a new approach 
to vagueness which is defined by a boundary region of a set. Later Yang(2017) defined 
a new hybrid model of single valued neutrosophic rough set model and it has many appli- 
cations in medical diagnosis, decision making problems, image processing etc., Neutrosophic 
set helps to solve many real life world problems because of its uncertainty analysis in 
data sets. K.Mohana, M.Mohanasundari studied On Some Similarity Measures of Sin- 
gle Valued Neutrosophic Rough Sets and applied the concept in Medical Diagnosis problem. 
When indeterminacy component in neutrosophic set is divided into two parts namely ’Con- 
tradiction’ ( both true and false ) "Unknown’ ( neither true nor false) we get four components 
that is T,C,U,F which define a new set called ’Quadripartitioned Single valued neutrosophic 
set’? (QSVNS)introduced by Rajashi Chatterjee., et al. And this is completely based on 
Belnap’s four valued logic and Smarandache’s ’Four Numerical valued neutrosophic logic’. 
By combining the concept of rough set and QSVNS a new hybrid model of ’Quadriparti- 
tioned Single valued neutrosophic Rough set’ (QSVNRS) was introduced by K.Mohana and 
M.Mohanasundari. 


Many mathematical operations like average, aggregate, sum, count, max, min are performed 
with the help of aggregation operations.Multicriteria Attribute decision making (MADM) is 
an approach which is used to select a best one when several alternatives are included un- 
der consideration of many attributes. So many researchers pay attention to 
solve the Multicriteria Attribute decision making problems using the concept of various cor- 
relation coefficients of the different sets like fuzzy set, IFS, SVNS, QSVNS. And also many 
researchers used aggregation operators as one of the tool to solve a 
Multicriteria decision making problem and also studied its properties. Dombi Bonferroni mean 
operators were introduced by Dombi in 1982 which is used in many Multicriteria Attribute 
Group decision making (MAGDM) problems because of its very good flexibility with a general 
parameter. J.Chen and J.Ye studied Some Single-valued Neutrosophic Dombi Weighted 
Aggregation Operators for Multiple Attribute Decision-Making problem. 


In this paper Section 2 deals about the basic definitions of Quadripartitioned Single valued 
neutrosophic sets, Score and accuracy function of single valued neutrosophic number, Dombi 
T norm and T conorm operations of two single valued neutrosophic numbers(SVNN) and its 


properties. We have defined Score and accuracy function of quadripartitioned single valued 
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neutrosophic number, Dombi T norm and T conorm operations of two quadripartitioned single 
valued neutrosophic numbers(QSVNN) in Section 3. Based on the operations of Dombi T norm 
and 'T conorm on two QSVNNs we have defined two aggregation operators QOVNDWAA and 
QSVNDWGA and also studied its properties. Section 4 deals about Multicriteria Attribute 
Decision making (MADM) method using the above proposed operators QOVNDWAA and 
QSVNDWGA. Finally an illustrative example is given in the method which we have discussed 


in Section 4. 


2. Preliminaries 


2.1 Quadripartitioned single valued neutrosophic sets 


Definition 2.1. 
Neutrosophic set is defined over the non-standard unit interval ]~0, 1*[ whereas single valued 
neutrosophic set is defined over standard unit interval [0,1].It means a single valued neutro- 


sophic set A is defined by 
Av=4 (0,140) 1A) FAe)) oe Xx} 
where T'4(x), [4(a), Fa(a): X > 10, 1] such that 0 < T(x) +Ia(x) + F(x) <2 


Definition 2.2. 

Let X be a non-empty set. A quadripartitioned single valued neutrosophic set (QSVNS) 
A over X characterizes each element in X by a truth-membership function T’4(x), a con- 
tradiction membership function C'4(x), an ignorance membership function U,(x) and a 
falsity membership function F'4(x) such that for each « € X , Ty4,C4,U4,Fa € [0,1] 
and 0 < Ta(x) + Ca(x) + Ug(x) + Fa(x) < 4 when X is discrete, A is represented as 
A= dint (Ta(2i), Ca(ai), Ua(ai), Fa(ai)) /ti, 04 € X. 





Definition 2.3. 

The complement of a QSVNS A is denoted by A® and is defined as, 

AY = a A CAG) CAG), TAG) / Tire ZX Tes, Paola) = PA; ), 
Cyan) =O AB); Cre) —CAG) Picle,) = 1 AG; ).0;-e x 


Definition 2.4. 
Consider two QSVNS A and B, over X. A is said to be contained in B, denoted by A C B iff 
Ta(xz) < Tp(x),Ca(x) < Cp(x),U4(x) > Up(x), and F(x) > F(x) 


Definition 2.5. 
The union of two QSVNS A and B is denoted by AU B and is defined as, 
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AUB= 7,4 (la(ai) V Te( ei); Calas) V Cal ai), UA(G) NU Ble), Fai) Ae (a))/ 
L4,0;, EX 


Definition 2.6. 
The intersection of two QSVNS A and B is denoted by AM B and is defined as, 


AN B= x1, (Ta(xi) A Tp(ai), Ca(ai) A Ca(a;), Ua(ai) V Up(ai), Fa(ai) V Fp (a)) / 
L4,0;, EX 


Definition 2.7. 
Let X bea universal set. ASV NS N in X is described by a truth-membership function ty (x) , 
an indeterminacy-membership function uy (x), and a falsity-membership function vy («). Then 
a SVNS WN can be denoted as the following form: 

N = {(2, tn (x), un (x), vn (x)) |x € X} 
where the functions ty(x),un(x),vn(x) € [0,1] satisfy the condition 0 < ty(x#) + un(x) + 
un(x) < 3 for « € X. For convenient expression, a basic element (x, tn(x),un(x), vn (x)) in 
N is denoted by s = (t,u,v,) which is called a SVNN. For any SVNN s = (t, u,v, ), its score 
and accuracy functions can be introduced, respectively as follows: 

E(s) =(2+t—u-—v)/3, E(s) € [0,1], 
H(s)=t—v, H(s)€[-1,1] 

According to the two functions E(s) and H(s), the comparison and ranking of two SVNNs are 
introduced by the following definition. 


Definition 2.8. Let s,; = (t1,u1,v1) and sg = (t2,u2,v2) be two SVNNs. Then the 


ranking method for s; and s2 is defined as follows: 


(1) If E(s1) > E(s2) then s1 > so, 
(2) If E(s,) = E(s2) and H(s,) > H(s2) then s; > sg, 


(3) If E(s,) = E(s2) and H(s,) = H(s2) then s1 = so. 


Definition 2.9. Let p and gq be any two real numbers. ‘Then, the Dombi ‘T-norm and 


T-conorm between p and gq are defined as follows: 


Op(p,q) = se 
144 (5) + (44) f 
OF (p,¢g) =1- — py1/p? 
+4 (55) +(r5) 
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where p > 1 and (p,q) € [0,1] x [0, 1]. 





According to the Dombi 'T-norm and 'T-conorm, we define the Dombi operations of SVNNs. 


Definition 2.10. Let sy = (¢1,u1,V1) and sg = (tg, u2,v2) be two SVNNs, p > 1, and 
A > 0. Then, the Dombi T-norm and ‘T-conorm operations of SVNNs are defined below: 














(1) 5] any 89 _ 
| ORE anerer aren: 
Cee) Hey MCG) Ha Ca 
(2) sy & 89 _ 














vo (xem 1 


HOGRYT” ebGEYY” CGT” 


Definition 2.11. Let s; = (tj,uj,vj) (9 = 1,2,...,n) be a collection of SVNNs and 





(4) sj = 








w = (W1,We2,...,Wn) be the weight vector for s; with w; € [0,1] and i= w; = 1. Then, the 
SVNDWAA and SVNDWGA operators are defined respectively as follows: 





SVNDWAA (81, 82, ..-, 5n) = @ wy; 
j=l 

SVNDWGA (31, 2, -.-; 5n) = & ve 
j=1 


3. Quadripartitioned single valued Neutrosophhic Dombi Operations 


Definition 3.1. For an QSVNNs gq = (t,c,u, f) its score and accuracy functions are defined 
by, 


E(q) =(8+t—c—u—f)/4, Eq) € [0,1], (1) 


HQ=a=t—j, Ha) el|-L1| (2) 


The following definition defined the comparison and ranking of any two QSVNNs based on 
the two functions E(s) and H(s). 


Definition 3.2. Let q, = (t1,¢1,u1, f1) and qo = (te, C2, U2, fo) be two QSVNNs. Then the 


ranking method for gq; and q2 is defined as follows: 
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(1) If E(q) > E(q2) then qi > qo, 


(2) If E(q.) = E(q2) and H(q.) > H(q2) then qi > qe, 


(3) If E(q) = E(q2) and H(q) = H(qg2) then qi = qa. 


Definition 3.3. The Dombi T-norm and T-conorm operations of any two QSVNNs q = 


(t1,¢€1, U1, fi) and q2 = (te, C2, ua, fo) are defined as follows: 






































1 1... — = ee eee 
( ) qi © q2 { 14 { (qe)? 4 (ey? 1+ { (qa)? (pa )Py’ 
a eee ee, ees 
lige. sa Geka bie 
_ 1 1 
(2) qa & q= (eye +f (Aer)? (teenyryr?’ 


1 1 


6 
aT aT) 
a ee t— 7 ee eT aaa} 
PCT PCT” PGT” HEAT] 
a ge 1 1 1— 1 1— 1 
00 (EP Rey aMeT? aT) 





























4. Dombi Weighted Aggregation Operators of QOSVNNs 


In this section we introduce two Dombi weighted aggregation operators QOVNDWAA and 
QSVNDWGA which is based on the Dombi operations of QSVNNs in Definition 3.3 and also 


studied its properties. 


Definition 4.1. A collection of QSVNNs is denoted by q; = (tj, ¢;, uj, fj) (7 = 1,2,...,n) and 
W = (W1,W2,-..,Wn) be the weight vector for q; with w; € [0,1] and }/;_, w; = 1. Then the 
QSVNDWAA and QSVNDWGA operators are defined as follows. 





J=1 
QSVNDWGA (q1, 25 +++5 dn) — &) q;" 
a=] 


Theorem 3.1 A collection of QSVNNs is denoted by gq; = (tj,c;,uj;, fi) G = 1,2,...,n) 





and w = (wi, W2,...,Wn) be the weight vector for q; with w; € [0,1] and }7_, w; = 1. Then 
the aggregated value of the QOVNDWAA operator is still a QOSVNN and is calculated by the 
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following formula, 


1 





Q8VN DW AA(q1, 425 dn) = ( 2 
di, 2 qd 7” fon, ” (=H? 14 ba w; (a) 








——_+____,, __1___, (3) 
1+{y3 w) ( 4)" 1+ {DR w, (52)'} 


We can prove this theorem using mathematical induction. 
Proof: When n = 2 by using the Dombi operations of QSVNNs in Definition (3.3) we can have 


the following result 


QSVNDW AA(q, G2) =U 8 @ 























7 (0-3 _____1- —__1____,, 
1+ {wr (745) + wo (+25) \ 1+ {wi (75) + we (+25) \ 
! 1 
1+ {wi (=) i (aun)? 14 fw, (254)" + ws ay) 
- (- ee ae 
1+ {dj (45) f 1+ {S71 wy (Ze) } 
| 1 


y 








EP oe GT 


when n = k, Equation (1) becomes, 


QSVN DW AA(q1, a2, « = ( a, 
d1, 92 dk am ft, ” enue 14 cs, - (aye 


1 1 
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When n = k +1 we have the following result 


1 1 
oe 


= om " (ye 4 om i (Py 


y 


QSV NDW AA(q, G25 +5 Wk; dk-+1) — ( _ 


1 1 
ees” ke es ee ee D Wk4+19k+1 
i 1—uz \? 1/p - 1—f. \? 7) 
1+ {paws (GE) pO 1+ {Law (G4) f 








1 1 


(0-4 __—=g- 4 =, 
1+ {Dj ws (5) 1+ {Ejay (55) f 





1 1 


1+ ee w; (uy ia bea ayy) 





J 


Hence we proved that Theorem 3.1 is true forn =k+1. Thus Equation (1) is true for all n. 
The operator QOVNDWAA satisfies the following properties. 
(1) Reducibility : If w = (1/n,1/n,...,1/n), then it is obvious that there exits, 


QSVNDW AA(qn, 2s saxs Qn) = 














(2) Idempotency : Let all the QSVNNs be denoted by gq; = (tj,¢;, uj, fj) = aU = 1,2,...,n). 
Then QSVNDWAA (41, G2, --59n) = - 

(3) Commutativity: Let any QSVNS (q,,q5, .-.,g,,) be any permutation of (q1, qQ2,...,dn). Then 
there is QO3VNDWAA (4, q5, 5 In) = QOVNDWAA (41, 925 +65 Gn): 

(4) Boundedness: Let gmin = Min(S1, $2, ---,5n) and (max = Max(S1, $2,...,$n). Then dmin < 
QSVNDW AA(Q1, 92; +5 In) < Gaz 

Proof: (1) Given q; = (tj,c;,u;, fj) = @Y = 1,2,...,n) Property (1) is trivially true based on 
equation (3) 
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(2) The following result is derived from the equation (3) and we get, 








+ 
1 1 1 1 
= (1-——_,_, 1 - ——_~,1- ——_, 1- =(¢,¢u,f)= 
{ 1+ 4 ae 14-4 a) p= 


QSVNDWAA (41, g2, ---; Qn) = ¢ holds. 

(3) This property is obvious. 

(4) Consider gmin = min(qi,q2,--5Gn) = (,c ,u,f ) and qmax = max(qi, G2,---,Qn) = 
(t*,ct,ut, ft) Then, 

: ae ee a eG) 


= max(t;), cS max(c;), = min(u;), ad — min(f;) 
J 





Therefore we get the following inequalities. 




















| — ——___+—___,,, < 1- ; p>) 1/p 1 — + \P)1/e 
144 1 w; (=) \ 1+4 59-10; (2) } 1+ {01 w; (=) \ 
— a a ner ep 1 
144 1 w; (=) To boa 2 yy {or w; (try 











1 aT 1 
144d, wy, (4 )"} - 144 Of w, (2) 
1 


j=l VI\ FF 144 Epa ws ( 7 ) ; +4, wy ( = ) \ 


Hence gmin < QSV NDW AA(q1, G2, «+5 In) < Gmax holds. 
Theorem 3.2 A collection of QSVNNs is denoted by gq; = (tj,c;,uj;, fi) G = 1,2,...,n) 


/\ 











and w = (wi, W2,...,Wn) be the weight vector for q; with w; € [0,1] and }7_, w; = 1. Then 
the aggregated value of the QOVNDWGA operator is still a QSVNN and is calculated by the 


following formula: 
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1 1 


QSV NDWGA(q1, 92, ---5 Gn) = 





1 1 
as, [oe 


1+ {Spam (re) Pe {Shaw ayy" 


(4) 


The proof is similar to the proof of Theorem (3.1). 
This QOSVNDWGA operator also satisfies the following properties. 


(1) Reducibility : If w = (1/n,1/n,...,1/n), then it is obvious that there exits, 


1 1 


QSV NDWGA(q1, q2) -5 Gn) = 





1 1 1 
n tu \e) VP? n 1. f, \e) ve 
1+ {dpa a (es) J 1+ {Chan (roy) f 
(2) Idempotency : Let all the QSVNNs be denoted by gq; = (tj,¢;, uj, fj) = dG = 1,2,...,n). 
Then QSVNDWGA (41, G2, --n) = 4 - 
(3) Commutativity: Let any QOSVNS (q1, qo, .G,) be any permutation of (q1, q2,...;dn). Then 
there is QOVNDWGA (q,, qd, 5 Ip) = QOBVNDWGA (q1, G2, «+5 Gn): 


(4) Boundedness: Let dmin = min(q1,G2,--5dn) and Gmaz = Max(q1,q2,---,Gn). Then 
Imin = QSVNDWGA(q, G25 +255 Qn) < Qmaz 








To prove the above properties it is similar to the operator properties of QOSVNDWAA. Hence 


it is not repeated here. 


5. MADM method using QOSVNDWAA operator or QOSVNDWGA operator 


This section deals about the MADM method to handle the MADM problems effectively 
with QSVNN information by using the QOVNDWAA operator or QOVNDWGA operator. 
Let A = {A}, Ag,..., Am} and C = {Cy}, Co,...,Cy,} be a discrete set of alternatives and at- 
tributes respectively. The weight vector of the above attributes is given by w = {w1, wo, ..., Wn} 


such that w; € [0,1] and >7;_) wj = 1. 
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To make a better decision to choose the alternative A;(¢ = 1,2,...,m), a decision maker 
needs to analyse the attributes Cj(j = 1,2,...,n) by the QSVNN qj = (bij, ciz, Uaj, fiz) (0 = 
1,2,...,m;j7 =1,2,...,n) then we get a QSVNN decision matrix D = (dj;),,..,, 

The following decision steps are needed to handle the MADM problems under QSVNN in- 
formation by using the operator QOVNDWAA or QSVNDWGA. 


Step 1: Collect the QSVNN q(t = 1,2,...,m) for the given alternative A;(¢ = 1,2,...,m) 
by using the operator QOVNDWAA 


G = QSVNDW AA(Gi1, G2, ---; Gin) 





-(:- __+__,, py Up? 
4{Cpw (ee) fo EE (EG) | 








or by using QOSVNDWGA operator 


gi = QSV NDWGA(4il, Ga; --- Gin) 


! 1 
Ee aaa" 


ti 4 Cj 





I+ (a WU; (4) \ I+ es Ww; (44) \ 


where w = (w1, W2,.-., Wn) is the weight vector such that w; € [0,1] and ae wi=1 








Step 2: Score values E(q;) can be calculated by using Equation (1) with the collective 
QSVNN q(t = 1, 2,...,m) 


Step 3: Select the best one according to rank given to the alternatives. 


6. Illustrative Example 


This section illustrates an example for a MADM problem about investment alternatives 


under a QSVNN environment. An investment company chooses three possible alternatives for 
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investing their money by considering the four attributes. Let A;,A2,A3 be three alternatives 
which represent food, car and computer company respectively. Let Cy, Co, C3, C4 be the four 
attributes which denotes i) Knowledge (or) Expertise ii) Start up costs iii) Market or Demand 
iv) Competition respectively. Here the alternatives under given attributes are expressed by 
the form of QSVNNs. When three alternatives under four attributes are evaluated we get 
a quadripartitioned single valued neutrosophic decision matrix D = (qj) 


ae Ciz, Ura; i) (i = 1, 2 ee _ 1, Zi Os 4) which is given below. 


WAS where dij = 


(0.5, 0.6,0.2,0.1) (0.4,0.2,0.3,0.1) (0.4,0.2,0.3,0.1) (0.6, 0.7, 0.1, 0.5) 
D= | (0.5,0.1,0.8,0.7) (0.2,0.1,0.8,0.7) (0.5,0.4,0.7,0.3) (0.5, 0.4, 0.7, 0.3) 
(0.1, 0.2,0.5,0.7) (0.1,0.5,0.3,0.4) (0.3,0.2,0.7,0.8) (0.9, 0.8, 0.4, 0.1) 


The weight vector for the above four attributes is given as w = (0.35, 0.25, 0.25, 0.15). Hence 
the proposed operator of QOVNDWAA (or) QSVNDWGA are used here to solve MADM prob- 
lem under QSVNN information. 





The following steps are needed to solve MADM problem when we use the operator QSVND- 
WAA. Step 1: By using Equation(1) for = 1 derive the collective QSVNNs of q; for the 





alternative A;(2 = 1,2,3) which is given below. 
q, = (0.4760, 0.6667, 0.2034, 0.1136) , 

q2 = (0.4483, 0.25, 0.7568, 0.4565) , 

q3 = (0.6038, 0.5, 0.4414, 0.3404) 


Step 2: Score values E(q;) can be calculated by using Equation (1) of the collective QOVNN 
qi(i = 1,2,3) for the alternatives A;(i = 1, 2,3) gives the following results. 

E(q1) = 0.6231, E(q2) = 0.4962, E(q3) = 0.5805 

Step 3: The ranking order is given according to the obtained score values 
gi > q3 > gz and the best one is qj 

The same MADM problem can also be solved by using the another proposed operator that 
is QOVNDWGA. The following steps are needed to solve the MADM problem. 


Step 1: By using Equation (4) for p = 1 derive the collective QSVNNs of q; for the alter- 





native A;(2 = 1,2,3) which is given below. 
a1 = (0.4545, 0.3033, 0.2416, 0.1965) , 

qo = (0.3636, 0.1429, 0.7692, 0.6111) , 

q3 = (0.1429, 0.2712, 0.5328, 0.6667) 
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Step 2: Score values E(q;) can be calculated by using Equation (1) of the collective QOVNN 
qi(i = 1, 2,3) for the alternatives A;(i = 1, 2,3) gives the following results. 


E(q1) = 0.6783, E(q2) = 0.4601, E(q3) = 0.4181 


Step 3: The ranking order is given according to the obtained score values 


gi > q2 > gz and the best one is qj 


The following Table 1 and 2 shows the ranking results for the parameters of p € [1,10] of 
the quadripartitioned single valued neutrosophic Dombi weighted arithmetic average (QSVND- 
WAA) operator and quadripartitioned single valued neutrosophic Dombi weighted geometric 


average (QSVNDWGA) operator respectively. 





We can observe the following results from Tables 1 and 2. 


1) Different aggregation operators that is QOVNDWAA and QSVNDWGA shows different 
ranking orders. But the ranking orders due to different operational parameters are same ac- 
cording to the one operator. This results that the operational parameter p is not sensitive 


in this decision making problem since we get the same ranking orders corresponding to the 
QSVNDWAA and QSVNDWGA operator. 


TABLE 1. Ranking results of the operator QOVNDWAA for different opera- 


tional parameters. 


p | E(q),E(q2), (gs) | Ranking Order 





1 0.6231,0.4962,0.5805 qd > 43 > qQ@ 
2 0.6596,0.5044,0.6323 qa > 43 > gq 
3 0.6601,0.5089,0.6468 qa > 4@> q 
4 | 0.6619,0.5118,0.6535 qa > 43 > q 
D 0.6637,0.5139,0.6577 qa > 43 > qQ 
6 0.6652,0.5154,0.6605 qi > 93 > qe 
7 | 0.6665,0.5166,0.6626 qi > 43 > qo 
8 0.6675,0.5181,0.6641 qa > 43 > gq 
9 0.6683,0.5184,0.6654 qi > 43 > qo 
10 | 0.6689,0.5191,0.6664 qd > 43> q 
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TABLE 2. Ranking results of the operator QOVNDWGA for different opera- 


tional parameters. 


p | E(qi),E(q2),E (as) | Ranking Order 





1 0.6783,0.4601,0.4181 qi > q2> 4 
2 0.6619,0.4424,0.3994 qd > q2> 4 
3 0.6475,0.4308,0.3877 qd > q2 > 4 
4 | 0.6380,0.4236,0.3799 qi > q2 > 93 
D 0.6315,0.4196,0.3745 qd > q2> 4 
6 0.6269,0.4158,0.3706 qd > gq > 43 
7 | 0.6236,0.4136,0.3678 qi > q2> 4 
8 0.6204,0.4119,0.3656 qi > q2> 4 
9 0.6185,0.4105,0.3638 qd > q2> 4 
10 | 0.6167,0.4094,0.3624 qd > q2> 4 


1) The ranking orders according to the operators QOVNDWAA and QSVNDWGA are dif- 
ferent 
2) Ranking orders are not affected by different operational parameters of p € [0,1] in both the 
operators which shows that p is not sensitive in this decision making problem. 
3) These aggregation methods of the operators QOVNDWAA and QSVNDWGA provides new 
method to solve MADM problems under an QSVNN environment. 


7. Conclusion 


In this paper we have studied the Dombi operations of QOVNN based on the Dombi T-norm 
and ‘I’-conorm operations and also we have proposed the two weighted aggregation operators 
QSVNDWAA , QSVNDWGA and investigate their properties. Multiple Attribute Decision 
making is one of the effective approach which helps us to the problems involving a selection 
from a finite number of alternatives are included under finite number of attributes. To solve 
these type of MADM problems ranking orders are used to select the best one among the given 
alternatives. This paper also deals about MADM method by using the proposed QOSVNDWAA 
and QOSVNDWGA operator under a QSVNN environment. Using these aggregation operators 
we calculate the score function of the alternatives with respect to the given attributes and this 
score function helps us to rank the alternatives and choose the best one. Finally we illustrated 


an example of a MADM problem for the proposed aggregation operators. 
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Abstract: k-polar generalized neutrosophic set is introduced, and it is applied to BCK/BCI-algebras. The notions 
of k-polar generalized subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra and k-polar generalized 
(q, € Vq)-neutrosophic subalgebra are defined, and several properties are investigated. Characterizations of k-polar 
generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)-neutrosophic subalgebra are discussed, and 
the necessity and possibility operator of k-polar generalized neutrosophic subalgebra are are considered. We show 
that the generaliged neutrosophic q-sets and the generaliged neutrosophic € Vq-sets subalgebras by using the k-polar 
generalized (€, € Vq)-neutrosophic subalgebra and the k-polar generalized (q, € Vq)-neutrosophic subalgebra. A 
k-polar generalized (€, € Vq)-neutrosophic subalgebra is established by using the generaliged neutrosophic € Vq- 
sets, conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and a 
k-polar generalized (q, € Vq)-neutrosophic subalgebra are provided. 


Keywords: k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalgebra, 
k-polar generalized (q, € Vq)-neutrosophic subalgebra. 


1 Introduction 


In the fuzzy set which is introduced by Zadeh [35], the membership degree is expressed by only one function so 
called the truth function. As a generalization of fuzzy set, intuitionistic fuzzy set is introduced by Atanassove 
by using membership function and nonmembership function. The membership (resp. nonmembership) func- 
tion represents truth (resp. false) part. Smarandache introduced a new notion so called neutrosophic set by 
using three functions, 1.e., membership function (t), nonmembership function (f) and neutalitic/indeterministic 
membership function (i) which are independent components. Neutrosophic set is applied to BC Kk /BCIT- 
algebras which are discussed in the papers [13, 19, 20, 21, 22, 26, 27, 30]. Indeterministic membership func- 
tion is leaning to one side, membership function or nonmembership function, in the application of neutrosophic 
set to algebraic structures. In order to divide the role of the indeterministic membership function, Song et al. 
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[31] introduced the generalized neutralrosophic set, and discussed its application in BCK/BCI-algebras. Bor- 
zooei et al. [8] introduced the notion of a commutative generalized neutrosophic ideal in a BCK-algebra, and 
investigated related properties. They considered characterizations of a commutative generalized neutrosophic 
ideal. Using a collection of commutative ideals in BCK-algebras, they established a commutative generalized 
neutrosophic ideal. They also introduced the notion of equivalence relations on the family of all commutative 
generalized neutrosophic ideals in BCK-algebras, and investigated related properties. Zhang [36] introduced 
the notion of bipolar fuzzy sets as an extension of fuzzy sets, and it is applied in several (algebraic) structures 
such as (ordered) semigroups (see [12, 7, 10, 28]), (hyper) BCK/BCI-algebras (see [6, 14, 15, 23, 16, 17]) 
and finite state machines (see [18, 32, 33, 34]). The bipolar fuzzy set is an extension of fuzzy sets whose 
membership degree range is |—1, 1]. So, it is possible for a bipolar fuzzy set to deal with positive information 
and negative information at the same time. Chen et al. [9] raised a question: “How to generalize bipolar 
fuzzy sets to multipolar fuzzy sets and how to generalize results on bipolar fuzzy sets to the case of multipolar 
fuzzy sets?” To solve their question, they tried to fold the negative part into positive part, that 1s, they used 
positive part instead of negative part in bipolar fuzzy set. And then they introduced introduced an m-polar 
fuzzy set which is an extension of bipolar fuzzy sets. It is applied to BCK/BClI-algebra, graph theory and 
decision-making problems etc. (see [4, 2, 1, 3, 29, 5, 25]). 

In this paper, we introduce k-polar generalized neutrosophic set and apply it to BCK/BCI-algebras to study. 
We define k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge- 
bra and k-polar generalized (q, € Vq)-neutrosophic subalgebra and study various properties. We discuss char- 
acterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, © Vq)-neutrosophic 
subalgebra. We show that the necessity and possibility operator of k-polar generalized neutrosophic subalgebra 
are also a k-polar generalized neutrosophic subalgebra. Using the k-polar generalized (€, € Vq)-neutrosophic 
subalgebra, we show that the generaliged neutrosophic g-sets and the generaliged neutrosophic € Vq-sets sub- 
algebras. Using the k-polar generalized (q, € Vq)-neutrosophic subalgebra, we show that the generaliged 
neutrosophic qg-sets and the generaliged neutrosophic € Vq-sets are subalgebras. Using the generaliged neu- 
trosophic € Vq-sets, we establish a k-polar generalized (€, © Vq)-neutrosophic subalgebra. We provide 
conditions for a k-polar generalized neutrosophic set to be a k-polar generalized neutrosophic subalgebra and 
a k-polar generalized (q, € Vq)-neutrosophic subalgebra. 


2 Preliminaries 

If a set _X has a special element 0 and a binary operation « satisfying the conditions: 
(I) (Vu,v,w € X) (((u* v) * (u* w)) * (w «x v) = 0), 
(II) (Vu,v € X) ((ux (ux v)) xv =O), 

(I) (Vu € X) (wx u = 0), 

(IV) (Vu,u € X) (uxv=0,v*u=0 > u=v), 

then we say that _X is a BCl-algebra. If a BCI-algebra X satisfies the following identity: 
(V) (Vu € X) (Ox u = 0), 


then X is called a BC'K-algebra. 
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Any BCK/BClI-algebra X satisfies the following conditions: 


(Vue X)(ux0=u), (2.1) 
(Vu,v,weX)(uxvu > uxw <vuxew, we Swe), (2.2) 
(Vu,uv,w € X)((uxv) *w = (uxw) xv) (2.3) 


where u < v if and only if wu * v = 0. A subset S of a BCK/BCI-algebra X is called a subalgebra of X if 
uxv€S forallu,v €S. 

See the books [11] and [24] for more information on BCK/BCI-algeebras. 

A fuzzy set 4. in a BCK/BCI-algebra X is called a fuzzy subalgebra of X if u(u* v) > min{p(u), u(v)} 
for all u,v © X. 

For any family {a; | 7 © A} of real numbers, we define 


, — f max{a;|7eA} if Ais finite, 
Vita ie sup{a;|i¢A} otherwise. 


re — f min{a;|27e A} if Ais finite, 
/\Kai }tE AE = inf{a;|2¢€A} — otherwise. 


If A = {1,2}, we will also use a, V ay and a; A ag instead of \/{a; | i € A} and A{a; | i € A}, respectively. 


3 k-polar generalized neutrosophic subalgebras 


A k-polar generalized neutrosophic set over a universe X 1s a structure of the form: 


where er. ¢. IT: 0, ir and 0; Fr are mappings from X into [0, sale The membership values of every element z © X 
in Cr, l err and er are denoted by 


(3.2) 


respectively, and satisfies the following condition 
(m0 lrr)(z) + (mi 0 Gr)(2) <1 


for alla = 1,2,--- ,k. 
We shall use the ordered quadruple oo (ér. Va ey P; 0; r) for the k-polar generalized neutrosophic set in 
(3.1). 
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Note that for every k-polar generalized neutrosophic set f= ((r. bee t; ie 0; r) over X, we have 
(Vz € X) (0 < bp(z) + Orr(z) + Err (z) + lr(z) < 3) 


that is, 0 < (1; 0 €r)(z) + (1; 0 Cr) (z) + (m; 0 lr) (2) + (mj 0 lp)(z) < 3 for all z © X andi =1,2,--- ,k. 
Unless otherwise stated in this section, X will represent a BCK/BClI-algebra. 


Definition 3.1. A k-polar generalized neutrosophic set Le (ér. Lim Lom, é, r) over X is called a k-polar 
generalized neutrosophic subalgebra of X if it satisfies: 


ue ney \ 


t 
(Vz,y EX) | rrlz *y) 


(3.3) 
that is, 


(3.4) 


forz = 1,2,--- ,k. 


Example 3.2. Consider a BC K-algebra X = {0, a, 5, y} with the binary operation “x” which is given below. 


. 0 a) i) y 

0 0 0 0 0 

a) ay 0 ay ay 

Nf) Nf) Bb 0) 6b 

e a y y 0 
Let £:= tr, Lie ey oe é, r) be a 4-polar neutrosophic set over X in which Le Le 7 pr and é, r are defined as 
follows: 

( (0.6,0.7,0.8,0.9) if z=0, 
ae A (0.4,0.4,0.8,0.5) if z=a, 
ee ' (0.5,0.6,0.7,0.3) if z=8, 

| (0.3,0.5,0.4,0.7) if z=¥7, 
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( (0.7,0.6,0.8,0.9) if z=0, 
— ; (0.6,0.4,0.7,0.5) if z=a, 
fir: X > |0,1)", 2 (0.5,0.5,0.4,0.8) if z=, 
( (0.2,0.6,0.5,0.7) if z=4, 
( (0.2,0.3,0.4,0.5) if z=0, 
a 1 (0.4, 0.7,0.5,0.8) if z=a, 
fir: X > [0,1], 2 (0.5, 0.5,0.8,0.6) if z= 8B, 
( (0.7,0.3,0.6,0.7) if z=4, 
( (0.4,0.4,0.3,0.2) if z=0, 
a ; (0.8, 0.7,0.5,0.3) if z=a, 
fp: X > (0,1), 2 (0.6, 0.5,0.6,0.6) if z= 8B, 
( (0.4, 0.6,0.8,0.4) if z=4, 


It is routine to verify that f= (ér. biz, ey P; 0, r) is a 4-polar generalized neutrosophic subalgebra of X. 
If we take z = y in (3.3) and use (III), then we have the following lemma. 


Lemma 3.3. Let £L :— (¢r. Ven i , r) be a k-polar generalized neutrosophic subalgebra of a BCK/BCI- 
algebr X. Then 
by (0) > lr(z), lrr(0) > brr(z) 


W2YEX) FO) <Lepl(2), Pe(0) < Fo(2) ) oes 


Proposition 3.4. Let C= (fr. Lae ey PF; 0, r) be a k-polar generalized neutrosophic set over X. If there exists 
a sequence {%} in X such that lim Cp(z,) = 1 = lim €p7(Z) and lim C;p(z,) = 0 = lim lp(z,), then 
N— CO TM— OO N— OO T— OO 


Proof. Using Lemma 3.3, we have 


—m. —m. 


N—- Oo n—- Ooo 
0 = lim l;p(zp) > Cre(0) > 0 = lim lp(zn) > Cp (0) > 0 
N— Oo N—- Oo 
This completes the proof. [| 


Proposition 3.5. Let C= (@r. é; IT; ey P; 0, r) be a k-polar generalized neutrosophic subalgebra of X such that 


Y2,y EX) irlzy) 2 brly), Grle*y) 2 Gry) | 3.6) 
lre(z*y) <lrely), lr(z*y) < Lely) 


Then L is constant on X, that is, ¢r, €r7, €pp and lr are constants on X. 
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Proof. Since z * 0 = z for all z € X, it follows from the condition (3.6) that 


er(z) = lr(z *0) > 


> br (0), lrr(z) = rr (z * 0) > lrr(0), (3.7) 
erp(z) = Crp (z * Oi 


(0 ) 
Crp (0), €r(z) = lp(z *0) < €p(0) (3.8) 


for all z € X. Combining (3.5) and (3.7) induces ¢r(z) = €r(0), €rr(z) = Grr(0), Cre(z) = Cre (0) and 
e (n(z ie C-(0) for all z € X. Therefore tr, ¢; IT; ¢. tr and ¢. pr are constants on X, that is, CL is constant on 
[] 

Given a k-polar generalized neutrosophic set Le- (¢r. — Di, 0; r) over a universe X, consider the 


following cut sets. 


U (lr, fir) = {2 © X | Oz) > fart, 
U (err, rrr) ={zEX | err (z) > nyrr}, 
L(Crr, frp) = {2 © X | lre(z) < fur}, 
L(lp, fp) = {2X | lp(z) < Ap} 


for np, NIT, NIP, Ne = 10, ihe that 1S, 


U (br, fir) = {2 © X | (mj 0 L)(z) > fb for all i = 1,2,--- , kt, 
U (Orr, frr) = {2 © X | (m0 brr)(z) > ftp for all i = 1,2,--- , k}, 
L(Crp, Arp) = {z € X | (1; 0 bre) (z) < fit» for all i = 1,2,--- , kf, 
L(p, fir) wtp it thee tie adh hed tet 0 
where np = (np, np, a Np) ut = (nip, Nips a Nip)>s MF — (Nip, Nip: Nip) and Np = — (nip, 


eas Np). It is clear that U(t, fir) = (\- i U (er, fir)', U(lrr, firr) = aa _U(err, tirr)’, L(Crp, Are) — 
an L(rr, tir)’ and L(lr, ir) = a ; L(x, fu)’, where 


U (er, rr)’ = {2 € X | (m0 lr)(z) = Ay}, 
U (Cr, tur)’ = {2 € X | (mi 0 lrr)(z) > Aig}, 
L(€rr, fire) = {z € X | (m0 bre)(z) < fitph, 
L(lp, ar) = {2 € X | (1; 0 lp)(z) < Ad} 


for?2 = 1,2,--- ,k. 

We handle the characterization of k-polar generalized neutrosophic subalgebra. 
Theorem 3.6. Let £L :— (fr. é. IT; e; PF; e; r) be a k-polar generalized neutrosophic set over X. Then Lisak- 
polar generalized neutrosophic subalgebra of X if and only if the cut sets U (Er, np), U Ce nr), L(e; F, NrF) 
and L(fr, tip) are subalgebras of X for all ip, yr, fir, ie € [0,1]. 
Proof. Assume that Lisa k-polar generalized neutrosophic subalgebra of X. Let z,y € X. If z,y € 
U(r, ip) for all ip € [0,1]*, then (1; 0 @p)(z) > ni, and (7; 0 lr) (y) > nit, fori = 1,2,--- ,k. It fol- 
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lows that . . . | 

(7; oO lp )(z*y) = (m0 lr)(z) A (m0 lr) ly) 2 nr 
i= 1,2,---,k. Hencez*«y € One ip), and so U (er, fp) is a subalgebra of X. If z,y © LGs, ne) for all 
tip € [0,1]*, then (7; 0 lp)(z) < nt, and (1; 0 lr) (y) < nt, fori = 1,2,--- ,k. Hence 


(150 lp)(z *y) < (m0 bp)(z) V (mi 0 lr )(y) < np 


1=1,2,---,k,andsoz*ye€ Lex, ie). Therefore ECs; fie) is a subalgebra of X.. Similarly, we can verify 
that U(rr, Ayr) and L(¢;r, nz) are subalgebras of X. 

Conversely, suppose that the cut sets U (Er, nr), U CO nur), Les fir) and L(@, F, pr) are subalgebras 
of X for all Nr, NIT, Lie Npe 0, es If there exists Q, b © X such that err (a * B) < lrr (a) /\ rr (0), that 
1S, 

(7; 0 lrr)(a * B) < (m0 Err) (a) A (m0 Err) (8) 
fori =1,2,--- ,k, thena, 8 € U(Crr, Ayr)’ and axB ¢ U (Err, firr)* where fit» = (mols) (a) A(m0lrr)(B) 
for for? = 1,2,--- ,k. This is a contradiction, and so 


—~ 


lrr(z KY) > lrr(z) A erry) 


—m~ 


for all z,y © X. By the similarly way, we know that br(z KY) > bp(z) A er(y) for all z, y € X. Now, suppose 
that 0r(a* 8B) > lr(a) V (8) for some a, 6 € X. Then 


(7; 0 Ce )(a * B) > (mi 0 lr )(a) V (mm 0 Cr) (8) 


for i = 1,2,--- ,k. If we take n’> = (1; 0 £r)(a) V (1 0 lp)(B) for i = 1,2,--- ,k, then a, 8 € L(lp, Ap)’ 
but a «x 6 ¢ a0 fap) a contradiction. Hence 


—~ —~ —m~ 


lp(z*y) < lr(z) V ely) 


for all z,y © X. Similarly, we can check that Crp (z ey) = Linz) V Crr(y) for all z,y € X. Therefore Lisa 
k-polar generalized neutrosophic subalgebra of X. [ 


Theorem 3.7. Let L :— (fr. Lis Din é, r) be a k-polar generalized neutrosophic set over X. Then Lisa 


k-polar generalized neutrosophic subalgebra of X if and only if the fuzzy sets 7; © Le TT; 0 0, LES, 0, and 
mt; 05» are fuzzy subalgebras of X where (1,0 €%)(z) = 1—(m;0lr)(z) and (m0 p)(z) = 1— (m0 bre) (z) 
forall z © X andi =1,2,--: ,k. 


Proof. Suppose that L is a k-polar generalized neutrosophic subalgebra of X. For any 2 = 1,2,--- ,k, itis 
clear that 7; o yp and 7; 0 (yr are fuzzy subalgebras of X. For any z,y € X, we get 


(mj 0 0%)(z *y) =1— (m0 lp) (z*y) =1— (m0 be)(z) V (m0 Er)(y) 
= (1—(molp)(z)) A : — (m0 bp)(y)) 


—~ 


= (m5 0 b%)(z) A (mi 0 C)(y) 
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and 


(1; 0 be n)(z #y) =1— (m0 bre) (z *y) = 1— (m0 lrr)(z) V (mi 0 Lrr)(y) 
=(1- (mr o frr)(z)) A :. — (m7; 0 brp)(y)) 
= (m0 (p)(z) A (m0 Gp) (y). 


Hence 77; © 0, and 77; © e r are fuzzy subalgebras of X . 


oo suppose that the fuzzy sets 7; 0 Ue 7; 0, IT; Tj © 0, and 7; © ec pr are fuzzy subalgebras of X 
fori = 1,2,--- ,A and let z,y © X. Then 


(nm; 0 br)(z *y) > (m0 lr)(z) A (m0 br) (y), 

(m; 0 lrr)(z * y) > (m0 lrr)(z) A (mi 0 Err) (y) 
for allz = 1,2,--- ,k. Also we have 

1 — (m0 lp)(z *y) = (m0 6S) (z #y) > (mj 0 Le) (z) A (m4 0 Ge) (y) 
)A (1 — (m0 €p)(y)) 
V (mr; 0 lr) (y)) 
and 
1 — (m0 lrp)(z * y) = (m0 lip) (2 *y) > (mi 0 Cp)(z) A (m0 Cep)(y) 
= (1— (m0 lrr)(2)) A (1 — (m9 brr)(y)) 

1 — ((m 0 €rr)(z) V (m0 rr) (y)) 


which imply that (7; 0 r)(z * y) < (m0 €)(z) V (m0 Cr) (y) and 


(1; 0 Lrp)(z*y) < (m0 bre) (2) V (mio Cre) (y) 
for alla = 1,2,--- ,&. Hence Lisa k-polar generalized neutrosophic subalgebra of X . L] 
Theorem 3.8. [f = (fr. Cis ey ia 0; r) is a k-polar generalized neutrosophic subalgebra of X, then so are 
OE = (Gr, brr, Bip. &) and OB := (G5 p,%,0r.trr), 


Proof. Note that (m;0lrr)(2)+(miolGp) (2) = (miolrr)(z)+1—(miobrr)(z) = Land (mol p)(z)+(mol%)(2) = 
(7a ol) (z y+1—- (Ti, 0 bp) (z ) = 1, that is, Or(z ) + Cin (2 ) = Land €p(z) + €%(z) = 1 for all z € X. Hence 
OL := (tr, 0, as 0 T's 0. and OL := (06 TF 0 Po é; F; Crp ) are k-polar generalized neutrosophic sets over X . For 


any z,y € X, we get 
(1; 0 Cp) (z xy) = 1 — (m0 Lir)(z ¥y) < 1— (m0 Grr)(z) A (m0 Err) (y)) 
= (1— (1; 0 bir) 2) Lae o lrr)(y)) 
= (m0 &p)(z) V (m0 Bp)(y), 
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(ni 0 p)(z*y) =1— (mi 0 br)(z*y) S 1 = (m0 lr )(z) A (mi br)(y)) 
= (1 — (m 0 &r)(z)) V (1 — (mi 9 ér)(y) 
= (m0 lr )(2) V (mi 0 Er)(y), 


(mi; 0 Cip)(z*y) =1— (m0 brr)(z*y) = 1 — (m0 brr)(z) V (m0 Err) (y)) 
= (1 — (m0 lrr)(z)) A (1 — (m0 brr)(y)) 
= (1 0 Cip)(z) A (mi 0 Cip)(y), 
and 
(m0 Up)(z *y) =1— (m0 bp)(z*y) > 1 (m0 l)(2) V (m0 lp)(y)) 
= (1 — (m0 p)(z)) A (1 — (m0 Er )(y)) 
= (m0 &)(z) A (m0 &)(y). 


Therefore OL := (¢r. bre, c, es. and OL := (4 Py 0, é; P; ey r) are kpolar generalized neutrosophic subal- 
gebras of X. [ 


Se 


Theorem 3.9. Let A, x Ag x---x Ag C [0, 1)", that is, A; C [0,1] fori = 1,2,--- ,k. Let S; := {S;, | t; © Aj} 
be a family of subalgebras of X fort = 1,2,--- ,k such that 


X= |) 55 (3.9) 
t;E A; 
(V5;, Boe Aj) (s; Pa De, ce 5+; ) (3.10) 


fori =1,2,--- ,k. Let Li= (ér. i La ir be a k-polar generalized neutrosophic set over X defined by 


(Vz € X) 


(mi 0 lr)(2) = {ai € Mi | 2 € Sa} = (mi 0 ber )(2), (3.11) 


(mi 0 lre)(z) = Afri € As | 2 € Sp} = (mi 0 lP)(2) 
fori =1,2,--- ,k. Then Li= (¢r. oo ie e; r) is a k-polar generalized neutrosophic subalgebra of X. 


Proof. For any 1 = 1,2,--- ,k, we consider the following two cases. 


i= Vai EA: | qa <ti}andt; £ Vai E A; | a; < ty}. 
The first case implies that 


2 € U(r, ti) (Vai < ti)(z € Sy.) & 2 € 1) Sq, 
qi <ty 
z € U(lrr, ti) & (Wai < ti)(z € Sy) BZ E (Sq. 


qi<t; 
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Hence U(0r,t;) = () Sy, = Ul(lrr,t;), and so U(ép,t;) and U(€;r, t;) are subalgebras of X for all i = 


qi <ti 
1,2,...,k. Hence U(ép,t) = ) Ulép,t;) and U(r7,t) = ) U(r7,t;) are subalgebras of X. For 
i=1,2,...,k i=1,2,...,k 
the second case, we will show that U(¢r,t;) = LU S,, = U(érr,t;) for allt = 1,2,...,k. Ifz © U Sy, 
Gi2ti Girth 


then z € S,, for some q > t;. Hence (7; 0 Crr)(z) = (m0 lp)(z) > G > ty, and so z € U(Cp,t,;) and 
z € U(err,t;). Ifz € U S,,, then z € S,, for all gq; > t;. The condition t; A V{q € Ai | gq < t;} induces 


gaat; 
(t; — €;,t;) 1 A; = @ for some ¢; > 0. Hence z ¢ Sy, for all q; > t; — €;, which means that if z € S,, then 
qi < t; — €;. Hence (7; 0 rr)(z) = (m0 lr) (z) < t} —&; < t; and so z ¢ U(¢;7,t;) = U(lr,t;). Therefore 
U(lr,t;) =U (rr, ti) © U Sy,- Consequently, U(r, t;) = U(lrr, ti) = ( Sy, which is a subalgebra of X, 


ga2ti “aati 
and therefore U(¢r,t) = () U(ér,t;) and U(€r7,t) = () U(ér7,t;) are subalgebras of X. Now, we 
i=1,2,...,k i=1,2,...,k 


consider the following two cases. 
5, = Miri = A; | Tr; > s;} and s; a {ri E A; | le 2 s;}. 
For the first case, we get 


ye Lan.8) => (Vs; =< i \(Z = Oa) => ZE () Sr, 
Ti > S84 
ZE L (lp, 8;) = (Vs; < ri)(z € Sp.) SZ E () ee 


Ti > S84 


It follows that L(¢rp, s;) = L(€r,s;) = () S,,, which is a subalgebra of X. The second case induces 


Ti > S84 


(s;,5; +e;) 1A; =@ for some ¢; > 0.Ifz € LU S,., then z € S,, for some r; < s;, and thus (7; 0 Crr)(z) = 


TiSS8j 


(1; 0 lp)(z) < 7; < 5; Le, 2 € L(Crp,s;) and z € L(€p,s;). Hene LU S,, C L(lrp,s;) = L(lp, s;). 
Tes Si 


Ifz €g US,,, then z ¢ S,. for all r; < s; which implies that z ¢ S,, for all r; < 5; + €;, that is, if 


TSS; 
z € S,, then r; > 5; + ¢€;. Thus (7; 0 €pr)(z) = (1,0 r)(z) > 8; +e; > 5; andso z € L(¢7pr,8;) = 
L(ép, 5;). This shows that L(¢7r, s;) = L(€r,5;) = (LU S;,, which is a subalgebra of X. Therefore L(¢p, §) = 


TSS; 


1 L(€p,s;) and U(lrp,8)= ) L(0rp, s;) are subalgebras of X. Using Theorem 3.6, we know that 


i=1,2....,k i=1,2....,k 


Ce (fr. Ce e; P; 0, r) is a k-polar generalized neutrosophic subalgebra of X. [| 


4 k-polar generalized (€, € Vq)-neutrosophic subalgebras 


oe Vk. a2 k\) @ (ml 2 k\) A _ (pl m2 k ~ (ml 2 
Let tr = (np, np, +++ Mp), Arr = (Ney, Nip, ++ Nr), Arr = (Nyp, Nip, ++ Np) and Ap = (np, Np, 


a) in {0, ir. Given a k-polar generalized neutrosophic set Lo lr, rr, lire, € r) over a universe X, 
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we consider the following sets. 


T, (lr, fir) = {ze X | er(z) + fr > i}, 
IT, (lrr, fir) = {zEX | err (2) +firr > 1}, 
IF (rp, frp) = {zEX | Cre (2) + fire < 1}, 
F, (lp, Ap) = {2 © X | Op(z) + fir < it, 


which are called generaliged neutrosophic q-sets, and 


Tav(lr, fir) = {z © X | lp(z) > fin or lp (z) + fiz > i}, 
17 gy. Ce eX Ne) Ser Ge) eS 1), 
TFevg(lrp, fir) = {z © X | €re(z) < Arp or lrp(z) + fire < 1}, 
Fevq(lr, fir) = {2 © X | lp(z) < fp or lp(z) +p < 1} 


which are called generaliged neutrosophic © \q-sets. Then 


k k 
Ty(lr, Ar) =( )Ty(lr, Ar)’, IT, (Crr, rr) = (IT, (Cr, Arr)’, 
i=l i=l 
IF, (tre, tir) = () IF, (fre, Aire)’, Filer, tr) = () Fy (lr, hr) 


and 


k k 
Tevgllr, tr) =( \Tevallr fir)’, ITevq(lrr, Rrr) = (IT evgl Err, fir)’, 


i= 1 1=1 
IF evq(lir, fur) =( )\IlFevg(rr,frr)’, Fevg(€r, tir) =() Feva(lr, fir)’ 


where 


T, (lr, ar)’ = {z € X | (m0 bp)(z) +n, > 1}, 
IT, (err, Arr)’ = {2 € X | (m0 lrr)(z) + nip > 1}, 
IF, (lr, fur)’ = {2 € X | (m0 lre)(z) + nip < 1, 
F.(lp, fp) ={z € X | (m0 lp) (z) tn < 1} 


R.A. Borzooei, F: Smarandache, Y.B. Jun, Polarity of generalized neutrosophic subalgebras in 
BCK/BCI-algebras. 


134 Neutrosophic Sets and Systems, Vol. 32, 2020 


and 


Teavg(lr, ir) = {2 € X | (mj 0 lp) (z) > nip or (mj 0 lp)(z) + ni, > 1}, 
i ole te = ee — xX | (11; o br) (z) 2 ee Or (1; o br) (z) + ee > i 
TF evg(lrr, fir)’ = 12 Cc xX | (1; ofr) (z) << ae Or (11; ofr p)(z) + oe < ine 


Feyq(lr, ip) ={z EX | (nj, 0bp)(z) < nip or (1; 0 lp)(z) + ni, < 1}. 
It is clear that T eval lr, nr) = U (Cr, fer) U T, (Er, nr), IT evq(lrr, rr) = U (Cr, furr) U ie nur) 
TP eyq(lrr, tir) = L(err, fir) UI FA (err, tir), and Fey,(ér, ir) = Ler, nr) U Fy (er, ie). 
By routine calculations, we have the following properties. 


Proposition 4.1. Given a k-polar generalized neutrosophic set L := (fr. Crr, ltr, ¢ r) over a universe X, we 


have 
1. If fp, Ayr € (0, 0.5]*, then Tevq(lr, fir) = U (Er, rr) and IT evq(Err, Arr) = U(lrr, irr). 
2. If fie, fire € (0.5, 1]*, then [Fevq(lrr, Are) = L(Erp, fire) and Fevg(lr, ir) = L(Ep, ip). 
3. If fir, Arr € (0.5, 1]*, then Teg (lr, tr) = T, (lr, ar) and IP evq(lrr, Arr) = IT, (lrr, irr): 
4. If fie, fire € [0,0.5)*, then [Fevq(lrr, Arp) = LF, (lrp, trp) and Fev,(lp, fie) = F, (lp, tip). 
Unless otherwise stated in this section, X will represent a BCK/BClI-algebra. 


Definition 4.2. Let £ :— (fr. Din ty rae e; r) be a k-polar generalized neutrosophic set over _X. Then Lis called 
a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X if it satisfies: 


Y seas es UCnne: Ye U (lr, rr) > Z*KYE Tevg(Er, fir), 
(Crr 


BE U. ir), y € U (erp, firr) 2S IT evqllrr, hurr), (4.1) 
ZE LG nip), Ue L(rr, Arr) => ZKYE TPevq(lrr, tur), 
2 € L(lp, fir), y € L(lp, fir) 7 zy € Fevg(lr, ir) 


for all z,y € X, Nr, nip € (0, i" and Np, rr € 0, saa 


Example 4.3. Consider a BC'I-algebra X = {0,1,2, a, 9} with the binary operation “x” which is given below. 


DR Ne O| x 
O-' NS  S-S 
P 8G nNo Oe 
Be Or Ob 
re Ol WLS 
COR 8 2I@ 
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Let £:= (ér. Le ey ae 0; r) be a 3-polar neutrosophic set over X in which Ve Coes ty pr and e; r are defined as 


follows: 

( (0.6,0.5,0.5) if z=0, 

- (0.7,0.7,0.2) if z=1, 
dr X [0,19 2-9 4 (0.7,0.8,0.5) if z=2, 
(0.3,0.4,0.5) if z=a, 

| (0.3,0.4,0.2) if z=8, 

( (0.6,0.5,0.6) if z=0, 

7 (0.4,0.3,0.7) if z=1, 
lm :X [0,1 2-9 (0.6,0.8,0.4) if z=2, 
(027,040.41) ir eae, 

| (0.4,0.3,0.1) if z=8. 

( (0.3,0.1,0.5) if z=0, 

7 (0.8,0.3,0.7) if z= 1, 
fi: X + (0,19, 249 4 (0.3,0.8,0.5) if z=2, 
(0.7,0.9,0.6) if z=a, 

| (0.8,0.9,0.7) if z=8. 

( (0.2,0.2,0.5) if z=0, 

7 (0.3,0.9,0.8) if z=1, 
fp: X 4 (0,19, 2-9 4 (0.5,0.2,0.4) if z=2, 
(0.6,0.4,0.6) if z=a, 

| (0.6,0.9,0.8) if z=8, 


It is routine to verify that L:= (ér. Ces, bj F; 0, r) is 3-polar generalized (€, € Vq)-neutrosophic subalgebra. 


Theorem 4.4. [f C= (ér. Le. Le é, r) is a k-polar generalized neutrosophic subalgebra of X, then the 


generaliged neutrosophic q-sets ie nr), es nr), IF, (€rp, fire) and F. (ep, ite) are subalgebras of 
X for all ir, nrr € (0, A and Np, nip E 0, eg 


Proof. Let z,y € eC. fp). Then €r(z) + Ar > Land p(y) + fr > I, that is, (m; 0 lr)(z) + ni, > 1 and 
(m7, 0 lr)(y) + nt, > 1 fori =1,2,--- ,k. It follows that 


—m~ 


(mi 0 &r)(z) A (mi 0 lr) (y)) + 2 


—m~ 


((m; 0 lr) (z) tap) A (m0 lr)(y) + nr) > 1 


IV 


(17,0 br)(z ey) +n, 


fori = 1,2,--- ,k. Hence br(z*y) +fir > 1, thatis, z*y € T. le, ir). Therefore T; [C fp) is a subalgebra 
of X. Let z,y € IF (Erp, frp). Then (7; 0 lrr)(z)+nip < land (1; 00rr)(y) +nip < 1 fori =1,2,---,k. 
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Hence 


(1; 0 lrp)(z ey) + nip < ((mo Crr)(2) V (mi 0 €rr)(y)) + Mbp 
= (7; O lrr)(z) = nr)’ y (7; O lrr)(y) + nr)’ | 


fori = 1,2,--- ,kandso Crp(z KY) +p < 1. Thus z*y € IF, (erp, fr) and IF, (erp, fir) is a subalgebra 
of X. By the similar way, we can verify that [7,(¢rr, Nrr) and F,(¢r, rr) are subalgebras of X. C 


We handle characterizations of a k-polar generalized (€, € Vq)-neutrosophic subalgebra. 


Theorem 4.5. Let L :— (ér. Ue. c. 0, r) be a k-polar generalized neutrosophic set over X. Then Lisa 


k-polar generalized (€, € Vq)-neutrosophic subalgebra of X if and only if it satisfies: 


( Or(z *Yy) 2 Mr(2), (r(y), 0.5} \ 
(V2 r c X) lrr(z *K y) = Atérr(z), rr (y), Oey (4 2) 
| | Gele*y) S$ Vilire(2), Girly), 05} 7 | 


bo(z*y) <V{Or(2),br(y),03} 


that is, 
( (m0 br)(z *y) > A{ (mi 0 &r)(z), (mi 0 &r)(y), 0.5}, 
' (a 2 lrr)(2 = y) a AG © lrr)(Z), (75 lrr)(y), Oso, (4.3) 
(mi 0 lrr)(z *Y) S Vimo fre) (z); (mi 2 lrr)(y), 0.5}, 
( (m0 fr)(z *y) < Vilm o lr) (z), (mi 0 Cr) (y), 9-5} 
forall z,y © X andi =1,2,--: ,k. 


Proof. Suppose that L:= (fr. Le e; PF; ; r) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X 
and let z,y € X. For any i = 1,2,...,k, assume that (7; © Crr)(z) /\\ (1° err) (y) < 0.5. Then 


(mi 0 lrr)(z *y) > (mo lrr)(z) A (mio brr)(y) 
because if (77; 0 Crr)(z * y) < (mm; 0 rr) (z) A (m0 Crr)(y), then there exists n’, € (0, 0.5) such that 
(m0 lrr)(z #y) < nip < (m4 0 Lrr)(z) A (mi 0 Err) (y). 


It follows that z € U (rr, nyrr)’ and y € U Lig, nr)’ but zxy ¢ las nr)’. Also (njolrr)(zxy) nip Zl. 
le. z*y € IT, (lrr, rrr). Hence z * y € [Teayq(lrr, Nrr) which is a contradiction. Therefore 


(nm; 0 lrr)(z *y) = f(r 0 rr) (2), (mi 0 lrr)(y), 0-5} 


for all z, y € X with (1; 0 lpr) (z) A (m0 lpr) (y) < 0.5. Now suppose that (7; 0 lrr)(z) A (m0 rr) (y) > 0.5. 


—~ —m~ 


Then z € U(0pr, 0.5)! and y € U(€rp, 0.5), and so z xy € [Tevq(€rr, 0.5)! = U (Err, 0.5) U IT, (Err, 0.5)*. 
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Hence z *y € U (err, 0.5)’. Otherwise, (7; 0 lan (z*y)+0.5 < 0.5+0.5 = 1, a contradiction. Consequently, 


(m; 0 lrr)(z*y) = AL (mi 0 lrr)(2), (mi 0 lrr)(y), 0-5} 


for all z,y © X. Similarly, we know that 


(ni 0 br)(z*y) > A{(m 0 br)(2), (m0 lr) (y), 0.5} 


for all z,y € X. Suppose that ¢;-(2 )Ver(y) > 0.5. If le(zxy) > Cp(z )V erly ) := fp, then z,y € L(€p, Ap), 
zxy ¢ L(¢p, ftp) and 1 ep(2z k * Y) +p > ip > Lie, 2*y ¢ Fi (lp, Ap). This is a contradiction, and so 
en(zxy) < Vi{er(2 ), Cr(y), 0.5} whenever ((2 )V erly /) > 0. 0.5. Now assume that C(z )V erly es! 0.5. Then 
Zye L(tr, 0.5 5) and thus z * y € E Feva(lr, 05 5) = L(€p,0.5) UF (lr, 0.5 5). If zx y ¢ L(lp,0.5), that is, 
le(z*y) > 0.5, then (p(z*y) +0.5>0.54+05=Lie,z*y ¢ Fi (ep, 0.5 5). This is a contradiction. Hence 
lp(z*y) < 0. 0.5 and so Ur(zxy) < Wflr(z), Cr(y),0.5} whenever ()-(z )V C(y) < 0.5. Therefore 0p(z%y) < 
\V{lr(z), lr(y), 0.5} for all z,y € X. By the similar way, we have (;p(z « y) < V{Cre(z), frr(y), 0.5} for 
all z,yEe xX. 


Conversely, let —_ ((r. é. IT; e; PF; 0, r) be a k-polar generalized neutrosophic set over X which satisfies 


the condition (4.2). Let z,y € X and fir = (np, np, +++ ,n np) € 0, 1]*. If z,y € U(lr, frp), then l7(z) > fi 
and erly ) > np. If Cr(z *Y) < fr, then er(z dA erly ) > 0.5. Otherwise, we get 


— 


br(zxy) > A{er(2) (y), 0.5} = br(z) Alr(y) > fir 


Cy 


which is a contradiction. Hence 


—"~ 


Or(z*y) tar > 2lr(z *y) > 2 {er(z) ), @r(y),0.5} = 1 


and so z*y € Ty(lr, fir) C Teva(€r, fr). Similarly, if z,y € U(err, fr), then 2 * y € IT evg (Cir, fir) for 
Air = (nip, Nip, Nip) € (0, 1]*. Now, let z,y € L(€rp, fire) | for trp = (nip, Nips --» nip) € [0,1]*. 
Then Cre(z ) < NIP and p(y) < < NF. If Crp(z > *Yy) - NIP then Crp(z ) ve Crp(z ) < 0.5 5 because if not, then 
Cre(z xy) < V{lre(z), Lrr(y), 0.5} < Cre (z) V lre(y) < frp, which is a contradiction. Thus 


—"~ 


Cre (zy) + fre < 2lre(z *y) < 2\/{lrr(z) erry i? 0.5} =1 


and so z* y € LF, (€rp, ir) C I Fev(rr, fire). Similarly, we know that if z,y € L(lp, ie), then z* y € 
Fi(lr,ar) © Feg(lr, fir) for tp = (np, ne, +++, ne) € [0,1]. Therefore £ is a k-polar generalized (€, 
€ Vq)-neutrosophic subalgebra of X. L 


Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic q-sets subalgebras. 
Theorem 4.6. Jf Le (fr. a i 0; r) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X, 
then the generaliged neutrosophic q-sets T, (bp, nr), gees nr), IF, (lrp, itr) and F. (ep, ite) are subal- 
gebras of X for all vp, irr € (0.5, 1]* and tip, ire € [0,0.5)*. 


R.A. Borzooei, F: Smarandache, Y.B. Jun, Polarity of generalized neutrosophic subalgebras in 
BCK/BCI-algebras. 


138 Neutrosophic Sets and Systems, Vol. 32, 2020 


Proof. Suppose that L:= (ér. = 0, IF; 0, r) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of 


X. Let 2.06 XA. If Ze © 1 nr) for Nir € (0.5, se? then Crr(z) + nr = i and err(y) + nr a ie It 
follows from Theorem 4.5 that 


Crp (z *Yy) +hir > Mf{Gir(2), Crr(y), 0.5} + nip 
= Mi{lir(2) + fir, err(y) + nr, 0.5 + irr} 
> 1, 
ie., 2* Yy E IT. (lpr, Rr). Thus IT. (rr, Arr) is a subalgebra of X. Suppose that z,y € F.(lp, hip) for 
fip € [0,0.5)*. Then (7; 0 €p)(z) + nt < land (1; 0 lr)(z) + nt, < 1. Using Theorem 4.5, we have 
(7; 0 €n)(z¥y) + rip < \/{ (ms 0 lr) (2), (ms 0 Cr) (y), 0.5} + bp 
= =\V/{(m: 0 lp)(z) + nip, (mi: 0 lp) (y) + nip, 0.5 + nip} 
< | 
and thus z * y € F,(Cp, fir)’ for alli = 1,2,--- ,k. Hence z*y € (\_, F,(€r, ar)! = F,(€p, fp), and 


therefore F,(¢r,i-) is a subalgebra of X. Similarly, we can induce that T,(¢r, ir) and IF, (rr, rrr) are 
subalgebras of X for fir € (0.5, 1]* and fp € [0,0.5)*. 0 


Using the generaliged neutrosophic € Vq-sets, we establish a k-polar generalized (€, € Vq)-neutrosophic 
subalgebra. 


Theorem 4.7. Given a k-polar generalized neutrosophic set i (&r. ¢. IT; ty FP; 0; r) over X, if the generaliged 
neutrosophic © \q-sets aoe. nr), Seer ee nr), I Fevq(Err, irr) and Feva(lr, ite) are subalgebras of 
X for all ip, frre € (0,1]* and ir, fr € [0,1)*, then L is a k-polar generalized (€, € Vq)-neutrosophic 
subalgebra of X. 

Proof. Assume that there exist a, 6 € X such that 


(; 0 lp )(a* B) < [\{(m 0 lr)(a), (m0 br)(B), 0.5} 
fori = 1,2,--- ,k. Then there exists n?, € (0, 0.5] such that 
(m7; 0 lp) (a * B) < nip < A{(x , 0 lr) (a), (1 0 lp)(B), 0.5}. 


Hence a, 3 € U (lr, ar), and so a, 8 € (\_, U (br, ar)! = = U (br, fer) C Teva(lr, np). Since Pace fp) is 
a subalgebra of X, it follows that a * 6 € (ae fir) =, Pa np)’. Thus (7; 0 lr)(a seh Beane 
or (7; 0 Cr)(a x 8) +n > 1 for i = 1,2,---,k. This is a contradiction, and thus (7; 0 0r)(z * y) > 
Aid (a; © er)(z), (1; 0 er)(y), 0.5} for all z,y € X andi = 1,2,--- ,k. Now, if there exist a, 8 € X such that 


(1; © lrp)(a* B) > \f {(mi 0 fre) (a), (m © Ler) (8), 0.5} 
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for? = 1,2,--- ,k, then 
(7; 0 lrr)(a* B) > nip => \/{(mi 0 lrr)(a), (mi © rr) (B), 0.5} (4.4) 


for some n’, € [0.5,1). Hence a, 8 € Latin’, and soa, € yo pte) = L(Orp, fire) C 
I Fevq(lrr, fre). This implies that a *« G € I Fevq(lrr, frp), and (4.4) induces a * GB ¢ L(€rr, fire)’ and 
(m7; 0 €rp)(a* B) + nip > Int, > 1fori = 1,2,---,k. Thusax* @ ¢ (i, L(rr, fire)’ = L (Crp, firr) 
andax GB ¢ es IF, (rp, fire)’ - LF, (Erp, fire). Hence a * 6 ¢ gamer tre) Which is a contradiction. 
Therefore 


(nm; 0 lrp)(z xy) < \P{(mi 0 re) (z), (mi 0 Err) (y), 0-5} 


for for all z,y € X andi = 1,2,--- ,k, ie., Cre(z KY) < Vf ere(z), err(y), 0.5} for all z,y € X. Similarly, 


we show that (1; 0rr)(z*y) > A{(m0lrr)(z), (m0 lpr) (y), 0.5} and (1; 08) (z¥y) < V{(m0lr)(z), (mo 
lr)(y), 0.5} for all z,y € X andi = 1,2,--- ,k. Using Theorem 4.5, we conclude that £ is a k-polar 
generalized (€, € Vq)-neutrosophic subalgebra of X. [ 


Using the k-polar generalized (€, € Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic € Vq-sets subalgebras. 


Theorem 4.8. /f f= (ér. ¢. IT; _ 0; r) is a k-polar generalized (€, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic € \q-sets Fle nr), sae ee nr), gan are irr) and Fevq(lr, ie) 
are subalgebras of X for all tip, hrr € (0,0.5]* and ir, irr € {0.5, 1)". 


Proof. Let z,y € TP, nr). Then 
Ze U((lrr, arr)’ Or zZ€ IT. (Err, furry’ 
and 
YE U (rr, furr)' ory € IT. (Err, frp)’ 
for2 = 1,2,--- ,k. Thus we get the following four cases: 
(i) z€ U (err, furry’ and y © U ((lrr, furry’, 
(11) Z€E U((lrr, fur)’ and Y <= IT. (Err, fur)’, 
(111) Ze IT. ( (Err, ny)’ and YE U (bre, nr)’, 


(iv) zE IT, (Err, fire)’ and YE IT.,( (Err, furry’. 


For the first case, we have z * y € Maen ee nyr)’ fori = 1,2,--- ,k and so 
: a —m 
Be () IT evq( (rr, Rir)’ = [TT evq(r7, nur). 
i=l 
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In the the case (ii) (resp., (iii)), y € IT. (Err, fur)’ (resp., 2 € IT (Ler, furr)') induce erry Sle 
(resp., (rr(z) > l— nip > nt ,), that is, y € U((lrr, rrr)’ (resp., z € U((lrr, Arr)’. Thus z * y € 
TT exvq((lrr, Arr)’ for i = 1,2,--- , & which implies that 


k 
Ae () IT evq((ér7, Arr)’ = IT evq(Err, hurr). 


t=1 


The last case induces ¢;7(z) > 1 — nip > nip and Cr7(y) > 1 — nip > nip, ie, zy € U((lrr, Arr)’ for 
1=1,2,--- ,k. It follows that 


k 
a ca () TT eyvq((err, Arr)’ = IT evq( Err, hurr). 


t=1 


Therefore I Ta fir) is a subalgebra of X for all Ayr € (0,0.5]*. Similarly, we can show that the set 
Tevq(lr, fir) is a subalgebra of X for all Ap € (0,0.5]". Let z,y © Favg(lr, tr). Then 


Cn(z) < fip or Cp(z) tap <i 
and 
Cm(y) < fip or Cr(y) +fip <1. 


If Cr(z) < Nr and Cm(y) < Nr, then 


——“"™ ——"™ 


er(z*y) < \V {er(z), Cr (y), 0.5} < tp V0.5 = tp 


<— 


—m. 


by Theorem 4.5, and so z * y € Mente) « haoniinss If 0r(z) < fip or Cp(y) + Ap <1, then 
by Theorem 4.5. Hence z * y € L(€p, fir) C Fevq(lr, fir). Similarly, if 0p(z) + Ap < Land Cp(y) < fi 
then z * YE Feavg(lr, Nr). If 2p(z) +p < 1 and lr(y) +inp< 1, then 


lr(z*y) < \V {lr(z), Cr(y), 0.5} < (1— fp) V0.5 = 0.5 < fp 


by Theorem 4.5. Thus z * y € L(€p,fAipr) C Fevq(lr, ie). Consequencly, Pegdl rs ite) is a subalgebra of 
X for all Ap € [0.5, 1)". By the similar way, we can verify that JF vq(¢rr, irr) is a subalgebra of X for all 
Nip € 0.5, i, [| 
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5 k-polar generalized (¢, € Vq)-neutrosophic subalgebras 


Definition 5.1. Let £ :— 
a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X if it satisfies: 


(ér. ¢. IT; ty a 0; r) be a k-polar generalized neutrosophic set over _X . Then Lis called 


oe T, (er, nr), Ye T, (er, ip) > ZKYE Tevg (lr, fur), 
zE IT, (Err, hurr), y C IT, (Err, hrr) => 2x Y = TT eavq(Err, Mur), (5 1) 
ze lF, (fre, fur), y CIF (lr, ftir) > z*y € [PF evgllrr, Arr), 


Z2¢e F.(p, fur), YE F.(lp, fir) > Z*YE Fevq(lr, fir) 
forall z,y EX, Np, nip € (0, ii" and Nr,Nrrp E 10, 1), 


Example 5.2. Let X = {0,1,2,a, 3} be the BCI-algebra which is given in Example 4.3. Let Li= (fr, oo 
Crp, ¢ F) be a 3-polar generalized neutrosophic set over X in which fr, ¢;r, ¢rp and fp are defined as follows: 


( (0.6,0.7,0.8) if z=0, 

 ReEeEe Sack. 

ep: X > [0,1] zt (0.0,0.0,0.9) if z=2, 
(0.0,0.0,0.0) if z=a, 

( (0.0,0.0,0.0) if =. 

( (0.6,0.7,0.8) if z=0, 

- (0.7,0.0,0.0) if z=1, 
(im X [0,1 2-4 { (0.5,0.8,0.9) if 2 =2, 
(0.0,0.0,0.7) if z=a, 

| (0.0,0.0,0.0) if z=. 

( (0.2,0.3,0.1) if z=0, 

- (1.0,1.0,0.2) if z=1, 
(ip X > (0,19, 2-9) (03,04,10) if = 2 
(0.4,1.0,1.0) if z=a, 

( (1.0,1.0,1.0) if z=, 

( (0.2,0.4,0.4) if z=0, 

(0.4,1.0,1.0) if z=1, 

fe: X IP, 2+ | (1.0,0.2,0.) if 2=2, 
(1.0,0.3,1.0) if z=a, 

| (1.0,1.0,1.0) if z=, 


It is routine to verify that L:= (fr. 0, IT; e; ae 0, r) is a 3-polar generalized (q, € Vq)-neutrosophic subalgebra 
of X. 
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Using the k-polar generalized (q, © Vq)-neutrosophic subalgebra, we show that the generaliged neutro- 
sophic g-sets and the generaliged neutrosophic € Vq-sets are subalgebras. 


Theorem 5.3. /f ee (@r. De. La 0; r) is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic q-sets TDs: nr), igaee nur), IF, (erp, fir) and F. (ep, ite) are subal- 
gebras of X for all ip, irr € (0.5, 1)" and ip, ire € [0,0.5)*. 


Proof, Let z,y € T,(€r, fr). Then z * y € Tay, (lr, ar), and so z xy € U(lp, ap) or z*y € T, (lp, fir). 
If z«y € U(lr, fr), then (1; 0 lp)(z * y) > ni. > 1 — ni, since ni, > 0.5 for all i = 1,2,--- ,k. Hence 
zey € TOs iy), and so Tl iy) 1s a subalgebra of X. By the similar way, we can verify that / Tlie Arr) 

a subalgebra of X. Let z,y © F.(p, fir). Then z *y € Feyq(lr, ftp), and so z*y € L(lp, fp) of 
ZEYE F.(p, fip). If z*y € L(lp, Ap), then (m; 0 lr)(z *y) < nip < 1—n'y since n> < 0.5 for all 
t= 1,2,---,k. Thus z*y € F.(p, fip)s and hence F. (lp, fip) is a subalgebra of X. Similarly, the set 
LF, (€rp, fire) is a subalgebra of X. = 


Theorem 5.4. /f L:= (¢r. Ve Ls. 0; r) is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X, 


then the generaliged neutrosophic € \/q-sets alle nr), eae AIT), LD Oe fire) and Pantin ne) 
are subalgebras of X for all fvp, Arr € (0.5, 1]* and tip, irr € {0,0.5)*. 


Proof. Let z,y € Pale, nr) for np € (0.5, | 1]*. Ifz,y € T. tle nr), then obviously z * y € Ei Cae 
If ze U Gane and y € T(r, rr), then br(z y+r fr Sone ss Toes.2-e T, (lr, fr). It follows that 
ra a ee Tevgllr, Ar). We can prove z*y € Tevg(lr, fir) whenever y € _U (br, fir) and z € T, (Cr, fur) 
in the same way. If z,y € U (tr, fir), then Cr(z )+np > Ziv > 1 and erly )+fgc > 2Ap > 1 and so 
Zed, MS np). Thus z * y € es ny). Therefore Teva lr, iy) is a subalgebra of X for Ar € (0. se eas 

Now, let z, 4 € Fevq(lr, fir) for ip € [0,0. 5)". If z,y € F (Cr, Ae), then obviously z * y € Fevq(€r, fir). 
Ifze : L (ep, fie) and y € F. (lp, fip), then Cr(z )+ ftp On 2 1 ee ee F.(p, fip). Hence z * y E 
Feva( Er, fir). Similarly, we can prove that if y € L(tp, ftp) and z € F' (Cr, Ar), then z*y € Fevq(Er, fir). If 
ZYeE L(ep, fir), then Cr(z J+nr < 2p < land Crly Jt np < 2p < 1, that is, z,y € F (ep, Ap). Hence 
Pere Fevq(lr, fie). Therefore een Cae fir) is a subalgebra of X for all A € [0,0.5)*. In the same way, we 


can show that ii en frp) is a subalgebra of X for Arr € (0.5, 1]* and TE 9g One ftir) is a subalgebra of 
X for all Ayr € [0,0.5)*. i 


We provide conditions for a k-polar generalized neutrosophic set to be a k-polar generalized (q, © Vq)- 
neutrosophic subalgebra. 


Theorem 5.5. For a subalgebra S' of X, let Le (ér. Line ty P; é, r) be a k-polar generalized neutrosophic set 
over X such that 


—~ —"~ 


r(z) 2 0.5, Cre(2) 
lrr(z), Err(z) = 


Then L is a k-polar generalized (q, € Vq)-neutrosophic subalgebra of X. 


ey 


(5.2) 
(5.3) 


) 


(Vz € S)(€r(z) > 0.5, 
(Vz € X \ $)(@r(z) = 


= 
aK) Cl 
SS 
wy? 
ae 
IA 
ep) 
Ro 


er 
0= 
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Proof, Let z,y € T,(€r, fir) =, T, (lr, fur)’. Then (m0 lp)(z) + ni, > Land (1,007) (y) +n, > 1 for all 
i=1,2,--- ,k. Ifzxy € S, then z € X\S ory € X \S since S is a subalgebra of X. Hence (mj 0br) (2 =) 
or (77; © er)(y ) = 0, which imply that ni, > 1, a contradiction. Thus z « y € S and so (7; © tr\(2 ey) > 0.5 
by (5.2). ma > 0.5, then (m0 br) (2 *y) +ni,> lie, z*y € Ty (lr, fer)! for alli = 1,2,--- ,k. Hence 
zekY E a ee (lr, Ar) = = (er, fir), Similarly, if z,y € IT. (err, frr)s then z * y € IT, ber, har) Let 
z,y E€IF u(Coe fa) = ae LF, (Ore, fire)’. Then (7; 0 rr) (2 )+ntp, < land L (7 o lr) (y) a A 
for all 2 = 1,2,---,k, which implies that z * y € S. If Nip > 0.5, then (7 O bre\(z k y) <0 3; 
for all 7 = 1,2,--- ,k which shows that z * y € fi _L(erp, tire)! a L(¢re, irr). If nt < 0.5, then 
(1; 0 Cre)\(z * y) t nin <1 for alli = 1,2,---,kandsoz*y € es eee (Cre, frre)’ = IF, (€rp, frp). 
Similarly way is to show that if z,y € F (e; F; fap) then z* y € Fevq(€; Fr, npr). Therefore Lisa k-polar 
generalized (gq, € Vq)-neutrosophic subalgebra of X. [ 


Combining Theorems 5.3 and 5.5, we have the following corollary. 


Corollary 5.6. Jf a k-polar generalized neutrosophic set _— (Gr, Orr. 0; ae r) satisfies two conditions 


(5.2) and (5.3) fora subalgebra S of X, then the generaliged neutrosophic q-sets T, ' (er, nr), IT, (err, nr), 
IF (rp, frp) and F (er, fie) are subalgebras of X for all ip, irr € (0.5, 1)" and ip, ire € [0,0.5)*. 


6 Conclusions 


We have introduced k-polar generalized neutrosophic set and have applied it to BCK/BCI-algebras. We have 
defined k-polar generalized neutrosophic subalgebra, k-polar generalized (€, € Vq)-neutrosophic subalge- 
bra and k-polar generalized (q, € Vq)-neutrosophic subalgebra and have studid various properties. We have 
discussed characterization of k-polar generalized neutrosophic subalgebra and k-polar generalized (€, € Vq)- 
neutrosophic subalgebra. We have shown that the necessity and possibility operator of k-polar generalized 
neutrosophic subalgebra are also a k-polar generalized neutrosophic subalgebra. Using the k-polar gener- 
alized (€, € Vq)-neutrosophic subalgebra, we have shown that the generaliged neutrosophic q-sets and the 
generaliged neutrosophic € Vq-sets subalgebras. Using the k-polar generalized (q, © Vq)-neutrosophic sub- 
algebra, we have shown that the generaliged neutrosophic qg-sets and the generaliged neutrosophic € Vq-sets 
are subalgebras. Using the generaliged neutrosophic € Vq-sets, we have established a k-polar generalized (€, 
€ Vq)-neutrosophic subalgebra. We have provided conditions for a k-polar generalized neutrosophic set to be 
a k-polar generalized neutrosophic subalgebra and a k-polar generalized (q, € Vq)-neutrosophic subalgebra. 
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Abstract: The objective of this article is to introduce a new hybrid model of neutrosophic N-soft set 
which is combination of neutrosophic set and N-soft set. We introduce some basic operations on 
neutrosophic N-soft sets along with their fundamental properties. For multi-attribute decision- 
making (MADM) problems with neutrosophic N-soft sets, we propose an extended TOPSIS 
(technique based on order preference by similarity to ideal solution) method. In this method, we first 
propose a weighted decision matrix based comparison method to identify the positive and the 
negative ideal solutions. Afterwards, we define a separation measurement of these solutions. Finally, 
we calculate relative closeness to identify the optimal alternative. At length, a numerical example is 


rendered to illustrate the developed scheme in medical diagnosis via hypothetical case study. 


Keywords: Neutosophic N-soft set, operations on neutosophic N-soft sets, MADM, TOPSIS, medical 
diagnosis. 


1. Introduction 


In contemporary decision-making science, multi-attribute decision-making (MADM) phenomenon 
plays a significant role in solving many real world problems. To deal with uncertainties, researchers 
have introduced different theories including, Fuzzy set (FS) [54] that comprises a mapping 
communicating the degree of association and intuitionistic fuzzy set (IFS) [10, 11] that comprises a 
pair of mappings communicating the degree of association and the degree of non-association of 
members of the universe to the unit closed interval with the restriction that sum of degree of 
association and degree of non-association should not exceed one. Smarandache [46, 47] introduced 
neutrosophic sets as an extension of IFSs. A neutrosophic object comprises three degrees, namely, 
degree of association, indeterminacy, and the degree of non-association to each alternative. 

Smarandache's Neutrosophic Set [50] is a generalization of Intuitionistic Fuzzy Set, Inconsistent 
Intuitionistic Fuzzy Set (Picture Fuzzy Set, Ternary Fuzzy Set), Pythagorean Fuzzy Set (Atanassov’s 
Intuitionistic Fuzzy Set of second type), g-Rung Orthopair Fuzzy Set, Spherical Fuzzy Set, and n- 
Hyper-Spherical Fuzzy Set; while Neutrosophication is a generalization of Regret Theory, Grey 
System Theory, and Three-Ways Decision. In 1999, Molodtsov [32] presented the notion of soft set as 
an important mathematical tool to deal with uncertainties. In 2007, Aktas and Cagman [6] extended 
the idea of soft sets to soft groups. In 2010, Feng et al. [18, 19] presented several results on soft sets, 
fuzzy soft sets and rough sets. In 2009 and 2011, Ali et al. [7, 8] introduced various properties of soft 
sets, fuzzy soft sets and rough sets. In 2011, Cagman et al. [12], and Shabir and Naz [51] independently 


presented soft topological spaces. Arockiarani et al. [9], in 2013, introduced the notion of fuzzy 
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neutrosophic soft toplogical spaces. In 2016, Davvaz and Sadrabadi [16] presented an interesting 
application of IFSs in medicine. Nabeeh et al. [33, 34] worked on neutrosophic multi-criteria decision 
making approach for loT-based enterprises and for personnel selection used the neutrosophic- 
TOPSIS approach in 2019. Chang et al. [35] worked towards a reuse strategic decision pattern 
framework-from theories to practices. Garg and Arora [20]-[23] introduced generalized intuitionistic 
fuzzy soft power aggregation operator, Dual hesitant fuzzy soft aggregation operators, a novel scaled 
prioritized intuitionistic fuzzy soft interaction averaging aggregation operators and their application 
to multi criteria decision-making. Peng and Dai [36] presented some approaches to single-valued 
neutrosophic MADM based on MABAC, TOPSIS and new similarity measure with score function. 
Hashmi et al. [24] introduced m-polar neutrosophic topology with applications to multi-criteria 
decision-making in medical diagnosis and clustering analysis. In 2019, Naeem et al. [29] presented 
pythagorean fuzzy soft MCGDM methods based on TOPSIS, VIKOR and aggregation operators. In 
2019, Naeem et al. [30] established pythagorean m-polar fuzzy sets and TOPSIS method for the 
selection of advertisement mode. In 2019, Riaz et al. [37] introduced N-soft topology and its 
applications to multi-criteria group decision making (MCGDM). Riaz and Hashmi [38] introduced 
the concept of cubic m-polar fuzzy set and presented multi-attribute group decision making 
(MAGDM) method for agribusiness in the environment of various cubic m-polar fuzzy averaging 
ageregation operators. Riaz and Hashmi [39] introduced the notion of linear Diophantine fuzzy Set 
(LDES) and its applications towards multi-attribute decision making problems. Riaz and Hashmi [40] 
introduced soft rough Pythagorean m-polar fuzzy sets and Pythagorean m-polar fuzzy soft rough sets 
with application to decision-making. Riaz and Tehrim [41, 42, 43] substantiated the idea of bipolar 
fuzzy soft topology, cubic bipolar fuzzy set and cubic bipolar fuzzy ordered weighted geometric 
aggregation operators and their application using internal and external cubic bipolar fuzzy data. Riaz 
and Tahrim [44] introduced the concept of bipolar fuzzy soft mappings with application to bipolar 
disorders. 

Smarandache [48] introduced a unifying field in logics: Neutrosophic Logic. Neutrosophy, 
Neutrosophic Set, Neutrosophic Probability and Statistics. Smarandache [49] introduced 
Neutrosophic Overset, Neutrosophic Underset, and Neutrosophic Offset. Similarly for Neutrosophic 
Over-/Under-/Off- Logic, Probability, and Statistics. 

Soft sets provide binary evaluation of the objects and other mathematical models like fuzzy sets, 
intuitionistic fuzzy sets and neutrosophic sets associate values in the interval [0,1]. These models fail 
to deal with the situation when modeling on real world problems associate non-binary evaluations. 
Non-binary evaluations are also expected in rating or ranking positions. The ranking can be 
expressed in multinary values in the form of number of stars, dots, grades or any generalized 
notation. Motivated by these concerns, in 2017, Fatimah et al. [17] floated the idea of N-soft set as an 
extended model of soft set, in order to describe the importance of grades in real life. In 2018 and 2019, 
Akram et al. [1]-[3] introduced group decision-making methods based on hesitant N-soft sets and 
intuitionistic fuzzy N-soft rough set. 

The technique for the order of preference by similarity to ideal solution (TOPSIS) was initially 
developed by Hwang and Yoon [26] in 1981. The core idea in the TOPSIS method is that selected 
alternative should have least geometric distance from positive ideal solution and maximum 


eeometric distance from negative ideal solution. Positive ideal solution represents the condition for 
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best solution whereas negative ideal solution represents the condition for the worst. In 2000, Chen 
[13] extended the TOPSIS method to fuzzy environment and solved a decision making problem based 
on fuzzy information. Later, in 2008, Chen and Tsao [14] developed interval-valued fuzzy TOPSIS 
method. TOPSIS method in intuitionistic fuzzy framework was proposed by Li and Nan [31] in 2011. 
Joshi and Kumar [28] discussed TOPSIS method based on intuitionistic fuzzy entropy and distance 
measure for multi-criteria decision making. Recently, in 2016 Dey et al. [15] employed TOPSIS method 
for solving decision making problem under bipolar neutrosophic environment. In 2013, Xu and 
Zhang [53] developed a novel approach based on maximizing deviation and TOPSIS method for the 
explanation of multi-attribute decision making problems. In 2014, Zhang and Xu [55] presented an 
extension of TOPSIS in multiple criteria decision making with the help of Pythagorean fuzzy sets. 
Chen and Tsao [14] proposed interval-valued fuzzy TOPSIS method and its experimental analysis in 
2016. In 2018, Akram and Arshad [4] presented a novel trapezoidal bipolar fuzzy TOPSIS method for 
group decision-making. In 2019, Akram and Adeel [5] presented TOPSIS approach for MAGDM 
based on interval-valued hesitant fuzzy N-soft environment. In 2019, Tehrim and Riaz [45] presented 
a novel extension of TOPSIS method with bipolar neutrosophic soft topology and its applications to 
multi-criteria group decision making (MCGDM). Riaz et al. [56]-[57] introduced novel concepts of 
soft rough topology with applications to MAGDM. 

The goal of this paper is to present a new hybrid model "neutrosophic N-soft set" and their 
applications to the decision making (DM). Neutrosophic N-soft set is the generalization of N-soft set, 
fuzzy N-soft set and intuitionistic fuzzy N-soft. 


The comparison analysis of the proposed model with some existing models is given in Table 1. 





Table 1: Comparison with other existing theories 
The rest of paper is organized as follows. In Section 2, we recall some fundamental concepts of N- 
soft set, fuzzy neutrosophic set and fuzzy neutrosophic soft set. In Section 3, we propose our new 
hybrid model fuzzy neutrosophic N-soft set along with their examples. We also present some basic 


operations on fuzzy neutrosophic N-soft set with illustrations. We also investigate fundamental 


M. Riaz, K. Naeem, I. Zareef and D. Afzal, Neutrosophic N-Soft Sets with TOPSIS method 


Neutrosophic Sets and Systems, Vol. 32, 2020 149 


properties of the proposed model by using defined operations. In Section 4, we construct relations 
by using fuzzy neutrosophic N-soft set and define composition of fuzzy neutrosophic N-soft sets 
using relations. We also define some new choice functions and score functions in connection with 
fuzzy neutrosophic N-soft sets. In Section 5, we proposed DM method for medical diagnosis by the 
model. In Section 6, we give anumerical example of this diagnosis method via conjectural case study. 
In Section7, we conclude with some future directions and give suggestions for future work. 
2. Preliminaries 

In this segment, we review some essential definitions and a few aftereffects of N-soft and 
neutrosophic sets that would be accommodating in the following segments. 
Definition 2.1 [54] A fuzzy set 0 in X is assessed up by a mapping with X as domain and 
membership degree in [0,1]. The accumulation of all fuzzy sets (FSs) in the universal set X is 
signified by 0(X). 
Definition 2.2 [46,47] A  neutrosophic set (NS) P over the universe of discourse X is defined as 

P = {(@, Tp), Ip), Fr(P))): @ € XJ 
where Tp, Ip, Fp: X >]~0,1*[ and ~0 < Tp(~) + Ip(y) + Fp(@) S 3°. 
The mapping Tp stands for degree of membership, Ip is the degree of indeterminacy and Fp is the 
degree of falsity of points of the given set. From philosophical perspective, the neutrosophic set takes 
the entries from some subset of ]~0,1*[. But it many actual applications, it is inconvenient to utilize 
neutrosophic set with entries from such subsets. Therefore, we consider the neutrosophic set which 
takes the entries from some subset of [0,1]. 
Definition 2.3 [9] Let X be a space of objects (points). A fuzzy neutrosophic set (FNS) P in X is 
dispirit by a truth-membership function Tp, an indeterminacy membership-function Ip and a 
falsity-membership function Fp. In mathematical form, this collection is expressed as 
P = {(g, (Tp(P), Ip(p), Fp(y))): g € X, Tp, Ip, Fp € [0,1]} 
with the constraint that sum of Tp(@~), Ip(@) and Fp(@) should fallin [0,3] i.e. 
0< Tp@) + Ip@) + Fp(g) s 3 
Definition 2.4 [32] Let X be the set of points and E be the set of attributes with £ in FE. Assume that 
P(X) denotes collection of subsets of X. The pair (¢,£) is said to be a soft set (SS) over X, where ¢ 
is a function given by ¢:L— P(X) 
Thus, an SS is expressed in mathematical form as 
(CL) = US, 6S )):5 © Lh. 
Definition 2.5 [9] Let X be the initial universal set and E be the set of parameters. We consider the 
non-empty set LCE. Let P(X) signifies the set of all NSs of X. The accretion 0, is called the 
neutrosophic soft set (NSS) over X, where Q, is a function given by Q,:L — P(X). We can write it as 
OQ, = (6, (@, Tee) (P), Lecce) (@), Fece)(@)): @ © X}): § € E} 
Notice that if Q;¢(¢) = {(g, 0,1,1): g € X}, then NS-element (€,0;(¢)) does not seem to appear in the 
NSS Q;. The set of all NSSs over X is symbolized by NS(X,). 
Definition 2.6 [17] Let X be a set of points and E be a set of attributes with £ in E. Let G = 
{0,1,2,---, N —1} be the set of ordered grades where N € {2,3,-:-}. The N-soft set (NSS) on X is 
denoted by (7, £,N) where ¢:£-— 2**9 is a map characterized by 
0(S) = (% rez)) 
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Vo E X, € E L, Ve) E G. 
Definition 2.7 [17] A weak complement of N-soft set (f,£,N) is another N-soft set (¢°, £,N) gratifying 
CE) NCS) =o, VE EX. 
Definition 2.8 [17] A top weak complement of N-soft set (¢,£,N) is an N-soft set (¢*,£,N), where 
(*,£,N) = bee =(9,N-1), iffge (9) <N-1 
-_ C(S) = (@, 9), ifr (9) =N-1 
Definition 2.9 [17] A bottom weak complement of N-soft set (¢,£,N) is one more N-soft set (¢,,£,N), 


where 


—(6O=@.%, — ifrae(g)>0, 
ey a =(9,N-1), ifrne() = 0. 


3 Neutrosophic N-soft Set 


In this section, we propose a novel structure neutrosophic N-soft set (NNSS), which is blend of NS and 
NSS. We present some definitions and operations on NNSS too. Some properties of NNSS associated 
with these operations also have been set up. 

Definition 3.1 Let X be the initial universe set, E the set of attributes and G the aggregate of 
ordered grades. We consider non-empty subset £ of E. Let P(X x G) be the collection of all NSSs of 
XxG. A _ neutrosophic N-soft set (NNSS) is signified by (A,0,N), where 0 = (¢,£,N) is an NSS. If 
there is no ambiguity, we can abbreviate it as A; represented by the mapping 
Ap: £ > P(X x G) 
Mathematically, 
Ac = (EES) = (A, Tee (@), Lee (@), Fee) (@)), Kee) (@)), Ke € G, 
y €X,T;,,I,, F, € [0,1]}, € € E} 
In short form, we may write 
Ap = {Te (S))§ € F} 
where 
MS) = {CG Tee) @), Lace) (@), Fece) (P)), Vere (9): He EGG EX Ty, Ip, Fe € [0,1]} 
The accretion of all NNSSs is denoted by NNS(X). 
Our proposed structure is more generalized then other existing models. The existing models are 


special cases of our proposed model, as shown in Table 2 


Neutrosophic N-soft Set (Proposed) ($, (@, Tee) (P), Tepe (@), Fee (®)) Fee (P)) 
Intutionistic N-soft Set [3] ($, (@, Tee) (@),9, Fece)(P)), Kez) (P)) 
Fuzzy N-soft Set [1] ($, (@, Tee) (@),0,0), ree) (P)) 
N-soft Set [17] ($, Tez) (P)) 


Table 2: Comparison with N-soft set and it's other existing generalization 


Example 3.2. Let X = {@,,@2} and E = {&,,&,€3}. Consider EF 2 L = {€,,é,}. Define N8S5 as A; = 
{(é, (€,)): & € £,i = 1,2}, where 855 is given in Table 3 below: 


(¢, L, 8) 
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Table 3: Tabular representation of 855 
Now, we define N8SS as 
l- (1) = {((1, 0.8,0.5,0.1),6), (pz, 0.6,0.2,0.9),4)} 


l-(é2) = {((G4, 0.5,0.7,0.3),3), (pz, 0.7,0.4,0.8),5)} 
The tabular representation of N85S is given in Table 4. 


((0.8,0.5,0.1),6) ((0.5,0.7,0.3),3) 





((0.6,0.2,0.9),4) ((0.7,0.4,0.8),5) 


Table 4: Tabular representation of N855S 


Remarks: 
1. Every N255 (A,Q, 2) is generally equal to NSS. 


2. Any arbitrary NNSS over the universe X can also be thought of as N(N + 1)-soft set. For example 
an N8SS can also be treated as an N9SS for the grade 8 is never used as can be seen in Table 4. 


This observation may be extended on the parallel track. 


Now, we head towards presenting some arithmetical notions related to NNSS. 
Definition 3.3 Let Ar, Ay ENNS(X). A, is said to be NNS- subset of Ayz, if 
LEM, 
Tee) (@) S Ture) (@), 
Ice) (P) 2 Ince) (@), 
Fe) (@) 2 Free) (@), 
Tre(P) SF Tue) (Y) 
VE EE, DEX, r, €G. We demonstrate it by Ag E Ang. Ane is said to be NNS- superset of Ag. 


Example 3.4 Let X = {~,,@2} and E = {é,,¢,é3}. Consider EF 2 L = {&,,€,}. Consider N8SS A; as 
civen in Example 3.2. Let M = E. Define N855 Ay as 


Ave = (Si Te Sid): 6 © Mt = 1,2,3} 
where 85S is given in Table 5 below. 





Table 5: Tabular representation of 855 


Now, we define N8SS 
Pye (€1) = {((P1, 0.9,0.4,0.0),7), ((@z, 0.7,0.1,0.8),5)} 
Pye (€2) = {((Q 4, 0.6,0.5,0.2),4), ((@2, 0.9,0.3,0.8),7)} 


Pye (63) = {((1, 0.8,0.5,0.1),6), (3, 0.5,0.7,0.3),3)} 
having tabular form 
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((0.9,0.4,0.0),7) ((0.6,0.5,0.2),4) ((0.8,0.5,0.1),6) 





((0.7,0.1,0.8),5) ((0.9,0.3,0.8),7) ((0.5,0.7,0.3),3) 


Table 6: Tabular representation of N855 
It can be seen from Table 4 and Table 6 that A; E Azy. 
Definition 3.5 Let Ag, Ay ENNS(X). Then A; and Az are said to be NNS- equal, if 
L=M, 
Tee) (@) = Ture) (@), 
Ice) (P) = Inece)(@), 
Fe) (@) = Furey (@), 
Tez) (P) = Tue) (Y) 
VE EE, DpEX,r, €G. We demonstrate it by Ag = Ay. 
Definition 3.6 Let A, ENNS(X). If Tee) (9) = 0, Icey (@) = 1, Fee) (@) = 1 and 72(2)(~) = 0, VE € 
E, pEX, r, €G; then Ay is called null NNSS and symbolized by A;,. 
Example 3.7. Let X = {@,,@2} and E = {&,,&,€3}. Consider EF 2 £L = {€,,¢,}. Define null N855 as 
Acy = (Si Teg (Si): 6 © £0 = 1,2} where 
Peg 1) = (CP1, 9,1,1),0), (2, 0,1,1),0)} 
Fey $2) = {C1 9,1,1),0), (2, 0,1,1),0)} 
The tabular form given in Table 7 


Arg 


in | oaayo 
(ann | wane 


Table 7: Tabular representation of null N855 
Definition 3.8 Let A; ENNS(X). If Tye) (@) = 1, Tepe) (@) = 0, Fecey(@) = 0 and rz)(~) = N — 1, 
VE EE, DEX; €G, then A, is called absolute NNSS and symbolized by A,;. 
Example 3.9 Let X = {p,,@2} and EF = {é,,¢,,é3}. Consider E 2 L = {€,,€,}. Define absolute N8SS 
as Ag = {(6, Te(€)): & € £,1 = 1,2} where 
M(S1) = {C1 1,0,0),7), (pz, 1,0,0),7)} 


M(S2) = {(P1) 1,0,0),7), (Pz, 1,0,0),7)} 
having tabular representation that is given in Table 8: 





Table 8: Tabular representation of absolute N8S5S 
Proposition 3.10 Let Ay, Ag, Ane ENNS(X). Then, 
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1. Ay & Ap. 
2. Ac, E Ac. 
3. Ap Eady. 
4A. ax EGaAp and Ap E Ay > Ax EA. 
Proof. The proof follows directly from definitions of related terms. 
Proposition 3.11 Let Ax, Ag, Ane ENNS(X). Then, 
1. Ag =Ay and Ap =Aye D> An = Ax. 
2.ApE An and Ay EAp D> Ap =A. 
Proof. Straight forward. 
Definition 3.12 Let A, ENNS(X). Then weak complement of NNSS A, is symbolized by At and defined 
as 
Az = ((E, Ty): € € EF} 
where 
Te = (Fee) ()-1 — Lee (9), Tee (9)), Pew ()): Y EX} 
Here TEE) (p~) denotes weak complement defined in Definition 2.7. 
Example 3.13 Let X = {@,,@2} and E = {€,,¢,,€3}. Consider EF 2 L = {€,,€,}. Define complement 
of N8SS A, given in Example 3.2 as At = {(&, If (é,)): €; € £,i = 1,2} ie. 
P(E) = {((;, 0.1,0.5,0.8),5), ((@2, 0.9,0.8,0.6),7)} 
P(E) = {((y, 0.3,0.3,0.5),4), ((2, 0.8,0.6,0.7),2)} 


The tabular form is given in Table 9. 


((0.8,0.5,0.1),5) ((0.5,0.7,0.3),4) 
(07.04,08)2) 


Table 9: Tabular representation of weak complement of N8SS 
Proposition 3.14 Let A; ENNS(X), then 
1 GA) eae 
2. Ap, # Ag. 
3. Ap #Acy. 





Proof. Straight forward. 
Definition 3.15 Let Ag ENNS(X). Then top weak complement of NNSS Ag is symbolized by Az and 
defined as 
At = ((E,T):€ € E} 
Where, 


ME = (09, Fee (@).1 — Lee (), Tee (@)), Fee) (YP): P EX} 
where, Ti zx)(p) denotes top weak complement defined in Definition 2.8. 


Example 3.16 Let X = {@,,@2} and E = {€,,¢,,€3}. Consider EF 2 L = {€,,€,}. Define complement 
of N8SS A, given in Example 3.2 as Ap = {(6, IF (&)): & € £,i = 1,2} ie. 


le (E1) = {((@y, 0.1,0.5,0.8),7), ((p>, 0.9,0.8,0.6),7)} 
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P¥ (E>) = {((@,, 0.3,0.3,0.5),7), ((@>, 0.8,0.6,0.7),7)} 


In tabular form given in Table 10. 


a 
Pr 
P2 





For ((0.8,0.5,0.1),7) ((0.5,0.7,0.3),7) 
eeu! ((0.6,0.2,0.9),7) ((0.7,0.4,0.8),7) 


Table 10: Tabular representation of top weak complement of N8SS 
Proposition 3.17 Let A; ENNS(X). Then, 
1. (Ap)* # Ag. 
2. Ac, = Ag. 
3. Ap =Az $° 


Proof. The proof follows quickly from definitions of relevant terms. 
Definition 3.18 Let A; ENNS(X). Then bottom weak complement of NNSS A, is symbolized by Ar, and 
defined as follows 
Ac, ={O Te): $ © E} 
where 
lp = {U@, Fez) (p),1 - Lee) (~), Tee) (P)), Tee), (p)):p EX} 
Here r,(¢),(@) denotes top weak complement defined in Definition 2.9. 
Example 3.19 Let X={,,@2} and E = {é,,é,,é3}. Consider EF 2 L£L = {&,,€,}. Bottom weak 
complement of N85S A; defined in Example 3.2 as Ay, = {(6, Ty, (6)): & € £ i = 1,2} where 
le, (€1) = {CPz, 0.1,0.5,0.8),7), ((2, 0.9,0.8,0.6),7) } 
ly, (€2) = {((P4, 0.3,0.3,0.5),7), (2, 0.8,0.6,0.7),7)} 
In tabular form the bottom weak complement of N8SS is given in Table 11. 
Table 11: Tabular representation of bottom weak complement of N855S 
Proposition 3.20 Let A; ENNS(X). Then, 
1. Ags # Ag. 
2. (Ary )« = Aj. 
3. Ag, =A, 6° 





Proof. Straight forward. 
Definition 3.21 Let Az, Aye ENNS(X). Then difference of Ag and Az_ is symbolized by Ag\Ane and 
is defined as 
Ap\Ane = (SCP Tee ce P) Leen ee (P), Fee me (P)) Kee) (P)): 
po € X}):€ € FE} 

where Trey acz)(P), Lcceyaeej(@) and Fecz)\nece)(@) are defined as 

Tee e)(Y) = min{T cz) (P), Farce) (P) 3 

Icceyymece)(P) = max{I cz) (P),1 — Ince) (3 

F eceyyece)(P) = Max{F ce) (@), Tree) (P)} 
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Tre (P) —Tue(P), Lee (P) > Tacce)(P), 


WY — 
cena e) P) to otherwise 


Definition 3.22 Let Ag, Any ENNS(X). Then addition of Ag and Ay is symbolized by Ap BAe 
and is defined as 
Ap DAn = (SUP Tee@accey GP), Lee@amce) (P), Feeyoaece)(P)) Te@mcey(P)): P © Xf): 5 € E} 
where Trem (9) Icom) and Fre@mugy() are given as 
Tre@ame (MP) = min{T¢@)(@) + Tue (@),1} 
Lp@a@mce)(M) = min{I gz) (PM) + Inece)(G), 13 
Fre@mce)(M) = min{F ez) (@) + Free) (9), 13 
eee oar + Kez) (P); oe Vz) (P) + Muccz) (P) = =; 
cey(P) + Tue) (Y) 2N-1 
Definition 3.23 Let Az,Any € NNS (X) be expressed as Ap = (A4,04,N) and Ang = (Az, D2, Ny) 
where (, = (¢,,£,N2) and 02 = (¢,,M,N,) are NSSs. Then their restricted union is symbolized by 
(A,,.04,.No) Up (Az, 02,N,) and defined as (w,Q2, Ug 0,,max(N,,N,)) where 0, Up Q, = (W,LN 
M,max(N,, Nz)) 1.e. 
(Ay, 24, N2) Ug Az, 2, N41) 
= (6,10, Tee) (@) V Tacce)(@), Tere) (P) A Taece) (), Fece(@) A Farce) (@)), Vee) (P) 
V rue) (P)): peEX}):€E€ LM} 
Example 3.24 Consider again A;,Ajy¢ as given in Examples 3.2 and 3.4 respectively. The restricted 


union Ap Ug Ay is given in Table 12. 


0, ((0.9,0.4,0.0),7) ((0.6,0.5,0.2),4) 
2 yet ys ) 


/ 





((0.7,0.1,0.8),5) ((0.9,0.3,0.8),7) 


Table 12: Tabular representation of restricted union of two N85Ss 
Definition 3.25 Let Azg,Ay € NNS (X) be expressed as Ag = (A,,04,N) and Age = (Az, N2,Ny) 
where 0, = (¢1,£,N2) and Q2 = (42,M,N,) are NSSs. Then their extended union is symbolized by 
(A,,.04,.No) Ue (Az, 0Q2,N,) and defined as (w,Q, Uc N,,max(N,,N,)) where 0, Uc QO, = (W,LU 
M,max(N,,N>)) ie. 
(Ay,.04,N2) Us (Az, 22,1) = (665 £C@ Tee) (@) V Taece) (@), Lee (@) A Decay (), Fee) (@) A Farce) (@)), 
Vz) (P) V Taecze)(P)): M € X}):F ELUM} 


Example 3.26 Consider again A;,Ay, as given in Examples 3.2 and 3.4 respectively. The extended 


union A; Uc Ay is given in Table 13. 


01 ((0.9,0.4,0.0),7) ((0.6,0.5,0.2),4) ((0.8,0.5,0.1),6) 


/ 





((0.7,0.1,0.8),5) ((0.9,0.3,0.8),7) ((0.5,0.7,0.3),3) 


Table 13: Tabular representation of extended union of two N855Ss 
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Theorem 3.27 Let Ap, An ENNS(X). Then their extended-union Ag Ug Aye is the smallest NNSS containing 
both Ar¢ and Ay,. 
Proof. Straight forward. 
Definition 3.28 Let Az,Ay € NNS (X) be expressed as Ap = (Ay,04,N) and Age = (Az, 2, Ny) 
where (, = (¢,,£,N2) and 02 = (¢,,M,N,) are NSSs. Then their restricted intersection is symbolized 
by (4,91, N2) Ny Az, 22,N,) and is defined as (y, 0, Ug 22,min(N,,N2)) where 0, Ny OQ, = (Y,£N 
M,min(N,, N2)) i.e. 

(Ay, 01, N2) Ne Az, 92,1) = 15,10, Tee (@) A Tare) @), Lace) (@) V Tee) (@), Fecey @) V Facey ()), 

Ve (P) A Tue (P)):' 9 EX: 6 ELNM} 

Example 3.29 Consider again A;,Ayz- as given in Examples 3.2, 3.4 respectively. The restricted 


intersection A; Ng Ay is given in Table 14. 
((0.5,0.7,0.3),3) 


((0.6,0.2,0.9) 4) ((0.7,0.4,0.8) 5) 


Table 14: Tabular representation of restricted intersection of two N855Ss 


Theorem 3.30 Let Ac, Aye ENNS(X). Then their restricted-intersection Ag Ng An is the largest NNSS 





contained in both A, and Ayx,. 
Proof. Straight forward. 
Definition 3.31 Let Azg,Ay € NNS (X) be expressed as Ag = (A,,04,N) and Age = (Az, D2, Ny) 
where (, = (¢,,£,N2) and 02 = (¢,,M,N,) are NSSs. Then their restricted intersection is symbolized 
by (A,,.94,N2) Ne (Az, 22,N,) and defined as (y,0,1 Ng N2,min(N,,N2)), where 0, Ng 02 = (Y,£LU 
M,min(N,, Nz)) i.e. 

(Ay,.04,N2) Ne (Az, 22,1) = (66, C@ Tee) (@) A Taece) (P), Teej (@) V Decay (@), Fee) (@) V Farce) (@)), 

Vz) (P) ATuee)(P)): P € XJ): F ELUM} 

Example 3.32 Consider again A;,Ay¢ as given in Examples 3.2, 3.4 respectively. The extended 


intersection A; Ng Aye is given in Table 15. 


V1 ((0.8,0.5,0.1),6) ((0.5,0.7,0.3),3) ((0.8,0.5,0.1),6) 


Me 





((0.6,0.2,0.9),4) ((0.7,0.4,0.8),5) |  ((0.5,0.7,0.3),3) 


Table 15: Tabular representation of extended intersection of two N8SSs 
For any two NNSS A; and Ajz¢ over same set of points X and using the operations defined above, 
we conclude the following proposition: 
Proposition 3.33 Let Ag and Ay, be two NNSS 
(1) Ag UgdAg = Ag 
(2) Ag Us Ane = Ane Us Ae 
(3) AcNedAg = Ag 
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(4) Ag Np Ane = Ane Np Ae 
(5) Ag Us Acy = Ac 
(6) Ag NRAcy = Ary 
For any three NNSS A; , Aye and Ay over same set of points X and using the operations defined 
above, we conclude the following proposition: 
Proposition 3.34 Let Ag , Aye and Ay be three NNSS 

(1) Ag Us Ane Uc A) = Ag Ue Ane) Us Ay 

(2) Ag Np Ane Nr Aw) = Ac Ne Ane) Ne Aw 

(3) Ac Us Ane Np Aw) = Ac Us Ane) Ne Ug Use Aw) 

(4) Ac Np Ane Uc Aw) = Ac Ne Ane) Ue Uc Ne Agv) 
Definition 3.35 Let Azg,Aye € NNS (X) be expressed as Ap = (A,,.04,N) and Age = (Az, D2, Ny) 
where 2, = (¢,,£,N2) and O02 = ((2,M,N,) are NSSs. Then AND Operation symbolized by 
(A1,.04,N2) A (Az, 22,N,) or shortly Ag AA and is defined as (A,,04,N2) A (Az, 02,Nq) = Age £ X 


M,min(N,,N2)), where degree of membership , indeterminacy and non-membership are given as 


follows: 
Tx ge) (@) = min{T ce) (P), Tare (M)3; 
tlccé,) tI aece (PS 
lx ce,¢,) (9) = ——, 
Fxe(¢,¢;)(P) = maxt{F ee) (P), Furey) (PI 
VEE) (P) = Max{reE)(P), TE) (ME VEi E45; © M 
for all g EX. 


Definition 3.36 Let Az,Ay ENNS(X) be two NNS be expressed as Ap = (A,,0,,N) and Ay = 
(Az, N2,N,) where 0, = (¢,,£,N2) and 02 = (¢2,M,N,) are NSSs. Then OR operation is symbolized 
by (Ay,91,N2) V (Az, 22,N,) or shortly Ag VAz¢ and is defined as (A1,.04,N2) V (Az, 2,N1) = Ax, £ X 


M,min(N,,N2)), where degree of membership ,indeterminacy and non-membership are given as 


follows: 
Tye@,¢,)(P) = max{T cy (P), Tate) (PIS 
ce, (It Ime (P)3 
lee, ;) (p) = 5 ) 
Foe(e,¢)(@) = min{F ee) (@), Free) (P45, 
THEE) (P) = Min{re(E)(P), Tue) (PE VE € £6) EM 
forall g EX. 


Definition 3.37 The Truth-favorite of an NNSS A, is denoted by Ay =A Az and is defined by 


Tee) (9) = min{T cz) (P) + Ice (@),1} 
Ice) (PY) = 0 
Frey (?) = Fue (P) 
Ve(E) (p) = mM (=) (Pp) 
forall pEX,E EL. 
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Definition 3.38 The Falsity-favorite of an NNSS A, is denoted by Ayp =V Ag and is defined by 


Tee) (@) = Tare) (Y) 
Ice) (PY) = 0 
Fee) (@) = min{F ge) (@) + Iece)(@),13 
Te) (P) = Tae) (Y) 
forall pEX,E EL. 
Proposition 3.39 Let A, be an NNSS, then 
1y AAA SA Ap 
2. VV Aga Ae 
Proof. Follows immediately from definitions. 
Definition 3.40 Let A; ENNS(X). Then scalar multiplication of Ag with a is symbolized by A; ® a 
and is defined as 
Ap Ba = (6, {C@, Tere (PM) & GI ccey(P) ® a, Fece) (GY) ® @), Kee) (P) W a): — € X}): 
cE E} 
where Tye)@a(), Leey@al(P)Fece@a(P) and rez)(P) & a are detined by 


Tee) (9) B a = min{T ¢z)(P) X a, 13 
Icey (GY) BW a = min{I gz) (P) X @, 1} 
Fre) (9) WB a = min{F ez) (P) X a, 1} 


= Trye(~) xa, UFOS Tye(~)xXa<N—I, 
Oe (y =F, otherwise 


Definition 3.41 Let 4, ENNS(X). Then scalar division of Ag by a is symbolized by A,;/a and is 
defined as 

Apa = {(E, (Cp, Tee) (9) /@, Tece (9) /@, Fee (9) /@), Kez (Y)/a): p € XP): € FE} 
where Ty(zyje(P), eceyja(P) Feeyja(P) and Tz) (y)/a are defined by 


Tee) (p)/a = min{T 2) (y)/a, 3 
Ice (~)/a = min{I (2) (9) /a, 13 
Frcey(p)/a = min{F ,¢)(~)/a, 1} 


TreE(P)/a, UfOS Tee (~)/a < N —-1, 


TLE) Le (\ 1: otherwise 


TreE(P)/a, UfOSrpe(g)/a < N -1, 


TLE) Qe= if 1, otherwise 


4 Relations On Neutrosophic N-Soft Sets 


Definition 4.1 Let A; and Ay be two NNSSs defined over the universe (X,£) and (X,M) 
respectively. Neutrosophic N-soft relation R is defined as R(E;, é jf) =AcEi) Or Am (Ej), VS; € £ and 
Vé; € M, where 
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R: NV > P(X) 
isan NNSS over (X,N), where NELXM. 
Definition 4.2 The composition » of two neutrosophic N-soft relations , and R, is defined by 
(Ryo R,)(L,n) = R, (l,m) 1 K2(m,n) 
where %, is neutrosophic N-soft relations from A, to Aj over the universe (X,L) and (X,M) 
respectively and ®, is neutrosophic N-soft relations from Ay to Ay over the universe (X,M) and 
(X, NV) respectively. 
Definition 4.3 Let , is neutrosophic N-soft relation over the universe (X,£) and ®, is 
neutrosophic N-soft relation over the universe (X,M). The union and intersection of R, and R, 
defined as below 
(R, UR,)(L,m) = max{R, (I,m), R2(L, m)} 
(R, 1K,)(L,m) = min{R, (l,m), RK, (1, m)} 

where ¥,:£ X M > P(X) and R,:L xX M > P(X). 
Definition 4.4 Let A, in (X,L) be a neutrosophic N-soft set. Let R for Ag to Aye. Then max-min- 
max composition of neutrosophic N-soft set with A; is another neutrosophic N-soft set Ay of (X, M) 
which is denoted by R»A,;. The membership function, indeterminate function, non-membership 
function and grading function of Aj¢ are defined, respectively, as 

Tyoa,(m) = max{min(T (1), Te, m))j, 

Ig.a,(m) = mintmax(I,(), Ic m))}, 

FRoa,(m) = mintmax(F;(/), Fe, m))}, 

TFoa,(m) = maximin(r; (1), r¢(Lm))}, 

VIELMEM,r, EG. 
Definition 4.5 Let A; be aneutrosophic N-soft set. Then the choice function of A, is defined as 

CAy) =r7,+T,p -Ik — Fe 
Definition 4.6 Let A; and A, be two neutrosophic N-soft sets. Then the score function of Ag and 
Ay. is defined as 
Spm = CUc) — CUne) 

Definition 4.7 Let A; be aneutrosophic N-soft set. We define score function for A, as 


§, =%7,4+ 7; —1,F; 


5 Application of Neutrosophic N-Soft Set to Medical Diagnosis 

In this Section, we discuss the execution of N-soft set and neutrosophic set in medical diagnosis . In 
some previous studies of the neutrosophic set and neutrosophic soft set, there are many examples of 
medical diagnosis but all of them have lack of parameterized evaluation characterization. First we 
propose Algorithm 1 as given below. 

Algorithm 1 

Step 1: Input a set $B of patients, aset S of symptoms as parameter set and a set D of diseases . 
Step 2: Construct a relation £2(8 ©@ S) between the patients and symptoms. 

Step 3: Construct a relation a relation Di(S © D) between the symptoms and the diseases. 

Step 4: Compute the composition relation Jt © D) the relation of patients and diseases by using 


Definition 4.4. 
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Step 5: Obtain the choice function of Jt by using Definition 4.5. 

Step 6: Choose the highest choice value of patient corresponding to disease gives the higher 
possibility of the patient affected with the respective disease. 

Flow chart portrayal of Algorithm 1 is given in Figure 1: 


a_i 
i 





Figure 1: Flow chart representation of Algorithm 1 


Now we demonstrate how neutrosophic N-soft set (NNSS) can be efficiently employed in multi- 
criteria group decision making (MCGDM). First of all, we propose an extension of TOPSIS to NNSS. 
In this study, we choose TOPSIS because our goal is to solve a medical diagnosis decision making 
problem. Since medical diagnosis involves similarities (in symptoms) and TOPSIS method is most 
appropriate method for handling such problems. A detailed study of TOPSIS may be found in [26]. 
The procedural steps of Neutrosophic N-soft set TOPSIS Method to examine critical situation of each 
patient is given in Algorithm 2. 

Algorithm 2 (Neutrosophic N-soft set TOPSIS Method) 

Step 1: Constructing weighed parameter matrix H by using ranking values obtained in Step 4 of 


Algorithm 1 composition relation Jt(‘% © D) and relates it with linguistic ratings from Table 26. 


Vi1 V2 0~«°":~ Vin 
V21 12 ' Von 

H=|Vi Viz Vin |= [riz|nxn 
Vm1 Vm2 ‘"' Vmn 


Step 2: Creating normalized decision matrix B. Throughout from now, we shall use 


L, = {1,2,3,°-,n} Vn EN 





ie 


ij = (1) 
\ake1 kj 


M. Riaz, K. Naeem, I. Zareef and D. Afzal, Neutrosophic N-Soft Sets with TOPSIS method 


Neutrosophic Sets and Systems, Vol. 32, 2020 161 


bi, b12 Din 
by, by Dan 

B= bis biz Din = [bij lmxn 
Dini bm bin 


Step 3: Creating weighted vector W = {W,, W,, W;,::-, W,,} by using the expression 





wj 1 
ae rm we = mmi=l bij (2) 
Step 4: Constructing weighted decision matrix uw. 
Hi, Miz Hin 
Ho, Miz ** Han 
H=|Hi  Hi2 "Hin |= [Hijlmxn 

Umi Um2 ‘* Emn 

where Li; = W,5i; (3) 


Step 5: Finding positive ideal solution (PIS) and negative ideal solution (NIS) by using the Equations 


PIS = {ut Mz, M3," Wj Un} = {max(wjy): i € Ly} (4) 
NIS = {Hy U2,H3, Me a) = {min (Uj; ): LE Ly} (5) 
Step 6: Calculate separation measurements of PIS (5;*) and NIS (5; ) for each parameter by using the 
equations 
Si = D4 (Hi; 74 we), VLE Lin (6) 
and 
S; = [di Gy —4j)*, Vie lm (7) 


Step 7: Calculating of relative closeness of alternative to the ideal solution by using the equation 


Cae, 020 21 VieL. (8) 


=-—_, 
S7 +8; 





Step 8: Ranking the preference order. 
Flow chart portrayal of neutrosophic N-soft set TOPSIS method is shown in Figure 2. 
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Figure 2: Flow chart of neutrosophic N-soft set TOPSIS method 


5.1 Numerical Example 

Now we employ the above Algorithm 1 to find the decision factor about the following top four 
deadliest diseases in the world. Due to the following risk factors, these diseases progress slowly. Here 
is some detail about these diseases: 

D,: Coronary artery disease (CAD) 

CAD occurs when the vessels that transfer blood towards heart become narrowed. CAD leads to 


heart failure, arrhythmias and chest pain. Risk factors for CAD are 





Table 16: Risk factors for CAD 


D,: Stroke 


This fatal disease occurs when some artery isin brain blocked or leaks. The risk factors for Stroke are: 





Table 17: Risk factors for Stroke 
D3: Lower respiratory infections (LRI) 


This disease occurs due to tuberculosis, pneumonia, influenza, flu, or bronchitis. Risk factors for LRI 


contain 
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Table 18: Risk factors for LRI 
D,: Chronic obstructive pulmonary disease (COPD) 
This disease is a long-term, progressive lung disease that makes breathing difficult. Risk factors for 
COPD are 





Table 19: Risk factors for COPD 
D;: Trachea, bronchus and lungs cancers 
Respiratory cancers incorporate diseases of the bronchus, larynx, lungs and trachea. The risk factors 


for Trachea, bronchus and lungs cancers involve 





Table 20: Risk factors for Trachea, bronchus and lungs cancers 
Core in certain sense is the most basic part occurring in the considered knowledge. Core can be 
translated as the arrangement of most trademark some portion of knowledge, which cannot be 
abstained from when decreasing the data. The core risk factor of all diseases discussed above is 
"smoking". For computational purpose, let's decide the grading values depending upon the degree 


of membership function as in Table 21: 





2. 
i 2 al 
=. i ; 


Table 21: Ranking scale 


Table 22 yields relation between symptoms and patients: 
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((0.7,0.2,0.5),4) ((0.6,0.3,0.4),3) ((0.4,0.6,0.5),2) 
((0.9,0.3,0.1),5) ((0.7,0.4,0.3),4) ((0.8,0.5,0.2),4) 


((0.6,0.6,0.4),3) ((0.5,0.5,0.8),3) ((0.2,0.4,0.8),1) 
((0.2,0.5,0.8),1) ((0.3,0.1,0.7),2) ((0.7,0.1,0.3),4) 


Table 22: Relation between symptoms and patients 





The relation between the symptoms and the diseases is given in Table 23: 


((0.8,0.4,0.2),4) | ((0.9,0.2,0.1),5) | ((0.6,0.3,0.4),3) | ((0.7,0.5,0.3),4) 


Shortness o: ((0.1,0.8,0.9),1) | ((0.2,0.9,0.8),1) | ((0.5,0.7,0.5),3) | ((0.3,0.7,0.6),2) 
: gina(s3) ((0.5,0.7,0.5),3) | ((0.4,0.6,0.6),2) | ((0.3,0.5,0.7),2) | ((0.9,0.1,0.1),5) 


Table 23: Relation between the symptoms and the diseases 





The composition relation of patients and diseases in Table 24: 


Table 24: Composition relation of patients and diseases 





Table 25 gives choice values of the relation JI: 





Table 25: Choice values of relation Jt 


From Table 25, we conclude that the patients p, and py, are likely to be suffering from D2 whereas 
p3 and p, are suffering from D,. 

In order to examine the intensity level of the disease of the patients, we use neutrosophic N-soft 
TOPSIS method which is demonstrated in Algorithm 2. First, we decide the grading values as a 


function of linguistic terms as Table 26: 
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Linguistic Terms Grading Values 
Undetermined (U) 0 
Very Stable (VS) 1 
Stable (S) 2 
Grave (G) 3 
Critical (C) 4 
Very Critical (VC) 5 


Table 26: Linguistic terms for evaluation of parameters 


Now we construct weighted parameter matrix by using Step 9 and Table 26 as 


i 


Creating normalized decision matrix B by using Equation 1 


0.57 0.54 0.54 0.53 
0.57 0.68 0.54 0.53 
B= 10.43 0.41 0.54 0.40 
0.43 0.27 0.36 0.53 


C 


ww 
NO Ww U1 
DO WW WwW 
HAATDA 
Be SiGe 


Now by using Equation 2 construct weight vector 
W = {W,, W,, W;, W,} = {0.58,0.14,0.14,0.14} 
By using Equation 3 the weighted decision matrix p is 


0.33 0.07 0.07 0.07 
0.33 0.09 0.07 0.07 
u=10.25 0.06 0.07 0.06 
0.25 0.04 0.05 0.07 


The positive ideal solution (PIS) and negative ideal solution (NIS) by using the Equations 4 and 5 as 
PIS = {0.33,0.09,0.07,0.07} 
NIS = {0.25,0.04,0.05,0.06} 


The separation measurements of PIS and NIS for each parameter by using the Equations 6 and 7 are 


Sf =0.11 
Sz = 0.06 
Sz = 0.02 
Sz = 0.01 
S; =0.11 
Sz = 0.06 
53 = 0.03 
Sy, = 0.02 
The relative closeness of alternatives to the ideal solution by using Equation 8 are 
C; =05 
Cy =0.5 
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Ranking the preference order is 
Cf >Cz =>CT =CT 
which indicates that condition of patient p, is most critical. The pictorial representation of the 


rankings of the patients is demonstrated with the assistance of a chart as given in Figure 3. 


Ranking of patients 


Figure 3: Ranking of patients w.r.t. intensity level of disease 


5. Conclusion 


The purpose of this work is to lay the foundation of theory of neutrosophic N-soft set as a hybrid 
model of neutrosophic sets and N-soft sets. We established some basic operations on neutrosophic 
N-soft sets along with their fundamental properties. We introduced the notions of NNS-subset, null- 
NNS, absolute-NNS, complements of NNS, truth-favorite, falsity-favorite, relations on NNS, 
composition of NNSS and score function of NNS. We explained these concepts with the help of 
illustrations. We presented a novel application of multi-attribute decision-making (MADM) based on 
neutrosophic N-soft set by using Algorithm 1. We proposed neutrosophic N-soft sets TOPSIS method 
as demonstrated in Algorithm 2 for MADM in medical diagnosis. We defined separation 
measurements of positive ideal solution and negative ideal solution to compute a relative closeness 
to identify the optimal alternative. Lastly, a numerical example is given to illustrate the developed 
method for medical diagnosis. 

This may be the starting point for neutrosophic N-soft set mathematical concepts and information 
structures that are based on neutrosophic set and N-soft set theoretic operations. We have studied a 
few concepts only, it will be necessary to carry out more theoretical research to recognize a general 
framework for the practical applications. The proposed model of neutrosophic N-soft set can be 
elaborated with new research topics such as image processing, expert systems, soft computing 


techniques, fusion rules, cognitive maps, graph theory and decision-making of real world problems. 
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We hope that this study will prove a ground-breaking and will open new doors for the vibrant 
researchers in this field. 
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Abstract: In this paper, the concepts of a neutrosophic r-structure ring spaces, neutrosophic r-structure ring G57} /2 
spaces and neutrosophic 7-structure ring exterior 6 spaces and neutrosophic 7-structure ring exterior V spaces are 
introduced. Some interesting functions that preserve neutrosophic 7-structure ring exterior B spaces and neutrosophic 
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1 Introduction 


The concept of fuzzy sets was introduced by Zadeh [16]. consequent to the introduction of fuzzy sets, fuzzy 
logic has been applied in many real life situations to handle uncertainty. Chang [7] introduced the concept 
of fuzzy topological spaces. There are several kinds of fuzzy set extensions such as intuitionistic fuzzy set, 
interval-valued fuzzy sets, etc. After the introduction of intuitionistic fuzzy sets and its topological spaces 
by Atanassov [6] and Coker [8], the concept of imprecise data called neutrosophic sets was introduced by 
Smarandache [9]. The concept of neutrosophic topological space was introduced by Salama [15]. Later 
R.Narmada Devi [10,11,12,13,14] introduced the concepts of intuitionistic fuzzy G5 sets, intuitionistic fuzzy 
exterior spaces and neutrosophic complex topological spaces. Moreover, the neutrosophic theory plays a vi- 
ral role in all fields of branches like medial diagnosis [1,2,5], multiple criteria group decision making [3,4], 
etc. In this paper, the concepts of neutrosophic 7-structure ring spaces, neutrosophic G's rings, neutrosophic 
first category rings, neutrosophic r-structure ring GJ} /2 spaces and neutrosophic r-structure ring exterior B 
spaces and neutrosophic 7-structure ring exterior V spaces are introduced. Further, neutrosophic 7-structure 
ring continuous (resp. open, hardly open) functions and somewhat neutrosophic 7-structure ring continuous 
functions are presented. Some interesting properties among of functions along with the spaces are discussed 
and necessary examples are provided. 


2 Preliminiaries 


We need the following basic definitions for our study. 
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Definition 2.1. [9] Let_X be a nonempty set. A neutrosophic set A in_X is defined as an object of the form A = 
Ce LACE), T4(x), Fa(x)) a Se XxX} such that 774,14, F'4:X - 0, 1]. and 0 < T(x) a T4(x) + F'4(x) se 


Definition 2.2. [9] Let A = (2,7 4(x), [4(x), F4(x)) and B = (2, Tp(x), Ip(x), Fp(x)) be any two neutro- 
sophic sets in _X. Then 


(1) AUB= x. —— Taup(x ) F'aup(2)) where TauB(2) = Tale) VIR). 1 ap) = Lee) V Ips) 
and F'aup(x) = F'4(x) A F(x). 
( 


(11) ANB=(sr , Tang (x \sd Ape e) Fane) where Tne (x) = Ta) \ Tp(x), Lanp(x) = LAD) /\\ Ip(x) 
and Fiajp(x) = F'4(x) V F(x). 


Gii) AC Bif Ty(x) < Tp(x), La(x) < Ip(x) and F(x) > Fp(x), forall x € X. 


(iv) the complement of A is defined as C(A) = (2, Teya)(x), Ic¢a)(X), Feva)(@)) where Toi a)(x) = 1 — 
/ENGAR Tova) (2) =]|- I4(x) and Fo) (x) =]|- Lae ); 


(Vv) On = {(z,0,0,1):2€ X}and1ly = {(7,1,1,0): cE X} 


Definition 2.3. [10,11] Let (X,7) be an intuitionistic fuzzy topological space. Let A = (x, 14, ya) be an 
intuitionistic fuzzy set on an intuitionistic fuzzy topological space (X,7'). Then A is said be an intuitionistic 
fuzzy Gs set if A = (),~, A;, where A; = (x, J1a,, YA,) 1S an intuitionistic fuzzy open set in an intuitionistic 
fuzzy topological space (X, 7’). The complement of an intuitionistic fuzzy G's set is said to be an intuitionistic 
fuzzy Ff, set. 


Definition 2.4. [12,13] Let A = (ja, ya) be an intuitionistic fuzzy set on an intuitionistic fuzzy topological 
space (X,7). An intuitionistic fuzzy exterior of A is defines as follows: if [F Ext(A) = IF int(A) 


Definition 2.5. [12,13] Let R be a ring. An intuitionistic fuzzy set A = (x, 14, ya) in R is called an in- 
tuitionistic fuzzy ring on F if it satisfies the following conditions on the membership and nonmembership 
values: 


(i) pale +y) = Ha(Z) A paly), 
(ii) pa(zy) > Ha(x) A pay), 
(ili) ya(a + y) < Ya(2) V yaly)s 
(iv) ya(xy) < wala) V ya(y), 


for all x,y € R. 


3 Properties of neutrosophic 7-Structure Ring Exterior 5 Spaces 


Definition 3.1. Let R be a ring. A neutrosophic set A = (x, T(x), [4(x), F'4(x)) in R is called a neutrosophic 
ring on F if it satisfies the following conditions: 


G) Ta(xt+y) = Ta(x) ATa(y) and Ta(ry) = Ta(x) A Tay) 


Gi) I4(x + y) = La(x) A aly) and La(ay) > La(x) A Lay) 
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Git) Fa(a+y) < F(x) V Fia(y) and Fa(xry) < Fa(x) V Fa(y), for all x,y € R. 


Definition 3.2. Let R be aring. A family .% of a neutrosophic rings in F is said to be neutrosophic 7-structure 
ring on RF if it satisfies the following conditions: 


Gi) On, ly € Y. 
(ii) Gy N Go € Y for any G1,Go € Y. 
(iii) UG; € Y for arbitrary family {G; |i € I} CY. 


The ordered pair (f, .”) is called a neutrosophic 7-structure ring space. Every member of .” is called a 
neutrosophic 7-open ring in (R, .%). The complement CA) of a neutrosophic 7-open ring A is a neutrosophic 
T-closed ring in (R, 7%). 


Example 3.1. Let R = {0,1} be a set of integers module 2 with two binary operations ’+’ and ’.’ are specified 
by the following tables: 





Then (R,+,-) is a ring. Define neutrosophic rings B and D on R as follows: Tp(0) = 0.5,7p(1) = 
0750) = 05Fe) 0:7. Fo) 03.7a1) 02-750) 04-750) 04 150) S03. 7,0= 
0.4, Fp(0) = 0.5, Fp(1) = 0.6. Then Y = {0n, B, D, 1} is a neutrosophic 7-structure ring on R. Thus the 
pair (R, 7) is a neutrosophic T- structure ring space. 


Notation 3.1. Let (R, ) be any neutrosophic 7-structure ring space. Then NO(R) (resp. NC(R) ) denotes 
the family of all neutrosophic t-open( resp. closed ) rings of (R, 7%). 


Definition 3.3. Let (R,.~%) be any neutrosophic r-structure ring space. Let A be a neutrosophic ring in R. 
Then the neutrosophic ring interior and neutrosophic ring closure A are defined and denoted as N FRint(A) = 
U{B| Be NO(R) and B C A} and NFrel(A) = N{B | Be NC(R) and A C B respectively. 


Remark 3.1. Let (,.”) be any neutrosophic 7-structure ring space. Let A be any neutrosophic ring in R. 
Then the following statements hold: 


(i) NF cl(A) = Aif and only if A is a neutrosophic 7-closed ring. 

(ii) NFRint(A) = A if and only if A is a neutrosophic 7-open ring. 

(iii) NFrint(A) C A C NFpel(A). 

(iv) NFrint(1y) = 1y and NFrRint(On) = On. 

(v) NFrcl(1y) = 1y and NFrel(On) = On. 

(vi) NFrel(C(A)) = C(N Frint(A)) and N Frint(C(A)) = C(N Frcl(A)). 
(vii) US, NFrel(A;) C NF rel(U%, A;). 
(viii) NP_, NF gcl(A;) = NF gel(U%_, A;). 
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Definition 3.4. Let (R,.~%) be any neutrosophic 7-structure ring space. Let A be a neutrosophic ring in R. 
Then N Frint(C(A)) is called a neutrosophic ring exterior of A and is denoted by N FREat(A). 


Proposition 3.1. Let (R, ~) be any neutrosophic r-structure ring space. Let A and B be any two neutrosophic 
rings in f. Then the following statements hold: 


(i) NFpExt(A) C C(A). 
(ii) NFpExt(A) = C(NFpel(A)). 

(iii) NFpExt(NFpExt(A)) = NFpint(NFpcl(A)). 
(iv) If A C B then NFpEzt(A) > NFpExt(B). 

(v) NFrEct(1y) = Oy and NFgEct(On) = Ly. 

(vi) NFpExt(AU B) = NFpExt(A)N NFpExt(B). 


Definition 3.5. Let (R,.%) be a neutrosophic 7-structure ring space. Let A be any neutrosophic ring in R. 
Then A is said be to a neutrosophic G5 ring in (R,.%) if A = (},=, Ai, where A; = (2, Ty,, La,, F'a,) is a 
neutrosophic T-open ring in (R,.”). The complement of a neutrosophic G5 ring is a neutrosophic F7, ring in 


(R, SF). 


Definition 3.6. Let (R,.~%) be a neutrosophic 7-structure ring space. Let A be any neutrosophic ring in R. 
Then A is said be to a 


(i) neutrosophic dense ring if there exists no neutrosophic 7-closed ring B in (R,.%) such that A C BC 
ly. 


(ii) neutrosophic nowhere dense ring if there exists no neutrosophic 7-open ring B in (R,.%) such that 
BC NFrel(A). That 1S, N FrRint(N Frcl(A)) = On. 


Definition 3.7. Let (R,./) be any neutrosophic 7-structure ring space. Let A be any neutrosophic fuzzy 
ring in R. Then A is said be to a neutrosophic first category ring in (R,.Y%) if A = U%,A; where A;’s 
are neutrosophic nowhere dense rings in (R,.”). The complement of a neutrosophic first category ring is a 
neutrosophic residual ring in (R, ~). 


Proposition 3.2. Let (R,.%) be any neutrosophic 7-structure ring space. If A is a neutrosophic G55 ring and 
the neutrosophic ring exterior of C'(A) is a neutrosophic dense ring in (R,.”), then CA) is a neutrosophic 
first category ring in (R,.%). 

Proof: 

A being a neutrosophic G; ring in (R,.%), A = N&,A; where A;’s are neutrosophic 7-open rings. Since 
the neutrosophic ring exterior of C'(A) is a neutrosophic dense ring in (R,.Y%), NFircl(NFREat(C(A))) = 
ly. Because NFpExt(C(A)) C A C NFprcl(A), one has NFpEaxt(C(A)) C NFprcl(A). 

This implies that N F'pcl(N FrEat(C(A))) C NF pcl(A), that is, ly C NF rcl(A). Therefore, N Fpcl(A) = 
ly. That is, NFRcl(A) = NFerel(N&,A;) = ln. However, I FRcl(Ne,A;) C N%,NFrel(A;). Hence, 


R. Narmada Devi and A New Novel of neutrosophic T-Structure Ring ExtB and ExtV Spaces 


Neutrosophic Sets and Systems, Vol. 32 2020 175 


ln © OPN Frel(A;). That i iS.c(17 2 eV ERO) = ly. This implies that N Fpcl(A;) = 1y, for each A; € 
C(N Frel(N Frint(A;))) = On Therefore, C'(A;) is a neutrosophic nowhere dense ring in (R, 7”). Now, 
C(A) = C(N,A;) = U%,C(A;). Hence, C(A) = U%,C(A;) where C(A;)’s are neutrosophic nowhere 
dense rings in (R,.~%). Consequently, C'(A) is a neutrosophic first category ring in (R, ~). 


Proposition 3.3. If A is a neutrosophic first category ring in a neutrosophic 7-structure ring space (R, 7%) 
such that B C C(A) where B is non-zero neutrosophic G5 ring and the neutrosophic ring exterior of C'(B) is 
a neutrosophic dense ring in (R,.%), then A is a neutrosophic nowhere dense ring in (R,.~). 
Proof: 
Let A be a neutrosophic first category ring in (R,.~%). Then A = U%,A; where A;’s are neutrosophic 

nowhere dense rings in (R,.%). Now C(NFprcl(A;)) is a neutrosophic t-open ring in (R,.Y%). Let B = 

°° C(N Frcl(A;)). Then B is non-zero neutrosophic G; ring in (R,.7%). Now, B = N&,C(NFRcl(A;)) = 
C(U% NF rcl(A;)) C C(U%,A;) = C(A). Hence B C C(A). Then A C C(B). Now, 


N Frint(N Fpel((A)) © N Frint(N Feel((C(B))) 
= NFpint(C(N Frint(B))) 
= C(NFrRel(N Frint(B))) 
~ C(N Fael(N FpExt(C(B))) 


Since N Fp E«xt(C(B)) is a neutrosophic dense ring in (R, 7%), NF Rel(Eat(C(B))) 
= 1y. Therefore, N Frint(N Frcl(A)) C On. Then, N Frint(.N Frel(A)) = Oy. Hence A is a neutrosophic 
nowhere dense ring in (R, 7). 


Definition 3.8. Let (R, .7”) be a neutrosophic 7-structure ring space. Let A be any neutrosophic ring in R. Then 
A is said to be a neutrosophic 7-regular closed ring in (R, 7%) if NF'Rcl(N Frint(A)) = A. The complement 
of a neutrosophic 7-regular closed ring in (R..W) is a neutrosophic 7-regular open ring in (R..%). 


Remark 3.2. Every neutrosophic 7-regular closed ring is a neutrosophic 7-closed ring. 


Definition 3.9. Let (R,.%) be a neutrosophic 7-structure ring space. Then (R, .”) is called a neutrosophic 
T-structure ring G57} /2 space if every non-zero neutrosophic G’; ring in (2, ) is a neutrosophic 7-open ring 
in (R, SY). 


Proposition 3.4. If the neutrosophic 7-structure ring space (2, .7) is a neutrosophic 7-structure ring G57} /2 
space and if A is a neutrosophic first category ring in (R,.%), then A is not a neutrosophic dense ring in 
(Ay) 

Proof: 

Assume the contrary. Suppose that A is a neutrosophic first category ring in (R,.~%) such that A is a 
neutrosophic dense ring in (R,.%), that is, NFcl(A) = 1y. Then, A = U%, A; where A;’s are neutrosophic 
nowhere dense rings in (R,.%). Now, C(NFRcl(A;)) is a neutrosophic r-open ring in (R,.7%). Let B = 
N°, C(N Frel(A;)). Then, B is non-zero neutrosophic G5 ring in (R,.%). Now, B = N32,C(NFrel(A;)) = 
C(US, NF rel(A;)) C C(US,A;) = C(A). Hence B C C(A). Then, NFRint(B) C NFpint(C(A)) C 
C(NFrcl(A)) = On. That is, NFRint(B) = On. Since (/2,./”) is a neutrosophic r-structure ring G57} /2 
space, B = NFpRint(B), which implies that B = 0x. This is a contradiction. Hence A is not a neutrosophic 
dense ring in (R, 7). 


R. Narmada Devi and A New Novel of neutrosophic T-Structure Ring ExtB and ExtV Spaces 


176 Neutrosophic Sets and Systems, Vol. 32 2020 


Proposition 3.5. If (R,./) is a neutrosophic 7-structure ring GsT\/2 space, then NFrExt(U2,C(A;)) = 
Ve Ae 
Proof: 

Let (2, /) be a neutrosophic 7-structure ring G's) /2 space. Assume that A,’s are neutrosophic 7-regular 
closed rings in (R,.~%). Then, the A;’s are neutrosophic r-closed rings in (R, .~%), which implies that C'(A;)’s 
are neutrosophic 7-open rings in (R,.7%). Let B = M32,A;. Then B is a non-zero neutrosophic G's ring in 
(R, %). Since (R, /) is a neutrosophic 7-ring G57 /2 space, B = N Fpint(B) is a neutrosophic 7-open ring, 
which implies that N Frint(N%,A;) = N%,A;. Now, NFrEat(UX,C(A;)) = NFRint(C(U%,C(A;))) = 
N Frint(N&,A;) = MP2, A;. Hence the proof. 


Definition 3.10. Let (R,./) be a neutrosophic 7-structure ring space. Then (R, .”) is called a neutrosophic 
T-structure ring exterior B (in short, Ext B ) space if NFrEaxt(N%,C(A;)) = On where A;’s are neutrosophic 
nowhere dense rings in (R, .%). 


Example 3.2. Let R = {0,1} be a set of integers of module 2 with two binary operations provided by the 
following tables: 





Then = a is a ring. Define neutrosophic rings A, B, WM, D, E, F and G on R as follows: T4(0) = 
05.140) = LO) = Oo at L070 AO) =053. Fi) = - 0.3, Ts(0) = = 10.5; Tal) =0:7,.153(0)-= 
0.0be (l= he F3(0) = 03a) =0.2,7,70) =023, fy (1) =]04,14(0) = 03, (1) =04 Ae 
0.5, Fyc(1) = 0.6, Tp(0) = 0.4, Tp (1) = 0.5, Ip(0) = 0.4, Ip (1) = 0.5, Fp (0) = 0.3, Fp(1) = 0.5, Te (0) = 
03,1) = 0.2.0) =]03. 11) = 0.2, Fa OV 0.5 2 = 0,7 Oy S03 el) = 02.0). = 
0.354 (1) = 02. FeO) = 0.5, Fe) 0.8, oO) = 0:3, Fat) = 0.2, 160) = 03. ae) = 0.2, Fe(0): = 
0.6, Fo(1) = 0.7, T(0) = 0.3, Ty (1) = 0.2, Ty (0) = 0.3, Iq (1) = 0.2, Fy (0) = 0.6, Fy (1) = 0.8. Then 
SF = {0n, A,B, M, D,1y} is a neutrosophic 7-structure ring on R. Thus the pair (R, ./) is a neutrosophic 
T-structure ring space. Let { E', F,G, H} be neutrosophic nowhere dense rings in (R, ~). 

Then NFREat(N{C(E), C(F),C(G),C(A)}) = NFREa«t(C(E)) = NFrRint(£) = Oy. Therefore, 
(R,./) is a neutrosophic r-structure ring ExtB space. 


Proposition 3.6. Let (R,.~%) be a neutrosophic 7-structure ring space. Then the following statements are 
equivalent: 


(i) (R,.) is a neutrosophic 7-structure ring ExtB space. 

(ii) NFRint(A) = On, for every neutrosophic first category ring A in (R, ~). 

(iii) NF gcl( A) = 1y, for every neutrosophic residual ring A in (R, 7). 
Proof: 
(i)= (ii) 

Let A be any neutrosophic first category ring in (R,.7%). Then A = U%,A; where A,’s are neutro- 

sophic nowhere dense rings in (R,.%). Now, NFrint(A) = N Frint(U%,A;) = NFRrint(C(N2,C(A;))) = 
NFREat(N&,C(A;)). Since (R, ) is a neutrosophic 7-structure ring ExtB space, NFrREa«t(N&,C(A;)) = 


Oy. Therefore, N Frint(A) = 0x. Hence (i) => (ii). 
(11) => (ili) 
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Let A be any neutrosophic residual ring in (R,.“%). Then C(A) is a neutrosophic first category ring in 
(R,.7). By Gi), NFRint(C(A)) = On. That is, NFRint(C(A)) = On = C(NFrecl(A)). Therefore, 
NF rel(A) = 1y. Hence (11) => (iii). 

(111) => (i) 

Let A be any neutrosophic first category ring in (R,.7%). Then A = U2, A; where A;’s are neutrosophic 
nowhere dense rings in (R,.”). Since A is a neutrosophic first category ring, C’(A) is a neutrosophic residual 
ring in (R, 7”). Then by (iii), N Frcl(C(A)) = 1y. Now, NFrREat(n&,C(A;)) = NFRint(C(N&,C(A;))) = 
N Frint(UX,A;) = NFRint(A) = C(NFrcl(C(A))) = On. Hence, NFrE«xt(N,C(A;)) = On where A;’s 
are neutrosophic nowhere dense rings in (R,.”). Therefore, (R,-/) is a neutrosophic 7-structure ring ExtB 
space. 


Proposition 3.7. If A is a neutrosophic first category ring in a neutrosophic 7-structure ring space (R, 7%) 
such that B C C(A) where B is non-zero neutrosophic G5 ring and the neutrosophic ring exterior of C'(B) is 
a neutrosophic dense ring in (R,.%), then (R, .~) is a neutrosophic 7-structure ring ExtB space. 

Proof: 

Let A be any neutrosophic first category ring in (R,.”) such that B C CA) where B is non-zero neu- 
trosophic G5 ring and the neutrosophic ring exterior of C'(B) is aneutrosophic dense ring in (R,.%). Then 
by Proposition 3.3., A is a neutrosophic nowhere dense ring (R,.%), that is, NFRint(NFprel(A)) = On. 
Then, N Frint(A) C NFrint(N Frel(A)) implies that NFRint(A) = On. By Proposition 3.6., (R, 7%) is a 
neutrosophic 7-structure ring F:xtB space. 


Proposition 3.8. If (R, /) is a neutrosophic 7-structure ring ExtB space and if U2, A; = ln where A,’s are 
neutrosophic 7-regular closed rings in (FR, .~), then N Prcl(U%,NFREat(C(A;))) = In. 
Proof: 

Let (R,.%) be any neutrosophic r-structure ring ExtB space. Assume that A;’s are neutrosophic 7- 
regular closed rings in (R,.~%). Suppose that N Frint(A;) = On, for each i € J. Since A; is a neutrosophic 
T- regular closed ring in (R,.“%), A; is a neutrosophic 7T-closed ring in (R,.%). Also, NFRint(A;) = On 
implies that N FRint(N Frcl(A;)) = On. Therefore, A;’s are neutrosophic nowhere dense rings in (R, .%). 
Since US, A; = ly, pee ce )) = NFREct(C(US,A;)) = NFrint(Ux,A;) = NFRint(1y) = 
ly. Hence, NFrEat(N,C(A:i)) = In. Since (R,.%) is a neutrosophic r-structure ring FxtB space, 
NFREat(nN&,C(A;)) = On, which is a contradiction. Hence NFrRint(A;) # On, for atleast one 2 € 
J. Therefore, U%,NFrRint(A;) 4 Oy. Since A; is a neutrosophic 7-regular closed rings in (R,.”%) and 

© NFrcl(A; ) Cc N Frel (Ue 1A; i 


=> UP NFrel(N Frint(A;)) C NFrel(UZ, N Frint(A,;)) 
=> UP, A; C NFrel(UX2,N Frint(A;)) 

=> UPA; C NFrel(US,NFrEst(C(A;))) 

=>1y C NFecl(U,NFREst(C(A;))). 


But ly D NFrel(UR,NFREat(C(A;))). Hence, NFrcl(U%,NFREat(C(A;))) = 1n. 


4 On neutrosophic 7-Structure Ring Exterior V Spaces 


Definition 4.1. Let (R, ) be any neutrosophic r-structure ring space. Then (R, .%) is called a neutrosophic 
T-structure ring exterior V (in short, ExtV )space if N Fpcl(N_,A;) = 1n where A;’s are neutrosophic G's 
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rings and the neutrosophic ring exterior of C'(A;)’s are neutrosophic dense rings in (R, ~). 


Example 4.1. Let R = {0,1,2} be a set of integers of module 3 together with two binary operations as 
follows: 





Then (R,+,-) is a ring. Define neutrosophic rings A, B and D on RF as follows: T'4( 1 
02-742) = 0.9. PAO), SL Pah) O25 Lal) = 090) "0, Pa), =< 08 42) 1 
oO a 1 750 ) a 02221510) = 0.3, [p(1) = 1, [p(2) = 0.2, F'p(0) = 0.7, FR(1) = 0, Fp 
0.6, Fp(2) = 0. 

Then .¥ = {0y, A, B, D, ANB, AUB, AND, AUD, BND, BUD, DN(AUB), AU(BND), BU(AND), 1y} 
is a neutrosophic 7-structure ring on R. Thus the pair (R, .~) is a neutrosophic 7-structure ring space. 

Now, AND =M{Bu(AND), DA(AUB), D, A} and DN(AUB) = N{AUB, Dn (AUB), AUD} are 
neutrosophic G5 rings in (R,.7). Also, the neutrosophic ring exterior of C(AM D) and C( DM (AU B)) are 
neutrosophic dense rings in (R,.%). Now, NFrcl(N{ AND, DA(AUB)}) = NFrRcl(AND) = 1yn.Therefore, 
(R, /) is a neutrosophic 7-structure ring ExtV space. 


Proposition 4.1. Let (R, .~) be a neutrosophic structure ring space. Then (FR, .”) is a neutrosophic 7-structure 
ring ExtV space iff NFRint(Ut_,C(A;)) = On where A;’s are neutrosophic Gs rings and the neutrosophic 
ring exterior of C’(A;)’s are neutrosophic dense rings in (R, ~). 

Proof: 

Let (R,.%) be a neutrosophic ring ExtV space. Assume that A,;’s are neutrosophic G5 rings and the 
neutrosophic ring exterior of C'(A;)’s are neutrosophic dense rings in (R, .%). Since (R, .”) is a neutrosophic 
T-structure ring ExtV space, NF rcl(N?_,A;) = 1n. Now, NFrint(UZ,C(A;)) = NFRint(C(n_, A;)) = 
C(N Frel(N_,A;)) = On. Therefore, N Frint(Ut_,C(A;)) = On where A;’s are neutrosophic G's rings and 
the neutrosophic ring exterior of C'(A;)’s are neutrosophic dense rings in (FR, .”). 

Conversely, let N Fpint(U?_,C(A;)) = On where A,’s are neutrosophic G5 rings and the neutrosophic ring 
exterior of C’(A;)’s are neutrosophic dense rings in (R,.Y%). Now, NFrel(Ne_,A;) = NF Rel(C(U%_, A;)) = 
C'(N Frint(U_, A;)) = ly. Therefore, (R, .%) is a neutrosophic 7-structure ring ExtV space. 


Proposition 4.2. Let (2, .7”) be a neutrosophic 7-structure ring space. If every neutrosophic first category ring 
in (R,.%) is formed from the neutrosophic Gs rings and the neutrosophic ring exterior of its complements are 
neutrosophic dense rings in a neutrosophic r-structure ring ExtV space (R,.%), then (R,.%) is a neutrosophic 
T-Structure ring fatB space. 

Proof: 

Assume that A;’s are neutrosophic Gs rings in (R,.“%) and the neutrosophic ring exterior of C'(A;)’s are 
neutrosophic dense rings in (R,.%), fori = 1,...,n. Since (R,.%) is a neutrosophic r-structure ring ExtV 
space and by Proposition 4.1., N Frint(U?_,C(A;)) = On. But UL, N Frint(C(A;)) C NFrint(U,C(A))), 
which implies that U?_, N Frint(C(A;)) = On. Then N FRint(C(A;)) = Ov. Since A;’s are neutrosophic G'5 
rings in (R,./%) and ra neutrosophic ring exterior of C’(A;)’s are neutrosophic dense rings in (R,.”), for 
1 = 1,...,n. By Proposition 3.2., C(A;)’s are neutrosophic first category rings in (R,.%), for2 = 1,...,n 
Therefore, NFrint(C(A;)) = On, for every C'(A;) is a neutrosophic first category rings in (R,.%). By 
Proposition 3.6., (, .”) is a neutrosophic r-structure ring E:xtB space. 


R. Narmada Devi and A New Novel of neutrosophic T-Structure Ring ExtB and ExtV Spaces 


Neutrosophic Sets and Systems, Vol. 32 2020 179 


Definition 4.2. Let (R,,.“%,) and (R2, %) be any two neutrosophic r-structure ring spaces. Let f : (R1,.%) > 
(Ro,-Y%2) be any function. Then f is said to be a 


(i) neutrosophic r-structure ring continuous function if f~'(A) is a neutrosophic T-open ring in (R,,-%), 
for every neutrosophic r-open ring A in (Ro, .%). 


(ii) somewhat neutrosophic r-structure ring continuous function if A € -%) and f~*(A) # Oj implies that 
there exists a neutrosophic 7-open ring B in (R,,-“) such that B 4 Oy and B C f-'(A). 


(iii) neutrosophic 7-structure ring hardly open function if for each neutrosophic dense ring A in (Ro, 7%) 
such that 4 C B C 1y for some neutrosophic r-open ring B in (Ro,-%), f~'(A) is a neutrosophic 
dense ring in (R,,-%). 


(iv) neutrosophic r-structure ring open function if f(A) is a neutrosophic 7-open ring in (Ro, -“2), for every 
neutrosophic 7-open ring A in (R1,-%). 


Proposition 4.3. Let (,,.%,) and (R2,-%) be any two neutrosophic 7-structure ring spaces. Let f : (Ri,.4%) > 
(Ro,-%2) be any function. Then the following statements are equivalent: 


(1) f is aneutrosophic 7-structure ring continuous function. 

(ii) f—'(B) is a neutrosophic 7-closed ring in (R,,-“,), for every neutrosophic r-closed ring B in (Ro, -%). 
(iii) NFel(f—*(A)) C f-'(NFprel(A)), for each neutrosophic ring A in (Ro, -%). 
(iv) f-'(NFrint(A)) C NFpint(f—'(A)), for each neutrosophic ring A in (Ro, 2). 


Remark 4.1. Let (R,,.%) and (R2, -%) be any two neutrosophic r-structure ring spaces. If f : (R1,.%) > 

(Ro, 72) is aneutrosophic r-structure ring continuous function, then f~'(NFREa«t(C(A)) C NFrExt(C(f~'(A))), 
for each neutrosophic ring A in (Ro, -%). 

Proof: The proof follows from the Definition 3.4 and Proposition 4.3.. 


Proposition 4.4. If a function f : (R,,.%) — (Re,-%) from a neutrosophic 7-structure ring space (R,,.~%) 
into another neutrosophic r-structure ring space (R2, .“2) is neutrosophic 7-structure ring continuous, 1-1 and 
if A is a neutrosophic dense ring in (R,,-“,), then f(A) is a neutrosophic dense ring in (Ro, 2). 

Proof: 

Suppose that f(A) is not a neutrosophic dense ring in (R2,.-%)). Then there exists a neutrosophic 7-closed 
ring in (Ry,-%2) such that f(A) C D C 1y. Then, f-'(f(A)) c f-'(D) Cc f-'(1y). Since f is 1-1, 
f-'(f(A)) = A. Hence A Cc f7'(D) C 1y. Since f is a neutrosophic 7-structure ring continuous function 
and D is a neutrosophic 7-closed ring in (R2,-%2), f~'(D) is a neutrosophic 7-closed ring in (R,,.%,). Then 
NFrcl(A) 4 1n, which is a contradiction. Therefore f(A) is a neutrosophic dense ring in (Ro, 72). 


Remark 4.2. Let (R),-“%,) and (Ro, .“%) be any two neutrosophic 7-structure ring spaces. Then 


(1) the neutrosophic 7-structure ring continuous image of a neutrosophic r7-structure ring ExtV space 
(R,,-“%,) may fail to be a neutrosophic 7-structure ring ExtV space (Ro, 7%). 


(ii) the neutrosophic 7-structure ring open image of a neutrosophic 7-structure ring ExtV space (R,,.“~) 
may fail to be a neutrosophic 7-structure ring ExtV space (Ro, 7%). 
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Proof: It is clear from the following Examples. 


Example 4.2. Let R = {0,1,2} be a set of integers of module 3 together with two binary operations as 
follows: 





(0) 
1,Ta(l) = 0.2,TaQ2) = 0.9, 14(0) = fall) = = a Fa(2) = = 0.9, Fal = 0,Fa(1) = 0.8, Fa(2) = 
03 Fi: 0.6.80) = 0.T(0) = ~ 0.9, To(1 y= 1 Ta) = ~ 02,1 ate ) = = 0.9 I(1) = LQ = 


Then a = {0n, ra B,V, ANB, AUB, ANV, AUY, BaV. | BUY. Vn(AUB), AU(BNV), BU(ANV), Iw} 
and %, = {0y, D, E, F, DNE, DUE, DNF, DUF, ENF, EUF, FN(DUE), DU(ENF), EU(DNF), 1y} 
are two neutrosophic 7-structure rings on R. Thus the pair (R,.~%,) and (R, .%) are neutrosophic 7-structure 
ring spaces. Now, ANV =N{BU(ANV), VA(AUB), V, A} and VN (AUB) = N{AUB, VN(AUB), AUV } 
are neutrosophic G3 rings in (R,.“,). Also, the neutrosophic ring exterior of C(A NV) and C(V 1 (AU B)) 
are neutrosophic dense rings in (R,.%). Now, NFrcl(Nn{ANV,V (AU B)}) = NFrRcl(ANV) = Iy. 
Therefore, (R, %,) is a neutrosophic r-structure ring E-xtV space. Define a function f : (R,.%) > (R,-%) 
by f(0) = 1, f(1) = 2 and f(2) = 0. Clearly, f is a neutrosophic 7-structure ring continuous function. 
Also, f(A) = D, f(B) = E and f(V) = F. Now, D=M{D,DUE,DU(ENF)}, DNF =MFDU 
F,DOF,FO(DUE)}and E=t{E,EUF,EU(DN F)} are neutrosophic G; rings in (R, 7%). Also, 
the neutrosophic ring exterior of C(D), C(F) and C(D 1 F) are neutrosophic G5 rings in (R,.“%). But, 
NFrcl(N{D, E, DOF }) = C(ENF) F iy. Therefore, (R,.%2) is not a neutrosophic 7-structure ring ExtV 
space. Therefore the neutrosophic 7-structure ring continuous image of a neutrosophic 7-structure ring bxtV 
space (,,.%,) may fail to be a neutrosophic 7-structure ring ExtV space (Ro, .%). 


Example 4.3. Let R = {0,1,2} be a set of integers of module 3 together with two binary operations as 





follows: 

Then ( 
0.3, Te (1) = LF e(2) = 0.2, [p(0) = 0.3, [p(1) = 1, [p(2) = 0.2, F'p(0) = 0.7, F(1) = 0, Fp(2) = 
0.8, Ty (0) = 0.7.2 y (1) = 0.4, Ty (2) = 1, Iy(0) — 0.7, Ty (1) = 0.4, Ty (2) = 1, Fy (0) = 0.3, Fy (1) = 
0.6, Fy (2) = 0,Tp(0) = 0.5, Tp(1) = 0.6, Tp(2) = 0.4, Ip(0) = 0.5, Ip(1) = 0.6, Ip(2) = 0.4, Fp(0) = 
0.5, Fp(1) = 0.4, Fp(2) = 0.6. 


Then .~% = {0y, A,B, V, ANB, AUB, ANV, AUV, BNV, BUV, VN(AUB), AU(BNV), BU(ANV), In} 
and .% = {0v,A,B,V,D,AUB,AUV,AUD,BUV,BUD, VUD,ANB,ANV,AND,BOV,BN 
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DVOAD,DU(ANV)VA(AUB)AU(BNV),BU(ANV),1y} are two neutrosophic 7-structure 
rings on R. Thus the pair (R,.%,) and (R,-%) are neutrosophic r-structure ring spaces. Now, AN V = 
N{BU(ANV),VA(AUB),V,A} andVN (AUB) =N{AUB,VN(AUB), AUV} are neutrosophic 
Gs rings in (R,.“,). Also, the neutrosophic ring exterior of C(A MV) and C(V M (A U B)) are neutrosophic 
dense rings in (R,.“%,). Now, NFrcdl(N{ANV,V AN (AU B)}) = NFrel(ANV) = ly. Therefore, (R,.%) 
is a neutrosophic ring E-xtV space. Define a function f : (R,.%) > (R,%) by f(0) = 0, f(1) = 1 and 
f(2) = 2. Clearly, f is a neutrosophic r-structure ring open function. Also, f(A) = A, f(B) = B, f(V) =V 
and f(D) = D. Now, A= N{A, AUB, AUV,AU(BNV)}, DU(ANV) =AV,VUD,ANV,DU(AN 
V) VO(AUB)} and B=N{B, BUV,BUD,BU(ANV)} are neutrosophic G; rings in (R, .%). Also, 
the neutrosophic ring exterior of C(A), C(B) and C(DU(ANYV)) are neutrosophic G'; rings in (R, 2). But, 
NFerel(N{A, B, DU(ANV)}) = C(BNV) F 1y. Therefore, (R, %2) is not a neutrosophic 7-ring ExtV 
space. Therefore the neutrosophic 7-structure ring open image of a neutrosophic 7-structure ring LxtV space 
(R,,-“%,) may fail to be a neutrosophic 7-structure ring ExtV space (Ro, 7%). 


Proposition 4.5. Let (,,.%,) and (2, -%2) be any two neutrosophic 7-structure ring spaces. If f : (1,.%.) > 
(Ro, -Y%2) is onto function, then the following statements are equivalent: 


(i) f is aneutrosophic 7-structure ring hardly open function. 


(ii) NFrRint(f(A)) 4 On, for all neutrosophic ring A in (R,,.%,) with N Frint(A) 4 On and there exists a 
neutrosophic 7-closed ring B ¥ Oy in (R2,-%) such that B C f(A). 


(iii) NF Rint(f(A)) 4 On, for all neutrosophic ring A in (R,,-“%,) with N Frint(A) F On and there exists a 
neutrosophic 7-closed ring B # Oy in (Ro,-%) such that f~'(B) C A. 


Proof: 
(i= (i) 

Assume that (1) is true. Let A be any neutrosophic ring A in (R,,-4,) with NFRint(A) # On and 
B # Oy be a neutrosophic 7-closed ring in (R2,.%) such that B C f(A). Suppose that NFRint(A) = 
Oy. This implies that NFcl(C(f(A))) = 1y. Thus, C(f(A)) is a neutrosophic dense ring in (Ro, -7%2) 
and C(f(A)) C C(B). By assumption, f~'(C(f(A))) is a neutrosophic dense ring in (R,,-“,). That is, 
NFrel(f-*(C(f(A)))) = ln. Now, NFrint(A) = NFrint(f-"(f(A))) = C(NFrel(C(f"(F(A))))) = 
C(NFprel(f—'(C(f(A))))) = On. This is a contradiction. Hence (i)=-(ii). 

(ii) = (iii) 

Assume that (ii) is true. Since f is onto function and by assumption, B C f(A). This implies that 
f-1(B) © f-1(f(A)), that is, f-1(B) C A. Hence (ii)=>(iii). 

(iii) => (i) 

Let V C C(D) where C is a neutrosophic dense ring and D is non-zero neutrosophic 7-open ring in 
(Ro, %2). Let A= f-*(C(V)) and B = C(D). Now, f-'(B) = f 1(C(D)) C f T(CYV)) =A. 

Consider, NFpint(f(A)) = NFpint(f(f-'(C(V))) = NFrint(C(V)) = C(NFpint(V)) = On. 
Therefore, NF pint(A) = Oy, which implies that NFpint(f~'(C(V))) = NFrint(C(f-'(V))) = On. 
Therefore, C(NFprel(f~*(V))) = On. Thus, NFcl(f~'(V)) = 1n. Therefore, f~*(V) is a neutrosophic 
dense ring in (R,,.“%,). This implies that f is a neutrosophic 7-structure ring hardly open function. Hence 
(111)=>(1). This completes the proof. 


Proposition 4.6. If a function f : (R,,.“%.) > (Re,-%) from a neutrosophic 7-structure ring space (R,, .“) 
onto another neutrosophic 7-structure ring space (2, .“2) is neutrosophic 7-structure ring continuous, 1-1 and 
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neutrosophic 7-structure ring hardly open function and if (R,,.%,) is a neutrosophic 7-structure ring ExtV 
space, then (Ro, .%2) is a neutrosophic 7-structure ring ExtV space. 
Proof: 

Let (R,,.“%,) be a neutrosophic r-structure ring ExtV space. Assume that A,’s (i = 1,...,n) are neu- 
trosophic G5 rings in (R2,.%)) and the neutrosophic ring exterior of C’(A;)’s are neutrosophic dense ring in 
(R2,.%2). Then NFpel(NFREat(C(A;))) = ly and A; = O%°,Bi; where B,;’s are neutrosophic r-open 
rings in (Ro, .%). Hence 

fA) = fU(02 By) = Nf By) (4.1) 


Since f is a neutrosophic 7-structure ring continuous function and 6;,’s are neutrosophic 7-open rings 
in (Ro, .%), f~*(Bi;)’s are neutrosophic r-open rings in (R;,.“). Hence f-(A;) = NX, f-*( Biz) is an 
neutrosophic Gs rings in (R,,-%,). Since f is a neutrosophic 7-structure ring hardly open function and 
NFRE«at(C(A,;)) is a neutrosophic dense ring in (Ro,-%2), f~'(NFREat(C(A;))) is a neutrosophic dense 
ring in (R,,.“). Now, 


f-'(NFRrExt(C(A;))) = f-'(N Frint(A;)) 
C NFrint(f~*(A;)) 
— NFpExt(C(f~*(A;))). 


Therefore 1y = NFrel(f7'(NFREat(C(A;)))) C NFrel(NFpExt(C(f—*(A;)))), which implies that 
ly = NFprel(NFREat(C(f—'(A;)))). Hence NFpExt(C(f~*(A;))) is aneutrosophic dense ring in (R,,-“). 
Since (R,,.“%,) is a neutrosophic 7-strucuture ring E'xtV space, N F’pcl(N"_, f~'(A;)) = 1n where f~'(A;)’s 
are neutrosophic G5 rings in (R,,-“%,) and the neutrosophic ring exterior of C(f~'(A;))’s are neutrosophic 
dense ring in (R,,-4,). Thus, NFpcl(Nt_, f-'(A;)) = In = NF prel(f—' (ne, A;)). Therefore, f~*(A%_, A;) 
is a neutrosophic dense rings in (R,,-“,). Since f is a neutrosophic 7-structure ring continuous, 1-1 and by 
Proposition 3.4., f(f~*(M%_, A;)) is a neutrosophic dense ring in (Ro, .%). Hence N Frel(f(f~'(N%_, A;))) = 
ly. Since f is 1-1, f(f~'(M,A;)) = N%,A;. Then, NFpel(N,A;) = ly. Therefore, (Ro,-%) is a 
neutrosophic 7-structure ring L'xtV space. 

Conversely, let (R2,.%) be a neutrosophic r-structure ring ExtV space. Assume that A;’s (2 = 1,...,7) 
are neutrosophic G's rings in (R2,-%)) and the neutrosophic ring exterior of C'(A;)’s are neutrosophic dense 
rings in (Ro, -Y2). 

Then NFrel(NFREaxt(C(A;))) = 1y and A; = N%°,B;; where B;;’s are neutrosophic 7-open rings in 
(Ro, -Y%2). Hence 

f° (Aa) = F(R} Big) = NF (Big) (4.2) 

Since f is a neutrosophic 7-structure ring continuous function and 6;,’s are neutrosophic 7-open rings 
in (Ro,-%2), f~*(Bij)’s are neutrosophic r-open rings in (2),.%,). Hence f~'(A;) = NX, f~*(Biy) is a 
neutrosophic Gs rings in (R,,-%,). Since f is a neutrosophic 7-structure ring hardly open function and 
NFRE«at(C(A;)) is a neutrosophic dense ring in (R2,-%2), f-'(NFRExt(C(A;))) is a neutrosophic dense 
ring in (R,,-“). By Remark 4.2., f~'(NFRExt(C(A;))) C NFrE«t(C(f~*(A;))). 

Thus, NFprel(fo' (N FREat(C(A;)))) = ly & NFprel(N FpExt(C(f—*(A;)))). Hence, NFpEaxt(C(f—'(A;))) 
is a neutrosophic dense ring in (R,,-“). Suppose that N Frcl(N'_, f-'(A;)) # 1. This implies that 


NF rel(e_, f-1(A;) = On 
=> NFrint(UzyC(f"(Ai))) 4 On 
= NFrint(U", f-(C(A,)) # On. 
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Then, there is a non-zero neutrosophic T-open ring EF; in (R,,.“%) such that E; C U"_, f~*(C(A;)). Now, 


HB) Cray (CA) 
C URaf(f-(C(A,))) 
C UL C(A;) 
= CMa Ai). 


Then, N Frint(f(£;)) C NFpint(C(n"_,4;)) = C(N Frel(nt_, A;)). (4.3) 


Since (R2,-%2) is a neutrosophic r-structure ring ExtV space, NFRcl(M_,A;) = 1n. Hence from 
(4.3), NFrint(f(E;)) C On. This implies that N FRint(f(£;)) = On, which is a contradiction. Hence 
N Frel(Mt_, f~*(A;)) = 1n. Therefore, (R,,-“%) is a neutrosophic r-structure ring ExtV space. 


Proposition 4.7. Let (,,.%,) and (2, -%2) be any two neutrosophic 7-structure ring spaces. Let f : (R1,.4%.) > 
(Ro, -%) be any bijective function. Then the following statements are equivalent: 


(1) f 1S somewhat neutrosophic 7-structure ring continuous function. 


(ii) If A is aneutrosophic 7-closed ring in (Rp, -%) such that f~'(A) 4 1y, then there exists a neutrosophic 
T-closed ring Ov 4 EF # 1y in (R,,-“%) such that f~*(A) C E. 


(iii) If A is a neutrosophic dense ring in (R,,.~,), then f(A) is a neutrosophic dense ring in (Ro, %). 


Proof: 
(i) (il) 

Assume that (i) is true. Let A be a neutrosophic r-closed ring in (R2,-%) such that f~'(A) ¥ Iy. 
Then C(A) is a neutrosophic r-open ring in (R2,-“%) such that C(f~'(A)) = f~'(C(A)) 4 On. Since f 
is somewhat neutrosophic r-structure ring continuous, there exists a neutrosophic 7-open ring F in (R,,-“%) 
such that E C f~*(C(A)). Then there exists a neutrosophic t-closed ring C(E) 4 Oy in (R,,-~%) such that 
C(E) c f7'(A). Hence (i)=>(ii). 

(11) = (iil) 

Assume that (ii) is true. Let A be a neutrosophic dense ring in (,,.%,) such that f(A) is a neutrosophic 

dense ring in (R2,-%2). Then, there exists a neutrosophic r-closed ring C' in (Ro, 2) such that 


f(A) CEC Iy. 


This implies that f~'(E) 4 1y. Then by (ii), there exists a neutrosophic r-closed ring 0, #4 D 4 1y such 
that A c f-'(E) C DC Iy. This is a contradiction. Hence (ii)=-(iii). 
(iii) = (ii) 

Assume that (ii1) is true. Suppose (ii) is not true. Then there exists a neutrosophic 7-closed ring A in 
(Ro, 2) such that f~'(A) ¥ 1y. But there is no neutrosophic r-closed ring Oy 4 E 4 1y in (R,,-“) such 
that f~'(A) C E. This implies that f~'(A) is a neutrosophic dense ring in (R,,-%,). But from hypothesis 
f(f—'(A)) = A must be neutrosophic dense ring in (R2,-%), which is a contradiction. Hence (iii)=-(ii). 
(ii)= (i) 

Let A be a neutrosophic r-open ring in (Rj,-%) and f~'(A) # Oy. Then, f~'(C(A)) = C(f7'(A)) = 
Oy. Then by (ii), there exists a neutrosophic 7-closed ring Oy #4 B # 1y such that f~'(C(A)) C B. This 
implies that C(B) Cc f~*(A) and C(B) # Oy is a neutrosophic 7-open ring in (R,,-%,). Hence (ii)=(i). 
Hence the proof. 
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Proposition 4.8. If a function f : (R,,.“%) - (Re,-%) from a neutrosophic 7-structure ring space (1, -%) 
onto another neutrosophic 7-structure ring space (/2,.%2) is somewhat neutrosophic 7-structure ring contin- 
uous, 1-1 and neutrosophic 7-structure ring open function and if (R,,.~%) is a neutrosophic r-structure ring 
ExtV space, then (R2, .%2) is a neutrosophic 7-structure ring ExtV space. 

Proof: 


Let (R,,.%) be a neutrosophic 7-structure ring ExtV space. Assume that A;’s (¢ = 1,...,n) are neu- 
trosophic G's rings in (R,,.“,) and the neutrosophic ring exterior of C’(A;)’s are neutrosophic dense rings in 
(R,,.“). Then, NFrel(NFREat(C(A;))) = 1n and A; = NX, Bi; where B,;’s are neutrosophic r-open 
rings in (R,,-“,). Since f is a neutrosophic 7-structure ring open function, f(B;,;)’s are neutrosophic T-open 
rings in (Rz, 2). Now, N&, f(B;;) is a neutrosophic G5 rings in (R2, 2). Since f is 1-1, 


FONE E(B) = OST (F(Bis)) = Oa By = Ai (4.4) 
Since f is onto, f(A;) = f(f- (Nf (Biy))) = Of (Bi) (4.5) 


Therefore, f(A;) is a neutrosophic G's rings in (R2,.%). Since f is somewhat neutrosophic 7-structure 
ring continuous function, N Fr Ext(C(A,;‘)) is a neutrosophic dense ring in (R,,.“,) and by Proposition 4.7., 
f(NFRE«xt(C(A;))) is a neutrosophic dense ring in (Ro, -%), which implies that NF'RExt((f(A;))). Now 
we claim that N F’rcl(N3, f(A;)) = Ly. Suppose that N Fpcl(N_, f(A;)) 4 1y. This implies that 


C(NFrel(Mia f(Ai))) F On 
=> NFrint(Uji1C(f(Ai))) # Ow 
=> NFrint(Uji_, f(C(Ai))) # On. 


Therefore there is an non-zero neutrosophic 7-open ring £; in (Ro,-%) such that EF; C U%_, f(C(A,;)). 
Then f~'(E;) C f-'(U%, f(C(A;))). Since f is somewhat neutrosophic 7-structure ring continuous function 
and E; = So, N Fprint(f~*(£;)) Z On implies that N Frint(f—*(U%, f(C(Aj)))) - On. 

Then N Frint(Ut_,f-*(f(C(A;)))) 4 Ow. Since f is a bijective function, N Fpint(N'_,C(A;)) 4 On, which 


implies that C(NFrel(N_,A;)) 4 On. That is, NFRcl(N%_,A;) 4 ly. This is a contradiction. Hence 
(Ro, -Y%2) is a neutrosophic 7-structure ring ExtV space. 


Conversely, let (R2, -%2) be a neutrosophic 7-structure ring ExtV space. Assume that A;’s (2 = 1,...,) are 
neutrosophic G5 rings in (R,,.“,) and the neutrosophic ring exterior of C’(A;)’s are neutrosophic dense ring 
in (R,,-“%). Then NFpcl(N FREat(C(A;))) = Ly and A; = NZ, Bj; where B;;’s are neutrosophic t-open 
rings in (R,,.“,). Since f is somewhat neutrosophic 7-structure ring continuous function, N Fp E«xt(C(A;))’s 
are neutrosophic dense rings in (R,,.“) and By Proposition 4.7., f( NFrE«t(C(A;))) is a neutrosophic 
dense ring in (R2,-%). That is, NF'pcl(NFREat(C(A;))) = ly. Since f is a neutrosophic 7-structure ring 
open function and B;,;’s are neutrosophic 7-open rings in (R,,-“), f(B;;)’s are neutrosophic 7-open rings in 
(Ro, -%2). Hence N°, f(B;;) is a neutrosophic G's ring in (R2,-%). Since f is 1-1, 


J 


7 A i (Be) Sea “Gh Be) 0) ae. (4.6) 


Since f is onto, 


FAs) = FOF ORF Bid) = Oa F(Biy). (4.7) 
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Hence f(A;) is a neutrosophic G'; ring in (Ro, 4). Now, 


NFrel(NFrEat(C(f(A;))) = NPrd(NFREst(f(C(A;))) 
= NFprel(NFrint(f(A;)) 
> NFrel( f(N Frint(A;)) 
> f(NFrel(N Frint(A;))) 
=) (1p) Sel 


This implies that N FRE at(C(f(A;)) is a neutrosophic dense ring in (R2,-%). Hence the neutrosophic 
ring exterior of C’(f(A;)) is a neutrosophic dense ring in (R2,.%). Since (Ro,-%2) is a neutrosophic r- 
structure ring ExtV space, NFrcl(N_, f(A;)) = 1v. Now we claim that N Frcl(N_, f(A;)) = 1y where 
A;’s (¢ = 1,...,n) are neutrosophic G5 rings in (R,,.%,) and the neutrosophic ring exterior of C’(A;)’s are 
neutrosophic dense rings in (R,,-“,). Suppose that N Fpcl(N?_, A;) 4 1n. This implies that 


C(N Frel(M14i)) # On 
me Nine C(t 4) ere 


Then there is a non-zero neutrosophic T-open ring F; in (R,,.%,) such that E; C U2_,C(A;). Now, 


fl Ba) & fine 


Then, N Fpint(f(E;)) C NFprint(C(", f(A;))) C C(NFprel(n, f(Ai))) (4.8) 


Since (R2,-%2) is a neutrosophic 7-structure ring ExtV space, NF rcl(nt_,f(A;)) = 1n. Hence from 
(4.8), NFrint(f(£;)) CG On, which implies that N FRint(f(E;)) = On, which is a contradiction. Hence 
NFrel(Ne_,A;) = ly. Therefore (R,,-“,) is a neutrosophic r-structure ring E:xtV space. 


5 Conclusion 


A neutrosophic set model provides a mechanism for solving the modeling problems which involve indetermi- 
nacy, and inconsistent information in which human knowledge is necessary and human evaluation is needed. 
It deals more flexibility and compatibility to the system as compared to the classical theory, fuzzy theory 
and intuitionistic fuzzy models. In this paper, a new idea of a neutrosophic 7-structure ring spaces, neutro- 
sophic 7-structure ring G5J}/2 spaces and neutrosophic 7-structure ring exterior B spaces and neutrosophic 
T-Structure ring exterior V spaces have been introduced. Further, neutrosophic 7-structure ring continuous 
(resp. open,hardly open)functions, somewhat neutrosophic 7-structure ring continuous functions are studied. 
Their characterization are derived and illustrated with examples. 
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Abstract. Neutrosophic cubic fuzzy sets (NCF'S's) involve interval valued and single valued neutrosophic sets, 
and are used to describe uncertainty or fuzziness in a more efficient way. Aggregation of neutrosopic cubic fuzzy 
information is crucial and necessary in a decision making theory. In order to get a better solution to decision 
making problems under neutrosophic cubic fuzzy environment, this paper introduces an aggregating operator to 
neutrosophic cubic fuzzy sets with the help of Bonferroni mean and geometric mean, and proposes neutrosophic 
cubic fuzzy geometric Bonferroni mean operator (NCFGBM™”) with its properties. Then, an efficient decision 
making technique is introduced based on weighted operator WNCFGBM,,’". An application of the established 


method is also examined for a real life problem. 


Keywords: Neutrosophic Sets; Cubic Fuzzy Sets; Bonferroni Geometric Mean; Aggregation Operators; MCDM 


1. Introduction 


Fuzzy set |1) deals with fuzziness in terms of degree of truthness or membership within the 
range of interval [0,1]. The traditional fuzzy sets are not efficient when the decision makers 


face more complex problems and it is difficult to quantify their truth values. Y.B.Jun et al. 





introduced the notion of cubic sets which represents the degree of belongingness or certainty 
by interval valued fuzzy sets and single valued fuzzy sets simultaneously. ‘Therefore, cubic sets 
are made up of two parts, where the first one is the interval valued fuzzy sets which represents 
belongingness in a particular range of interval, and the second one is exact belongingness or 
fuzzy sets. 
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Smarandache |3] introduced the philosophical idea of neutrosophic sets (NS) which is formu- 
lated from the general concept of fuzzy sets and many real life applications are avaliable under 
NS. Ajay, D., et al. used neutrosophic theory in fuzzy SAW method |4| and Abdel-Basset.M 
et al. utilized neutrosophic sets to asseses the uncertainty of linear time-cost tradeoffs |5| and 
also they applied to resource levelling problem in construction projects (6. Further, biploar 
neutrosophic sets have been used in medical diagnosis |7/ and decision making suituations [8]. 
Moreover, Y.B.Jun et al. [9] and M.Ali et al. effectively utilized cubic fuzzy sets to the 
neutrosophic sets and introduced the concept of neutrosophic cubic fuzzy sets (NCFSs) with 
some basic operations. ‘Therefore the hybrid form of neutrosophic cubic fuzzy set may be 
more adequate to address problems of more complexity using interval valued and exact val- 
ued neutrosophic information and it has been broadly used in the fields of MCDM [12}{19]. 
Neutrosophic cubic fuzzy sets contain more information than general form of NS and therefore 
NCFSs provide better and efficient solution in MCDM. 

Aggregating the fuzzy information plays an important role in decision theory and in partic- 
ular decision making in real life problems. Variety of aggregating operators exist, but very few 
ageregating operators are available under neutrosophic cubic fuzzy numbers such as Heronian 
mean operators [21], Einstein Hybrid Geometric Aggregation Operators [22/23], Dombi Ag- 
gregation Operators [24], weighted arithmetic averaging (NCNWAA) operator and weighted 
geometric averaging (NCNWGA) operator [25]. Still the Bonferroni geometric mean agegregat- 
ing operator has not been studied in NCF environment. So the main purposes of this study 
are: (1) to establish a neutrosophic cubic fuzzy Bonferroni weighted geometric mean operator 
WNCFBWGM,,;".(2) to develop an MCDM method using WNCFBWGM,," operator to 
rank the alternatives under NCFS environment. 

The content of the paper is organized as follows. Section 2 and 3 briefly introduce the basic 
concepts and operations of neutrosophic cubic fuzzy sets. The concepts of Bonferroni mean and 
geometric Bonferroni mean are explained in section 4. The neutrosophic cubic fuzzy geometric 
Bonferroni mean NCF' GBM” and weighted neutrosophic cubic fuzzy geometric Bonferroni 
mean WNCFGBM,,’’ operators are established and examined with their properties in section 
5. An MCDM method based on WNCFGBM,,’" is presented in section 6. Finally conclusions 


and scope for future research are given in section 7. 


2. Neutrosophic Cubic Fuzzy Set 


Definition 2.1. (9) Let X be a non empty universal set or universe of discourse. A neutro- 


sophic cubic fuzzy set S in X is constructed in the following form: 


S = {x, (T(x), I(x), F(z); Ta(@), D(a), F(a) la € X} 
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where T(x), (x), F(x) are interval valued neutrosophic sets; T(x) = [T7 (x), T*(x)] C [0,1] is 
the degree of truth interval values; I(x) = [I~ (x), I*(x)] C [0,1] is the degree of indeterminacy 





interval values; F(a) = [F~(ax),F*(x)| C [0,1] is the degree of falsity interval values; and 
(Ty (x), [)(x), Fy\(x)) © [0,1] are truth, indeterminacy, and falsity degrees of membership values 
respectively. For convenience, a neutrosophic cubic fuzzy element in a neutrosophic cubic fuzzy 
set (NCFSs) S is simply denoted by S = {(T, I, F); (Ty, I,, Fy)}, where (T,I, F) C [0,1] and 
(Ty, I), Fy) € [0,1], satisfying the conditions that 0 < (T7,I7, FT) <3 and 0 < (T), I, Fy) < 
3. 


Definition 2.2. Let S be a neutrosophic cubic fuzzy set in X given by 


~ 


Sai G1" @)iot @.1"@ ial @.F 214 .@).b@)@) eex 


S is said to be internal NCFSs if T~(x) < Ty(x) < T+(x),I~(a) < < 
F\(z) < Ft(x)Va;S is said to be external NCFSs if Ty(z) ¢ [T~(x),T+(x)],I)\(x) ¢ 
[I~ (x), I*(x)|, Fy(a) € (F(a), FT (x) Ve. 


Definition 2.3. Let S be a neutrosophic cubic fuzzy set in X. Then the support of neutro- 
sophic cubic fuzzy set S* is defined by 
$* ={|T~ (a), T*(z)] > [0,0], [I (x), I*(2)] > [0,0], [F-(@), Ft (2)] ¢ (1, 1; 
(Ty(x2) > 0, I)(x) > 0, Fy(x) < 1) |x € X} 
Definition 2.4. Let S be a non empty neutrosophic cubic fuzzy number given by 
S = {x, (T(#), I(x), F(z) (Ta@), D@), Fx) |e € X} 
= {|T (x), T(x), [F(@), 17 (a), [F(@), F" (2)] 5 (D(x), D(@), Fa(a)) |e € Xf, 


then its score, accuracy and certainty functions can be defined respectively, as follows: 





=< re, (1) 
a(S) - (LD (x) _ P= (q) 5 a) a /2 + T) (2) _ FA) (2) 
(§) = EOF PFA, 4(5),a(5),o(8) € [0,1] (3) 


3. Operations on NCFNs 


Let Aj(z) = {|7;7,7;]),15.47|, |B FT|; Qa be Pu) |e € X} @ = 1,2,3,---n) and 


A;(y) = beaeee ; eee ; foal (Ty5,D5, Pay) ly € y} (j = 1,2,3,---n) be two col- 
lections of NCFNs. ‘Then the following operations are defined [25}: 
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(1) Union 
Ac) VAY) = { |min(L,T;), max(Ty*,T;*) max(I,,1;),min(I*, Lf) 
max( Fe, Ee); min( F,, F)| ;(max(Thi, Dj), min( Di, Dj), min( Py, Fy;)) } 
(2) Intersection 
Ai(2) 0. Aj(y) = { |maa(T,T;), min(Ty*,T;*) min(I, Ly ),max(I*, Lf) 
min(F, F>),max(Fj*,F*) s(min(T;, Tj), max( Di, Dj),max(Py, Fy) } 
(3) Complement 


Af(a) = {|F>, FT), (1-17,1-27), (T7777 )3 (Pan - Di, Tu) |x © X} 


(4) Aj(x) C Aj(y) if and only if eed @ Leeeeal gd > peed Pek | 
Fy, ae and Tyi < Din bi 2 Dy, Pu 2 Pave © X,y EY. 


IU 


(5) Aj(z) = Aj(y) if and only if A;(~) C A;(y) and A;(x) D Aj(y) ie. Vea ed = 


le | ee ee et a 


(6) For w>0 
vA = {[1- (0-T)"1- 0") (0) E(B: 
AL de) she oe} 


(7) For w > 0 


a a 


ay Si He) lee hee) | 
fl—-(1-F,)* ,1-(1-F*)"];(ta)” 1 -- Di)”, 1-- #;)*)} 


a 


(8) Algebraic Sum 
| Ey = 7 <p t+ - ++ aah Gate a Be 
Ai(e) © A;(y) = {[T5 +75 - Ty Ty. Tt + TF - TTF), pay tay), 
LFS, Fit FH | (Di + Dy — TiTyy, Diddy, FyiFy3)} 
(9) Algebraic Product 
| oe Aa a — 4 p- pre ot et ty 


[Ey ae ee ee ee | peg oe 1 FyiFy;)} 
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4. Geometric Bonferroni Mean 
Bonferroni proposed the concept of Bonferroni mean (BM) which is defined as follows: 
Definition 4.1. Let s;(@ = 1,2,...,n) be nm number of positive crisp data. For any 


u,v => 0, 


BY” (81, 80,... yf Sen - (4) 


We call Eq.(4) as the Bonferroni mean (BM) operator. ene if v=0, Eq.(4) reduces to 


the generalized mean operator given by 





u+0 
B%°(s1,89,...,8n) = ity : 7h »\| 
i=1 
\ \ er ")) (5) 
a 
pe ‘ : 
- 136 
Tr “ 
(=! 
If w= 1 and v = 0, the above equation produces the very known arithmetic mean (AM): 


1 
B*(s1, 8,..., 8) = —\ si (6) 


t=1 





With the usual notion of geometric mean and the BM, the geometric Bonferroni mean 


operator is formulated. 


Definition 4.2. Let u,v > 0, and s;(¢ = 1,2,...,n) be a collection of non negative crisp 


numbers. If 


1 
GB" (81489, 5 +44 8n a eg) (7) 





“ap 
then GB” is called the geometric Bonferroni mean (GBM). 


Obviously, the GBM statisfies the following properties: 
(1) GB“"(0,0,...,0) =0 
(2) GBY" (575.89, .498Sq) = 8 1 6; = 8, for alla = 1, 2,020, 
(3) GB" (s1, 82,...,5n) > GB" (t1, te,..., tn) if s; > t; Vi that is, GB“” is monotonic. 
(4) Min(s;) < GB“ < Max(s;). 
Furthermore, if v = 0, Eq.(7) generates the geometric mean: 


nm nr 


1 a 
GB" (51, 82,.-.,5n) =— [] (usin =] [ (si) (8) 
ij=l, i=l 
all 





D. Ajay, Said Broumi, J. Aldring ; An MCDM Method under Neutrosophic Cubic Fuzzy Sets 
with Geometric Bonferroni Mean Operator 


Neutrosophic Sets and Systems, Vol. 32, 2020 192 


5. Neutrosophic Cubic Fuzzy Geometric Bonferroni Mean 


Definition 5.1. Let 9; = {{T77,T7>],[I7, 1"), (F7, Fi]: (Di. Da, Fu) } be a collection of 
neutrosophic cubic fuzzy numbers (NC FN). For any u,v > 0, 


we eee: 
NCFGBM* (51, 52, --» Sn) = —— ® (us, © vS;)7e—D D | 
tJ — y) 
ea ) 
is called the neutrosophic cubic fuzzy geometric bonferroni mean operator. 
Theorem 5.2. Let u,v > 0 and S; = ie | , ie gd | , LF, Be sUkcebom an. be a col- 


lection of neutrosophic cubic fuzzy numbers (NCF'N). Then the aggregated value is calculated 
using the operator NCF GBM” 


NCFGBM*? (51, 82, 5 Bn} a ‘4 (us, © v5,)7e—D ake! 


U+U Le 


( ( ; | a 
ae tehi- (ike 
' = (1 1 1 ) 





y 








1 
utvu 
—_ —_ 1] (1 _ (1 _ (ia = 7?) n(n—1) 
i,j=l, } 
FJ 


li 


1- IT A apregy) | (7 II (1- Ga tes °) io _ 








| 
! 
| 








} 


1 — IT (4 — (FY"(F;)") tn | (_ _ IT (4 7 (Fit y"(Ft)") in| 











[, I senna) { I ee yt 
\ ) \ e ) ', 
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Proof. . Using the operational laws on NC'F'N described in section (3), we have 


uSi = {(L—(1-T)".1-(- TP)" MY EY) E(B)" 


(1 — (1 — Tai)”, a)” Fae) ")} 


r= {h-(0-1r)"0- (0-29) (YY) 
(1—(1— Thy)" ag) (Pad 

ud; @ v8; = {]1-(1- TF)" - Ty. -a-Tya- TY | [ea ay’, 

Pe BE | ge a ay) (Fyi)"(Poy)") $ : 


a 


G 


Next, we have the following equation which has been derived by Xu and Yager , 


1 











Bl 5; 0 v5;) 
tj 
( h a . | 
= ' | (4 —(1-T,)"(1- T, )”) am Il (4 =e o) EN 
he TA | 
' - TI G-anayy) 1 - TT A-ahay") so | 
[ae ce | wo 
; - I (1 —cEy) 1 - I (1 = ("BY") ats : 
‘G ‘G | 
I (1 —(1— Ti)" — Tyj)") OD ,L— I (1 =) (Ik,)) "=D 
= ij=l, 
1FJ 


1j=l, 
tJ 


h } 
1— T] @-@ 5) ) 7 
Ai 


Using NCF operational laws, Eq.(10) yields neutrosophic cubic fuzzy geometric bonferroni 
mean operator NCOFGBM™” ($1, .52,---,Sn) given by Eq.(9). In addition, it satisfies the 
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following conditions 





( : ay) er 
es des Ll] 1-(1-T,)“- ice n(n—1) 
\ : } } 


) 








be f I a < [0,, 1), 


\ i,j=l, } 
ixj 









































which completes the proof of the theorem. 7 





We discuss some of the important properties of the NCFGBM””: 


(1) Idempotency: Suppose the colletive data of neutrosophic cubic fuzzy numbers 
S; = {(T, 77) .(17,.0°],|F. Fo); Daa De, Fad} @ = 1,2,3,---m) are equal, for 
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any u,v > 0, the aggregate operator be 


~ 


NCFGBM*” (Sj, $2, ..., Sn) = NCFGBM*”(S,S,...,S) 


1 ( ~ maT) \ 
= ae &) uS ®vS 
Ee), 


(11) 
6 ((u +0) 8) | 











n(n—1) 


((u + v) 5) mer) = g§ 








U+ UV 
(2) Commuatativity: Let $;(i = 1,2,3,---n) be a collection of neutrosophic cubic num- 


bers. For any u,v > 0, 
NCFGBM*” ($1, 8, ..-1 Sn] —~ NCFGBM*” (S1, re n) (12) 


Let (S1, So, aes Sn) be any permuation of (51, So, ... 5, ). Then 





NCFGBM*” (51, 52, .-» Sn) — —— é (us, © vS;) aD 
ijl, 


) 
Aj ; 
) 





- — lg ((uS; & v8;)7"— | 
Ge 


NCFGBM”” (51,8 So, ...48 ) 


(3) Monotonicity: Let S; (i = 1,2,3,---n) and S; (j = 1,2,3,---n) be two collections 
of neutrosophic cubic numbers. For any u,v > 0, if [Z;,7.7], C ITF, ‘ial Fee eae. 
fee eae [F;, Fe 2 [Fy Fo; Ty < 13, 15a = Ly5, Ps = EG (Vi, = 1, 2,3, oe EOe 
Then 

NCFGBM™*” (5; < NCFGBM*” (5;) (13) 

(4) Boundedness: Let 5; = eevee de wear ee | Dada, Fy;) } ic = 


1,2,3,---n) be a collection of neutrosophic cubic fuzzy numbers, and let 
S- = {inf ((T,,T]) , sup ([7,, 17]) , sup ((F, Bt]) ; min (Ti) , maz (Ii), max (Fy) }, 
5) =r 7.” |) ane bd |) int (LF, oP | nan 1) min) amin) ts 
For any u,v > 0, 


S- < NCFGBM*” (5; (i =1,2,3,...n) < St (14) 
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Thus the boundedness is easily obtained. 


If parameters u and v are modified in NCF' GBM”, then a special case can be obtained as 


follows: 


If v > 0, then by equation (9), we have 


vf & ((os20s)™)1-1 & (5) 





NCFGBM*” (51, — S,) _ 


|| 
pet 
| 
a 
— 
| 
ome 
—N 
jet 
| 
——N 
jt 
| 
4 
Ne” 
ie 
—— 
3H 
Nee 
e lh 
— 
| 
— 
| 
4: 
oo 
jt 
| 
——N 
jet 
| 
ae 
ae 
nN 
eS 
—— 
3 [FH 
ee” 
2 | 


Te-am). Tha -cyt) | 


1=1 i=l 71 


(1 1-TTa-a-n8) -TTa-cat) 1-TTa-co*)") 


which we call the generalized neutrosophic cubic fuzzy geometric mean (VCF BGM”). 


5.1. Weighted Neutrosophic Cubic Fuzzy Bonferroni Geometric Mean 


Generally weighted aggregating operator plays a significant role in decision-making pro- 





cesses to aggregate information. Therefore we propose a weighted aggregate operator based 
on neutrosophic cubic fuzzy bonferroni geometric mean (WNCFGBM,)"). 


Definition 5.3. Let S; = {{T77,T77], 7,17], [Fo,Ft|s (Du, Di, Fi) } be a collection of 


2 2-2 


neutrosophic cubic numbers (NCN), and w = (W1,W2,...,W,»)? the wieght vector of S; = 





Si: S5. woes Sn. where w; indicates the importance degree of S; such that w; > 0 and yo te 


1@=1,2,3,...,n). For any u,v > 0, 





“7 é (war ensiry) (15) 
es 


is called the weighted neutrosophic cubic fuzzy geometric bonferroni mean operator. 


WNCFGBM*” (51, Soy ous, S,) 2 


Theorem 5.4. Let u,v > 0 and S; (i = 1,2,3,...,) be a collection of neutrosophic cubic 
fuzzy numbers (NCFN), whose weight vector is w; = (W1,W2,...,Wn)!, which satisfies that 
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wi > 0, and So, w, = 1 (6 = 1,2,3,...,n). Then the aggregated value using the operator is 


WNCFGBM" (S41, S2, ..., Sn) = 





1 ( : ~ a BS ities Oey) \ 
cae, ® ((uSn™ 20S) 
, igs | : ; | } ) 














v= \., 
1FJ 


AL focal | 


1 





( ; an) 
1- ][ (1-@-aQ-y“™)"a-a-pyvyyrer™ : 
lees | } 


\ ig=1 
IFj 


hho A indoteeee-e-n eee | 


| ) 


- =| ~ 
-][] @-a-a-Rtyya-a-Ry : 
ES | ) 


( 7 , —- |] @-a@-@i)”)*a- ayy | 


pps } 
IFj 


, —~|[ @-@-Q-hi)”)*a-(a- es 


( ; | \ ate) 
|| =Car )t 
\ a ) ) 


D. Ajay, Said Broumi, J. Aldring ; An MCDM Method under Neutrosophic Cubic Fuzzy Sets 
with Geometric Bonferroni Mean Operator 








eI. 
lod 
—— 











1 





1 











Neutrosophic Sets and Systems, Vol. 32, 2020 198 


Proof. The proof is identical with the proof of theorem (5.2) and therefore is omitted. 5 


6. An application of weighted neutrosophic cubic fuzzy geometric bonferroni mean 


operator to MCDM problems 


In this section, we propose an algorithm for MCDM method based on neutrosophic cubic 
fuzzy geometric Bonferroni mean operators and illustrate it with a numerical example. 


Algorithm. Let A; = {41,72,---,%n} and C; = {71,72,---,%m} be collections of n al- 





ternatives and m attributes respectively. According to the appropriate weight of attributes 
(Qj) = {1,H2,...@m} is determined, which satisfies the condition that ©; > 0 and >@; = 1. 
Then the following steps are used in process of MCDM method. 

Step 1. Construct neutrosophic cubic fuzzy decision matrix D = |Nij|nxm. 

Step 2. The decision matrix is aggregated using NCFGBM”” or WNCFGBM,,”" to 

m attributes. 

Step 3. Utilize the score formula (Eq.1) to calculate the values of s(Aj) 


Step 4. The n alternatives are ranked according to their score values 


6.1. Numerical Example and Investigation 


An illustrative example on the selection problem of investment alternatives is adapted 
(Ref. [25]|26} ) to validate the proposed MCDM method with NCF data. A company wants a 
sum of money to be invested in an industry. ‘Then the committee suggests the following four 
feasible alternatives: (a) 71 is a textile company; (b) 72 is an automobile company; (c) 73 is a 
computer company; (d) 74 is a software company. Suppose that three attributes namely, (1) 7 
is the risk; (2) 72 is the growth; (3) 73 is the environmental impact; are taken into the evalua- 
tion requirements of the alternatives. The weight vectors of the three attributes 7;(7 = 1, 2,3) 
are (@;)’ = (0.32, 0.38, 0.3) respectively. Then the experts or decision makers are asked to 


evaluate each alternative on attributes by the form of NCFNs. Thus, the assessment data can 





be represented by neutrosophic cubic decision matrix D = [Sjj|mxn- 


step 1. Neutrosophic cubic fuzzy decision matrix D = |Sj;|4x3 


0.5,0.6],  [0.1, 0.3], 
0.2,0.4]; (0.6, 0.2, 0.3) 


0.6,0.8], (0.1, 0.2], ) 


0.2,0.4], (0.7, 0.8], 
0.8,0.9]; (0.3, 0.8, 0.9) 


0.3,0.4], (0.6, 0.7], a 


0.5,0.6],  [0.1, 0.3], 
+ Rae exits) 
0.6,0.7],  [0.1, 0.2], 
0.2,0.3]; (0.6, 0.1, 0.2) 

| 

| 

| 

| 


| 


| 
0.2,0.3];  (0.7,0.1, 0.2 . 
| 
| 


| 

| 

| 

| 0.8,0.9]; (0.3, 0.6, 0.9 

0.4,0.6], (0.2, 0.3], 

| 

| 

| 


| | 
| | 
: | 
| 
D=| | | 
- 0.3,0.5],  [0.7,0.8], 
an 0.6,0.7]; (0.4, 0.8, 0.7) 
| | 
| | 


0.3,0.4], (0.6, 0.7], 
0.7,0.8]; (0.3, 0.7, 0.8) 
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0.5,0.6],  {0.2, 0.3], 
0.1,0.3]; (0.6, 0.2, 0.2) 0.3,0.4]; (0.6, 0.3, 0.4) 
0.7,0.8],  [0.1, 0.2], ) 


0.1,0.2]; (0.8, 0.1, 0.2) 


0.6,0.7], 0.1, 0.2], 


| 
| 
| 
| 
| 
| 
| 
0.1,0.3]; (0.7, 0.1, 0.2 


| 
| 
| 
| 
| 
| 
| 
| 
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~ ~ ~ 


step 2. The decision matrix is aggregated by WNCFGBM.” (Si, Si2, Si3)(@ = 1,2,...n) 
operators (Using Eq.16) to the three (7);,7 = 1,2,3) attributes. 


If we take the parameter values u = v = 1, then using A; = WNCFGBMS), we get 
the following values 
A; = {[0.7345, 0.8126] , (0.0881, 0.1861] , 
Az = {[0.7951, 0.8635] , (0.0790, 0.1307] , 
Az = {[0.7378, 0.8287] , (0.1307, 0.1861] 
Ay = {[0.8124, 0.8635] , (0.0790, 0.1307] , 


0.1453, 0.2523] ; (0.7951, 0.1453, 0.2093) } , 

0.1453, 0.2093] ; (0.81.24, 0.0790, 0.1642) } , 
] ; (0.8126, 0.1674, 0.1703)}, 
) 


0.1195, 0.1876 
0.0881, 0.1674] ; (0.8491, 0.0881, 0.1453) }. 


y y ) 


rr. sO ee OO 


) 


step 3. Utilizing Eq.(1), the score values s(A;) are found 
s(A,) = 0.8130, s(Az) = 0.8527, s(A3) = 0.8244, s(A4) = 0.8702. 


step 4. Since the values s(A,) > s(Az) > s(A3) > s(A1), the rank of alternatives are in 
the order of V4 > 42 > ¥3 > 91. 


From the results, we could see that the ranking order and the best choice of alternatives 
are the same as the results in [25]|26). 


If the parameters u = v = 2, then using A; = WNCFGBMY2) we get the following 
ageregate values 
A; = {|0.7306, 0.8111] , [0.0950, 0.1940] , [(0.1542, 0.2619] ; (0.7916, 0.1542, 0.2204) } , 
Ao = {|0.7916, 0.8563] , |0.0847, 0.1376] , |0.1542, 0.2204] ; (0.8055, 0.0847, 0.1757) } , 
Az = {[0.7371, 0.8283] , [0.1376, 0.1940] , (0.1354, 0.1945] ; (0.8111, 0.1797, 0.1841) } , 
| el il ]; (0.8395, 0.0950, 0.1542) } . 


A, = {|0.8055, 0.8563] , |0.0847, 0.1376] , |0.0950, 0.1797 


y y ) 


) 


Then we calculate the score of the alternatives s(A,;) = 0.8059, s(Az) = 0.8451, s(A3) = 
0.8165, s(A1) = 0.8621. 


Since s(A,) > s(A2) > s(A3) > s(Aj), the order of the rank is 44 > 42 > 93 > 41. 





As the values of parameters u and v change according to the subjective preference of the 
decision maker, we can find that the ranking order of the alternatives are the same, which 
indicates that the proposed method can obtain the most optimistic results than the existing 
MCDM methods based on GBM [29]. For a detailed comparision, we represent the scores of 


each alternatives in Fig.1 by changing the values of parameters u,v between 0 and 10. 
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(A) Scores of alternative 41 (B) Scores of alternative 72 





(Cc) Scores of alternative 73 (D) Scores of alternative 74 


FIGURE 1. Scores of alternative 7; obtained by WNCFGBM,,;”” 


7. Conclusions 


In this paper, we have applied geometric Bonferroni mean to neutrosophic cubic fuzzy 
sets. A new aggregating operator NCFGBM™” has been established and its properties are 
discussed. The MCDM method is developed based on the weighted operator WNCFGBM,,;”" 
and is verified with a numerical example where four alternatives are ranked under three criteria. 


The graphical representation of the results depicted above shows that the ranking of the 





alternatives remains unaffected when the parameters are changed due to subjective preferences. 
This proves that the method is objective and moreover the result obtained, when compared 
with the results of existing techniques, shows that the proposed method is more effective 
in dealing with neutrosophic fuzzy information. In future, NCFGBM™” operator could be 


applied to various other MCDM methods. 
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Abstract: In this paper, we introduce the notion of single valued neutrosophic mapping defined by single valued 
neutrosophic relation which is considered as a generalization of fuzzy mapping defined by fuzzy relation and several 
properties related to this notion are studied. Moreover, we generalize the notion of fuzzy topology on fuzzy sets 
introduced by Kandil et al. to the setting of single valued neutrosophic sets. As applications, we establish the property 
of continuity in single valued neutrosophic topological space and investigate relationships among various types of 
single valued neutrosophic continuous mapping. 


Keywords: Single valued neutrosophic set; Binary relation; Mapping; Topology; Continuous mapping. 


1 Introduction 


It is a well-known fact by now that mappings in crisp set theory are among the oldest acquaintances of modern 
mathematics and, play an important role in many mathematical branches (both pure and applied), as well as 
in topology and its analysis approaches. The uses of mappings appear also in formal logic [13], category 
theory [35], graph theory [11], group theory [6] and in computer science [31]. In general, it was and still more 
common. 

In fuzzy setting, the concept of fuzzy mapping has received far attention. It has appeared in many papers, 
for instance, S. Heilpern [12] introduced this concept and proved a fixed point theorem for fuzzy contraction 
mappings. In [17], S. Lou and L. Cheng proved that fuzzy controllers can be regarded as a fuzzy mapping 
from the set of linguistic variables describing the observed object to that of linguistic variables describing the 
controlled objects. Thereafter, Lim et al. [18] investigated the equivalence relations and mappings for fuzzy 
sets and relationship between them. Ismail and Massa’deh [9] defined L-fuzzy mappings and studied their 
operations, also they developed many properties of classical mappings into L-fuzzy case. For the study of 
fuzzy continuous mappings in fuzzy topological space, an extended approaches are proposed, R.N. Bhaumik 
and M.N Mukherjee [5] investigated some properties of fuzzy completely continuous mapping. Mukherjee and 
B. Ghosh [27] pay attention to the introduction and studying of the concepts of certain classes of mappings 
between fuzzy topological spaces. Each of these mappings presents a stronger form of the fuzzy continuous 
mappings. In this regard, we find that other authors also contributed a lot to this field, like M. K. Single and A. 
R. Single [36], B. Ahmed [1] and M. K. Mishra et al. [26]. 
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In [3], Attanassov introduced the concept of intuitionistic fuzzy set which is an extension of fuzzy set, char- 
acterized by a membership (truth-membership) function and a non-membership (falsity-membership) function 
for the elements of a universe X. Moreover, there is a restriction that the sum of both values is less and equal 
to one. Recently, F. Smarandache [32] generalized the Atanassov’s intuitionistic fuzzy sets and other types of 
sets to the notion of neutrosophic sets. He introduced this concept to deal with imprecise and indeterminate 
data. Neutrosophic sets are characterized by truth membership function (‘7’), indeterminacy membership func- 
tion (/) and falsity membership function (F’). Many researchers have studied and applied in different fields the 
neutrosophic sets and its various extensions such as decision making problems (e.g. [39, 41]), image process- 
ing (e.g. [8, 44]), educational problem (e.g. [25]), conflict resolution (e.g. [28]), social problems (e.g. [29, 24]), 
medical diagnosis (e.g. [22, 40, 42]), supply chain management (e.g. [20]), construction projects (e.g. [21 ]) 
and to address the conditions of uncertainty and inconsistency (e.g. [23]) and others. In particular, to exercise 
neutrosophic sets in real life applications suitably, Wang et al. [37] introduced the concept of single valued 
neutrosophic set as a subclass of a neutrosophic set, and investigated some of its properties. Very recently, 
Kim et al. [15] studied a single valued neutrosophic (relation/ transitive closure/ equivalence relation class/ 
partition). The studies, whether theoretical or applied on single valued neutrosophic set have been progressing 
rapidly. For instance, [2, 7, 14] and more others. 

Motivated by recent developments relating to this framework, in this paper, we introduce the notion of 
single valued neutrosophic mapping defined by single valued neutrosophic relation as a generalization of fuzzy 
mappings introduced by Ismail and Massa’deh [9] and many properties related to this notion are studied. Also, 
we generalize the notion of fuzzy topology on fuzzy sets introduced by A. Kandil et al. [16] to the setting of 
single valued neutrosophic sets to establish the continuity property of single valued neutrosophic mapping. To 
that end, we investigate relation among various types of single valued neutrosophic continuous mappings. 

The contents of the paper are organized as follows. In Section 2, we recall the necessary basic concepts and 
properties of single valued neutrosophic sets, single valued neutrosophic relations and some related notions that 
will be needed throughout this paper. In Section 3, the notion of single valued neutrosophic mapping defined 
by single valued neutrosophic relation is introduced and some properties related to this notion are studied. 
In Section 4, we establish as an application the single valued neutrosophic continuous mapping in single 
valued neutrosophic topological space and relationships between various types of single valued neutrosophic 
continuous mapping are explained. Finally, we present some conclusions and discuss future research in Section 
>. 


2 Preliminaries 


This section contains the basic definitions and properties of single valued neutrosophic sets and some related 
notions that will be needed throughout this paper. 


2.1 Single valued neutrosophic sets 


The notion of fuzzy sets was first introduced by Zadeh [43]. 


Definition 2.1. [43] Let X be a nonempty set. A fuzzy set A = {(x,4(x)) | « € X} is characterized by a 
membership function 4 : X — |0,1], where ~.4(x) is interpreted as the degree of membership of the element 
x in the fuzzy subset A for any 7 € X. 
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In 1983, Atanassov [3] proposed a generalization of Zadeh membership degree and introduced the notion 
of the intuitionistic fuzzy set. 


Definition 2.2. [3] Let _X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A on X is an object 
of the form A = {(x, w(x), v,4(x)) | « € X} characterized by a membership function 4: X — [0,1] anda 
non-membership function v4 : X — |0,1] which satisfy the condition: 


0 < pa(x) +v,4(x) <1, for any x € X. 


In 1998, Smarandache [32] defined the concept of a neutrosophic set as a generalization of Atanassov’s 
intuitionistic fuzzy set. Also, he introduced neutrosophic logic, neutrosophic set and its applications in [33, 34]. 
In particular, Wang et al. [37] introduced the notion of a single valued neutrosophic set. 


Definition 2.3. [33] Let _X be a nonempty set. A neutrosophic set (NS, for short) A on_X is an object of the 
form A = {(x, a(x), o,4(x),v4(x)) | x © X} characterized by a membership function 4 : X —]~0,17| 
and an indeterminacy function 04 : X —>]|~0,1*[ and a non-membership function v4 : X —]~0,1*[ which 
satisfy the condition: 

~0 < pa(x) + o4(x) + va(x) < 3°, for any x € X. 


Certainly, intuitionistic fuzzy sets are neutrosophic sets by setting a4(7) = 1 — a(x) — va4(2). 
Next, we show the notion of single valued neutrosophic set as an instance of neutrosophic set which can be 
used in real scientific and engineering applications. 


Definition 2.4. [37] Let_X be a nonempty set. A single valued neutrosophic set (SVNS, for short) A on X is 
an object of the form A = {(x, wa(x),o4(x),V4(x)) | x € X} characterized by a truth-membership function 
ua : X —> [0,1], an indeterminacy-membership function 04 : X — [0,1] and a falsity-membership function 
Va: X — 0, 1]. 


The class of single valued neutrosophic sets on X is denoted by SV N(X). 


For any two SVNSs A and B on a set X, several operations are defined (see, e.g., [37, 38]). Here we will 
present only those which are related to the present paper. 


(i) AC Bif a(x) < wp(x) and o,(x) < op(ax) and v,(x) > vp(x), forall x € X, 
Gi) A= Bif wa(x) = pp(a) and og(x) = 
Gi) AN B= {(a, wa(x) A pp(x), o4(x) A 
(iv) AUB={(a, a(x) V pp(x), o4(2) V 
(v) A= {(z,1—va(x),1— a(x), 1 — pa(z)) | 2 € X}, 
(vi) [A] = {(@, Ha(@), oa(@),1 — pa()) | x © Xf, 

(vii) (A) = {(@, 1 — a(x), oa(x), vale) | & © X}F. 


(x) 
op(x) and vy(x) = vp(x), forall x € X, 
op(z),va(x) Vvp(x)) | ax € X}, 
op(r),va(x) Avp(x)) | a € X}, 


In the sequel, we need the following definition of level sets (which is also often called (a, 8, y)-cuts) of a 
single valued neutrosophic set. 
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Definition 2.5. [2] Let A be a single valued neutrosophic set on a set X. The (a, 3, y)-cut of A is a crisp 
subset 
Aagy ={x EX | wa(x) > aandog(x) > B and va(x) < ¥}, 


where a, 3, y €|0, 1]. 


Definition 2.6. [2] Let A be a single valued neutrosophic set on a set _X. The support of A is the crisp subset 
on X given by 
Supp(A) = {x € X | wa(x) 4 Oandog(x) #0 and va(x) F O}. 


2.2 Single valued neutrosophic relations 


Kim et al. [15] introduced the concept of single valued neutrosophic relation as a natural generalization of 
fuzzy and intuitionistic fuzzy relation. 


Definition 2.7. [15] A single valued neutrosophic binary relation (A single valued neutrosophic relation, for 
short) from a universe X to a universe Y 1s a single valued neutrosophic subset in X x Y, 1.e., is an expression 
R given by 

= {((2, y), bR(2, y), OR(z, y), VR(x, y)) | (2, y) os x ei 
where ip: X x Y > [0,1], andor: X x Y > [0,1], andvy: X x Y > (0,1). 
For any (x,y) € X x Y. The value zp(x, y) is called the degree of a membership of (x, y) in R, op(x, y) is 
called the degree of indeterminacy of (x, y) in R and vp(x, y) is called the degree of non-membership of (x, y) 
in R. 


Example 2.8. Let X = {a,b,c,d,e}. Then the single valued neutrosophic relation R defined on X by 


R= {((2,Y), UR(2, y), Or(2, Y), UR(Z, Y)) | Lye Ay, 


where jtr, OR and lz are given by the following tables: 


Siac ae 


7 0.35 
04 

02 06 

ns na 
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vrs) | a |b 
0 | 1 |040 
0.30 | 0.35 | 0.20 


i i i 


a 

b 

C 0.80 | 1 0 
d 

e 0.70 | 0.55 





Next, the following definitions is needed to recall. 


Definition 2.9. [30] Let R and P be two single valued neutrosophic relations from a universe X to a universe 
¥ 


(i) The transpose (inverse) R’ of R is the single valued neutrosophic relation from the universe Y to the 
universe X defined by 


R= {((2,Y), Mare (2, y), Or (L,Y), VRe(Z, y)) | (x, y) EX x ‘ae 


where 
( ure(x,y) = Urly, 2) 
and 
Or(x,y) = oR(y, 2) 
and 


( Ure (x, y) =vVply, 2), 
for any (x,y) € X x Y. 


(ii) Ris said to be contained in P or we say that P contains R, denoted by R C P, if for all (x,y) Ee X x Y 
it holds that bR(2, y) < p(x, y)s OR(z, y) < op(x, y) and VR(a, y) = p(x, y). 


(111) The intersection (resp. the union) of two single valued neutrosophic relations R and P from a universe 
X to auniverse Y is a single valued neutrosophic relation defined as 


ROP = {((a,y),min(ur(2, y), up(2, y)),min(or(2, y),oP(a, y)),max(vR(a, y),vp(x,y))) | (ay) 
exxyY} 


and 
RUP = {((a,y), max(urR(2, y), Max(or(2,y), op(x,y)), Min(vR_(z, y),Vp(r,y))) | (ay) EXxY}. 
Definition 2.10. [30, 38] Let A be a single valued neutrosophic relation from a universe X into itself. 
(i) Reflexivity: ur(x,x) = oR(x, x) = land vp(xz,x) = 0, for any x € X. 


(ii) Symmetry: for any x,y € X then 
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(iii) Antisymmetry: for any x,y € X, x # y then 


R(x, y) LR y, v) 
oRr(r,y) FOR(Y, 2) , 
VR(x,Y) F VR(Y, v) 


(iv) Transitivity. RoR C Rie., R? C R. 


3 Single valued neutrosophic mappings defined by single valued neu- 
trosophic relations 


In this section, we generalize the notion of fuzzy mapping defined by fuzzy relation introduced by Ismail and 
Massa’deh [9] to the setting of single valued neutrosophic sets. Also, the main properties related to single 
valued neutrosophic mapping are studied. 


Definition 3.1. Let A be a single valued neutrosophic set on X and B be a single valued neutrosophic set on 
Y, let f : Supp A — Supp B be an ordinary mapping and F be a single valued neutrosophic relation on 
X x Y. Then fr is called a single valued neutrosophic mapping if for all (x,y) € Supp A x Supp B the 
following condition 1s satisfied: 


te a 


WU CAL), ORT 2)) 47 VHT 
oR(t,¥) <4 is ‘ 1S a ' - 


tex { mre) =F 
Example 3.2. Let X = {a, 6,7}, Y = {a,b,c}, AG SVNS(X) and B € SVNS(Y) given by 
A = {(a, 0.5, 0.2, 0.8), (6, 0.1, 0.7, 0.3), (y, 0, 0.9, 1) } 
B = {(a,0,1,0.3), (6, 0.1, 0.5, 0.2), (c, 0.7, 0.2, 0.4) }. 
We will construct the single valued neutrosophic mapping fr by : 
(i) an ordinary mapping f : {a, 6} — {b,c} such that f(a) = band f(3) =<, 
(11) a single valued neutrosophic relation A defined by : 
Hr(a, f(a)) = Hr(a, 6) = wala) A pe(b) = 0.1 
HR(B, f(8)) = ur(B,c) = wa(B) A pale) = 0.1 
Hr(a,@) = UR, ¢) = HR(8, 4a) = HrR(G,) = RV, 4) = MR(7, 6) = ER(7, €) = 0 


In similar way, it holds that 
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or(a, f(a)) = or(a, b) = o4(a) Aop(b) = 0.2 

oR(B, f(B)) =or(8,0c) = 74(8) Aop(e) = 0.2 

Tr(a, a) = oR(a,¢) = oR(S, 4) = OR(B,b) = oR(y, 4) = OR(7, 8) = oR(7,¢) = 0 
and 

Ura, f(a@)) = vR(a,b) = va(a) V vp(b) = 0.8 

VR(B, f(G)) = vel 8, i ph V up(c) = 0.4 


a) = Vp, (6,6) = OR\Y, G a) = or(7,b) = or(7, c) = 1. 


6, R( 
)), 0.1, 0.2, 0.8), (6, f(8)), 0.1, 0.2, 0.4), ((a, a), 0,0, 1), 
1), ((8, 6), 0,0, 1), (7 a),0,0, 1), ((7,6),0,0, 1), ((7€),0,0, 1)} 


Thus, fr is a single valued neutrosophic mapping. 


stay He 
0,0, 


Example 3.3. Let X¥ =Q,Y =R,A€ESVNS(X) and B € SVNS(Y) given by: 
wa(x) = 0.3, o4(x) = 0.25 and vy(x) = 0.5, for any x € Q. 
Up(x) = op(x) = vpa(x) = 0.5, for any x € R. 

We will construct the single valued neutrosophic mapping fr by : 


(i) an ordinary mapping f : Q > R such that f(x) = 2°, 


(11) a single valued neutrosophic relation A defined by : 


r(2, f(2)) = pr(z, 2°) = pa(z) A p(x") = 0.3 
CHa (2) = oR t.a-) = o410 App) S025 
Vat) @)) SURO) HV) Vea) ]05 


Thus, fr is a single valued neutrosophic mapping. 


Remark 3.4. From the above definition, we can construct the single valued neutrosophic mapping by this 
method 


(1) We determine the Supp A and Supp B. 
(ii) We determine the ordinary mapping from Supp A to Supp B. 


(111) We determine the single valued neutrosophic relation by its membership function, indeterminacy func- 
tion and non-membership function. 


(iv) Finally, we conclude the construction of the single valued neutrosophic mapping. 


Definition 3.5. Let fr, gs be two single valued neutrosophic mappings, then fr and gs are equal if and only 
i) =¢and A= Sie, int, @)) = pe eo@)).- OR ef (2) = ose,o(@)). and yay, f(x) = 
Vs (x, 9(2))). 


Definition 3.6. Let A be a single valued neutrosophic set on _X, let f : Supp A — Supp A be an ordinary 
mapping such that f(x) = x and R be a single valued neutrosophic relation on X x X. Then fp is called a 
single valued neutrosophic identity mapping if for all x,y € Supp A the following conditions are satisfied: 
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_ J Hale), tfa=y 
Hrl®,¥) = 0, Otherwise, 


and 


_ 0 a(x) ) af LY 
TRB Y) = 0, Otherwise, 


and 


~~ V a(x) ) Mi LY 
Yeo, y) = 1, Otherwise , 


Definition 3.7. Let A, B and C are a single valued neutrosophic sets on X, Y and Z respectively, let f : 
Supp A + Supp B and g : Supp B — Supp C are an ordinary mappings and R, S are a single valued 
neutrosophic relations on X x Y and Y x Z respectively. Then (go f)7 is called the composition of single valued 
neutrosophic mappings fr and gr such that go f : Supp A — Supp C and the single valued neutrosophic 
relation J’ 1s defined by 


( = Zz) = sup,(min(urR(z, y), Ms(y, 2))) 


or(x, z) = supy(min(oR(x, y), 75(Y; Z))) 
and 


 vr(, 2) =infy(max(vR(x,y), sly, 2))) ; 
for any (x, z) € Supp A x Supp C. 


Example 3.8. Let X = N, Y = Rand Z = R, andlet A€ SVNS(X), BE SVNS(Y) andC € SVNS(Z), 
defined as follows : 


oes nn 


a(n) = o4(n) = zy and v4(n) = soz. for anyn EN. 


7 (0.25, if e[-11 £05, ifee[-L1 
PRE OR) = 0, Otherwise, and a 1, Otherwise , 
tet) =o6(2) = (eos(a)| and vo (x) = el for any x € R. 


We define a single valued neutrosophic mappings frp : A > Band gs: B > C'by: 


(i) an ordinary mappings f : Supp A —> Supp B, defined for any n € Supp A by: 


ee 1,2zf nis an even number, 
— | -1,tif nis an odd number , 


and g : Supp B —>+ Supp C defined by g(x) = 22, for any x € [—1, l]. 


(ii) a single valued neutrosophic relations R and S defined by : 
Lr(n, f(n)) = or(n, f(n)) = A{ua(n), Hef (n))} = Atggy, 0.25}, 
va(n, f(m)) = Vivaln), va(f(m))} = Vigggp> 0.5} and 
: A{0.25, SSF) | x € [-1, 1], 
0, otherwise , 


V 10.5, sete) y , UE ee 1], 
1, otherwise. 


Hs(a, g(x)) = os(x, 9(@)) = Meat), Ho(g(@))f 


and vs(2,9(2)) = V{re(e), vela(e))} = | 
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Then, the composition gs 0 frp = (go f)7 is defined by : 
(i) an ordinary mapping f : Supp A —> Supp C, defined for any n € Supp A by : 


2,7f nis an even number, 


(go f)(n) = —2, if nis an odd number , 
(11) a single valued neutrosophic relation 7’ defined by : 


Ste 0.209, eee , if nis an even number 


pir(n, (go f)(n)) = or(n, (go f)(n)) = —_ 0.25, ae. if nis an odd number 


| cos(2) |) 


_ Ma —0.25 =a 


= A{——,0.25}, 


Lae 


Wa rarer ein wt if nis an even number 
or 0.25, sin(— lsim(“2I tf nis an odd number 


Isis REN 








vr(n,(gof)(n)) = 


| an ) 


= v{ 0.25, 





aa 


sh ost. 


2 
2 2 
Remark 3.9. The single valued neutrosophic identity mapping /dp is neutral for the composition of single 
valued neutrosophic mappings. 


In the sequel, we need to introduce the notion of the direct image and the inverse image of a single valued 
neutrosophic set by a single valued neutrosophic mapping. 


Definition 3.10. Let frp : A — B be a single valued neutrosophic mapping from a single valued neutrosophic 
set A to another single valued neutrosophic set B and C C A. The direct image of C’ by fr is defined by 


Fr(C) = 1, Mbta(cy(¥); Tfa(c) (¥); Utaicn(y)) | y © Y }, where 


_ J waly), ify € f(supp(C)) 
Ltp(cy(y) 7 0, Otherwise, 


ee ie op(y), if y © f(supp(C)) 
hae 0, Otherwise, 


and | 
V ( ) _ VB(y) gue f (supp(C)) 
NG 1, Otherwise. 


Similarly, if C’ C B. The inverse image of C” by f is defined by 
fa (C’) = {(, ptr (©), prep (*); V p—1(cr)(®)) pe Sk fy 
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where | 
scalay a f HA fe FM owe) 
Mfg (C') 0, Otherwise, 
and | 
Pe ee 
fr (C) 0, Otherwise, 
and 


pe) AO OSE a) 
fr (C") 1, Otherwise. 
Example 3.11. Let X = [0,+00|, Y = Rand A € SV NS(X) defined for any x € X by: 
7 ip COS) ay Ee 10,5| _. | DO st f ae 0,5 | 
pa(a) = o4() = 0, Otherwise , Ce 1, Otherwise. 
Also, let BE SV NS(Y) given by : 


y, if y € [0,1] 


0.2,ifye(o1 
ante) = oat) = {oe Tutu = fr ae 


1, Otherwise. 
We define the single valued neutrosophic mapping fr: A > B by: 


(i) an ordinary mapping f : Supp A —+ Supp B, defined for any x € [0, 5] by 
f(x) =f. 

(ii) a single valued neutrosophic relation R defined by wr(x, f(x)) = or(a2, f(x)) = wa(x) A us(f(x)) = 
cos(x) A 4a and vp(2, f(“)) = v4(x) V va(f(2)) = 0.9 


Now, if we take C an SVNS on_X, where C' C A given by : 

Z Z —x+1, if x € [0,5] _ 0.99 , if y € [0,5] 
Ho(&) = oe(2) = 0, Otherwise, a 1, Otherwise , 
Then, the direct image of C’ by fpr is defined by : 


(yy = 1 Helv), fy € fsupp(C)) _fy,ifye [3] 

Mfp(C)\Y 0, Otherwise, 0, Otherwise, 

op ceoly) <1 CBW): ify € fsupp(C)) = tree Oy, 
fr(C)\y 0, Otherwise , 0, Otherwise, 


and 
ee vay), if y € f(supp(C)) 
fr(C)y 0, Otherwise , 
Moreover, it is easy to show that fr(C) C B. 
Next, if we take C’ an SVNS on Y, where C” C B given by: 
sin(y) , if y € [0,4 0.4,ifye 0,4 
Horly) = gory) = “4 oe J vorly) = dy oe 
Then, the inverse image of C” by f is defined by : 
pgyeyle) = { CO) TET MowmC)) —_ { ensa), if § 
fr (C") 0, Otherwise, 0, Otherwise , 


0.2, if y € (0, <] 
1, Otherwise. 


opsron(a) = 4 72) tf ee f-*(supp(C’)) 
fr (C’) 0, Otherwise, 
_ J va(a), if x © f-*(supp(C’)) 
ane UG) 7 1, Otherwise , 
Moreover, it is easy to show that f7'(C’) C A. 


cos(x) , if x € [0, 3] 
0, Otherwise, 


0.9, if  € (0, | 


1, Otherwise. 
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Now, we introduce the product of single valued neutrosophic sets and single valued neutrosophic projection 
mappings. 


Definition 3.12. Let A be a single valued neutrosophic set on_X and B be a single valued neutrosophic set on 
Y. The product of A and B, denoted by A x B is a single valued neutrosophic set on_X x Y defined by : 


Hixxy(%,y) = min{pa(x), UB(y)}, Oxxy(@,y) = min{oa(x), oB(y)}, Uxxy(@,y) = maxiva(x), VB(y)f. 
Also, we introduce the first single valued neutrosophic projection mapping (P,)r : A x B —> A by: 


(i) anordinary mapping P; : Supp(Ax B) —>+ Supp(A) such that P; (x,y) = x for any (x, y) € Supp(Ax 
B), 


(1) a single valued neutrosophic relation # defined by : 


eC) Te)! S11 ae ey), Pall o39))}t 
= min{pa(x), waly), a(x) }} 
=minipa(x), UBly)} 

and 

or((z,y), Pilz, y)) — mintoaxB(,Y); oa(Pi “og 
=min{oa(x), op(y), s(x) }} 
=min{o,(x), oBl(y)} 

and 

va((e,y), Pi(e,y)) = mar{vaxn(x,y), va(Pi(e.y 
= max{va(x), ve(y), va(x)}} 
= max{v,4(x), vB(y)} 


The second single valued neutrosophic projection mapping is defined analogously. 


4 Continuity property in single valued neutrosophic topological space 


The aim of the present section, is to introduce and study the notion of single valued neutrosophic continuous 
mapping in single valued neutrosophic topological spaces. The basic properties, and relationships with some 
types of continuity are also obtained. 


4.1 Single valued neutrosophic topology 


In this subsection, we generalize the notion of fuzzy topology on fuzzy sets introduced by Kandil et al. [16] to 
the setting of single valued neutrosophic sets to establish the continuity property of single valued neutrosophic 


mapping. 


Definition 4.1. Let A be a single valued neutrosophic set on the set X and O, = {U isanSVNS on X : 
U C A}. We define a single valued neutrosophic topology on single valued neutrosophic set A by the family 
T’ C Ox which satisfies the following conditions : 


Ga) A, OU ET; 
(ii) if U;, U, €T, then U, OU, © T; 
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Gu) if U; € 7 forall? € J, then UU; € T. 
T is called a single valued neutrosophic topology of A and the pair (A, 7) is a single valued neutrosophic 


topological space (SVN-TOP, for short). Every element of 7’ is called a single valued neutrosophic open set 
(SVNOS, for short). 


Example 4.2. Let X = P(R*) and a €]0,1{, A be a single valued neutrosophic set on X given by : 


1,if9o=0 1,ifo0=0 0,7fd=90 
uaA(@)=< a, 0< |Al<au, oA(P) =< $, 0< |O| < ov, va(0)=< l-a, 0<|0]<o, 
0, Otherwise, 0, Otherwise, 0.5, Otherwise. 
Then, the family 7 = {A,0.,U} where: 
2, |0| <oco 2, |A|< oc 1, |A)\<c 
= 2 4 | ) _ 4) ’ = ) ) 
Hu (8) 0, Otherwise, ou (8) 0, Otherwise, vy (8) 0.8, Otherwise , 


is a single valued neutrosophic topology on A. 


Inspired by the notion of interior (resp. closure) on intuitionistic fuzzy topological space on a set intro- 


duced by Atanassov [4], we generalize these notions in single valued neutrosophic topology on a single valued 
neutrosophic set. 


Definition 4.3. Let (A, 7’) be a single valued neutrosophic topological space, for every single valued neutro- 
sophic subset G of X we define the interior and closure of G by: 
int(G) = U(r, max Hy (x), max ou(x), min vy(x)) | 2 € U CG} and 
LE LE LE 


cl(G) = U(r, min Hx (x), min OK (x), max V_(x))| aE AandG C Kk} 


Example 4.4. Let X = {a,b,c} and A, B,C, D € SV NS(X) such that 

A= {<a,0.5,0.7,0.1 >, < 6,0.7,0.9,0.2 >, < c,0.6,0.8,0 >} 

B= {<,0.5,0.6,0.2 >, < b,0.5,0.6,0.4 >, < ¢,0.4,0.5,0.4 >} 

C = {< a,0.4,0.5,0.5 >, < b,0.6,0.7,0.3 >, < ¢,0.2,0.3,0.3 >} 

D=1<.4,0,5,06,0.2 >= 0,0.6,0:7,0:3 >,< 604,045,035} 

E = {<a,0.4,0.5,0.5 >, < b,0.5,0.6,0.4 >, < ¢,0.2,0.3,0.4 >} 

Then the family T = {A, 0., B,C, D, E} is an SVN-TOP of A. 

Now, we suppose that G € SVNS(X) given by G = {< a,0.41,0.5,0.6),< 6,0.3,0.2,0.6 >,< 
c,0.2,0.3,0.7 >}. Then, int(G) = 0. and cl(G) = EN1L = E. 


Definition 4.5. Let (A, 7) be a single valued neutrosophic topological space and U € SV NS(A,T). Then U 
is called : 


1. asingle valued neutrosophic semiopen set (SVNSOS) if U € cl(int(U)); 
2. a single valued neutrosophic a-open set (SVNaOS) if U C int(cl(int(U))); 
3. a single valued neutrosophic preopen set (SVNPOS) if U C int(cl(U)); 


4. asingle valued neutrosophic regular open set (SWNROS) if U = int(cl(U)). 
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4.2 Single valued neutrosophic continuous mappings 


In this subsection, we will study some interesting properties of single valued neutrosophic continuous map- 
pings in single valued neutrosophic topological space and relations between various types of single valued 
neutrosophic continuous mapping. First, we introduce the notion of single valued neutrosophic continuous 


mapping. 


Definition 4.6. Let (A, 7) (B, L) be two single valued neutrosophic topological spaces. The mapping fr : 
(A,7) — (B,L) is a single valued neutrosophic continuous if and only if the inverse of each L-open single 
valued neutrosophic set is 7'-open single valued neutrosophic set. 


Example 4.7. Let (A, 7) and (B, 7”) be two single valued neutrosophic topological spaces, where 
wa(x) = 0.8, o4(x) = 0.88 and v(x) = 0.1, for any x € R, and 


7 0.5,7fy=O0 =, 088.4 0 7 O.1,27fy>0 
Maly) = 0.8, Otherwise , oBly) = 0, Otherwise , vely) = 0.3, Otherwise , 
We suppose that 7 = {A,0.,U,}, where 
OO ee a ena nies ST Se an ae 


0, Otherwise, 0, Otherwise, 
Also, we suppose that 7” = {B,0., U;}, where 


— J 0.5, tf y € (0, 2] _ J 0.8, tf y € [0,2] — f 0.2, if y € [0,2 
buy (y) = 0, Otherwise , ouy(y) = 0, Otherwise , vu (y) = 0.4, Otherwise. 
Then, the single valued neutrosophic mapping fr : A > B define by : 


(i) an ordinary mapping f : R, —> R, such that f(v) = x’ , for any x € R4, 


(11) a single valued neutrosophic relation A defined by : 


tale, J (@)) = 0b eRe, fF (e)) = 0:83 and yaa, f (e)) = 0.1. 


is a single valued neutrosophic continuous mapping. Indeed, it is easy to show that f, ( B) = A and 
fz (OW) = 0~ and we have, 


_ J valz), tf x € fF“ (supp(Uj)) 
My) in 0, Otherwise, 


_ a 


0, Otherwise, 
Mu, (a); 


_ oa(a), if x € f-*(supp(U{)) 
0, Otherwise, 


_ ate chee 


0, Otherwise, 


= SO (x), 


ou (2) 
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and 


vucn(a) =f Yale) > fee fF supp(U)) 
fr (U4) 1, Otherwise , 


Va(x) rE e> (0, V2 


1, Otherwise , 


7 a 


1, Otherwise , 


= Ve). 


Hence, fp '(U{) = U, € T. Thus, fz is a single valued neutrosophic continuous mapping. 


Remark 4.8. Let (A, 7') be a single valued neutrosophic topological space. Then the single valued neutro- 
sophic identity mapping [dp : (A,T) — (A, T) is a single valued neutrosophic continuous mapping. 


Next, we provide the relationships between various types of single valued neutrosophic continuous map- 
ping. First, we generalize the notions of precontinuous mapping, a-continuous mapping introduced by Giiray 
et al. [10] to the setting of single valued neutrosophic sets. 


Definition 4.9. Let fp : (A,T) — (B,T") be a single valued neutrosophic mapping. Then fg is called : 


1. a single valued neutrosophic precontinuous mapping if fp '(U’) is aSVNPOS on A for every SVNOS 
U’' on B; 


2. asingle valued neutrosophic a-continuous mapping if f;, '(U’) isa SVNaOS on A for every SVNOS U’ 
on B. 


The following proposition shows the relationship between single valued neutrosophic continuous mapping 
and single valued neutrosophic a-continuous mapping. 


Proposition 4.10. Let fp : (A,T) — (B,T") be a single valued neutrosophic mapping. If fp is a single 
valued neutrosophic continuous mapping, then fr is a single valued neutrosophic a-continuous mapping. 


Proof. Let U' be aSVNOS in B and we need to show that f;'(U’) is an SVNaOS in A. The fact that fp is a 
single valued neutrosophic continuous mapping implies that f;'(U’) is a SVNOS in A. From Definition 3.10, 
it follows that 

ngrantayey POT oe aig) =} MT ee 

Pp (U") 0, Otherwise, Pp (U) 0, Otherwise, 
Va(x), if x € f-*(supp(U")) 
1, Otherwise. 

We conclude that, f;'(U’) is a SVNaOS in A. Hence, fr is a single valued neutrosophic a-continuous 

mapping. [| 


Remark 4.11. The converse of the above implication is not necessarily holds. Indeed, let us consider the single 
valued neutrosophic mapping fr given in Example 4.7 and T be a SVN-topology given by T = {0., A, U;}, 
where: 14(x) = 1, o4(x) = 0.99, v4(x) = 0.001 and 
_f1,ifee([0,q — f 0.99, if x € [0,1] — f 0.001, if x € [0,1] 
Hy, (#) = 0, Otherwise, ou, (2) = 0, Otherwise, a= 1, Otherwise. 
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Hence, int(fp-(U{)) = Uy, cl(U,) = 1x and int(1.) = A. Thus, fz'(U;) C int(cl(int(fz'(U{))). 
We conclude that f;'(U{) is an SVNaS but not SVNOS and fz is a single valued neutrosophic «-continuous 
mapping but not a single valued neutrosophic continuous mapping. 


The following proposition shows the relationship between single valued neutrosophic a-continuous map- 
ping and single valued neutrosophic pre-continuous mapping. 


Proposition 4.12. Let fp : (A,T) — (B,T") be a single valued neutrosophic mapping. If fr is a single 
valued neutrosophic a-continuous mapping, then fr is a single valued neutrosophic pre-continuous mapping. 


Proof. Let U’ be an SVNOS in B and we need to show that f,'(U’) is a SVNPOS in A. The fact that 
fr is a single valued neutrosophic a-continuous mapping implies that f7'(U’) is a SVNaOS in A. From 
Definition 3.10, it follows that 

jae Cee ean) aa ag ee 

fp (U") 0, Otherwise, fp (U") 0, Otherwise, 
va(x), if x € f*(supp(U’)) 
1, Otherwise. 

We conclude that, [7 '(U’) is an SVNPOS in A. Hence, fp is a single valued neutrosophic pre-continuous 

mapping. | 


and Vp—1(q)(X) = 


Remark 4.13. The converse of the above implication is not necessarily holds. Indeed, let (A, 7’) and (B, T”) 
be two single valued neutrosophic topological spaces, where fu4(x) = 1, o4(x@) = 1 and v4(x) = 0.005, for 
any x € IR, and 


,ify>0 0.9,7fy=O0 0.01, ify >O0 
He(y) = to. 0, Oenine. only) = 0.8, Otherwise , u(y) = 0.03, Otherwise , 
We suppose that T = {A, 0. U,}, where 
ig (ce) =Voy, (4) = Land (0%) = 1. 
Also, we suppose that 7” = {B,0., U;}, where 


_ f 0.7, if y € [0,4] — f 0.5, if y € [0,4] — f 0.12, if y € [0,4] 
py (y) = 0, Otherwise, ou;ly) = 0, Otherwise, voy) = 0.32, Otherwise. 


Then, the single valued neutrosophic mapping fr : A > B define by : 
(i) an ordinary mapping f : R, —> R, such that f(x) = /z, for any x € R,, 


(11) a single valued neutrosophic relation A defined by : 
Ur(x, f(x)) = 0.7 or(a, f(x)) = 0.9 and va(x, f(x)) = 0.01. 


- (x) _ [LA ,if xe fr '(supp(U a) 
as OL 0, Otherwise, 


(on 
_ f 1, ifr € [0,16 
\" 


0, Otherwise, 


_ f oa(x), if x € f-*(supp(Uj{)) 
7 p21 (U4) (2) 7 0, Otherwise , 


7 , if x € [0,16] 
7 ] Otherwise , 
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istiianle) = Va(x), if © f*(supp(U{)) 
fr (U4) 1, Otherwise , 


7 va(x), af x € [0,16] 
7 1, Otherwise, 


0.01, if x € [0,16] 
1, Otherwise, 


Hence, cl(fz°(U{)) = OF = 1. and int(1.) = A. Thus, fz'(U{) C int(el(fz'(U;))). We conclude 
that f; ‘(U{) is an SVNPOS and fp is a single valued neutrosophic pre-continuous but not a single valued 
neutrosophic continuous. 


bs) 


Conclusion 


In this work, we have generalized the notion of fuzzy mapping defined by fuzzy relation introduced by Ismail 
and Massa’deh to the setting of single valued neutrosophic sets. Also, the main properties related to the single 
valued neutrosophic mapping have been studied. Next, as an application we have established the single valued 
neutrosophic continuous mapping in the single valued neutrosophic topological spaces. Future work will be 
directed to study the notion of the single valued neutrosophic mapping for other types of topologies based on 
the single valued neutrosophic sets. 
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Abstract. Unipolar is less fundamental than bipolar cognition based on truth, and composure is a restraint 
for truth-based worlds. Bipolarity is the most powerful phenomenon that survives when truth disappeared in 
a black hole due to Hawking radiation or particular / anti-particular emission. The purpose of this research 
study is to define few four operations, including residue product, rejection, maximal product and symmetric 
difference of bipolar single-valued neutrosophic graph (BSVNG) and to explore some of their related properties 
with examples. Bipolar single-valued neutrosophic graph (BSVNG) is the generalization of the single-valued 
neutrosophic graph (SVNG), intuitionistic fuzzy graph, bipolar intuitionistic fuzzy graph, bipolar fuzzy graph 
and fuzzy graph. BSVNG plays a significant role in the study of neural networks, daily energy issues, energy 





systems, and coding. Moreover, we will determine related properties like the degree of a vertex in a BSVNG or 





total degree of a vertex ina BSVNG. We provide examples of the vertex degree in BSVNG and the total vertex 


degree in BSVNG. In order to make this useful, we develop an algorithm for our useful method in steps. 





Keywords: keyword 1; symmetric difference, residue product, maximal product, rejection of BSVNG, Appli- 


cation, algorithm. 


oo SS—O—i— i iOiNNWWMmMMMO COGCNLSWXWL«X=<Si—i—_TiC~<~—_SS I 


1. Introduction 


In 1965, Zadeh [B86] put forward the idea of the one-degree fuzzy set concept that deter- 








mined the true membership function. Since Zadeh’s pioneering work, the fuzzy set theory has 


been used in various disciplines such as management sciences, engineering, mathematics, social 





sciences, statistics, signal processing, artificial intelligence, automata theory, medical and life 


sciences. In the 20th century, Smarandache [B81] includes the concept where uncertainty occurs 
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in the form of Neutrosophic set and extend the intuitionistic fuzzy set. There is also a non- 
membership degree that Atanassove [I] defines in an intuitionistic fuzzy set with two degrees 
in a set. Abdel-Basset et al. [2H6] studied many concepts on neutrosophic sets. Broumi et 
al. [[7,9HL3) 281/29] investigated the extension of the fuzzy graph in the form of the single-valued 
neutrosophic graphs, shortest path problem using bellman algorithm under neutrosophic en- 
vironment, shortest path problem in fuzzy, intuitionistic fuzzy and neutrosophic environment, 
single valued neutrosophic coloring, and operations of single valued neutrosophic coloring. 

A bipolar fuzzy theory has more scope when we compare to simply a fuzzy theory as com- 
patibility and flexibility. Overall its model is better than the fuzzy model. Borzooei and 
Rashmanlou [&,25H27] studied very well on vague graphs and bipolar fuzzy graph. Rashman- 
lou studied about interval-valued fuzzy graph |[22H24]. The neutrosophic set has much scope 
in neutrosophy and the neutrosophy theory is widely used in graph theory. In this extension, 
Wang et el. [B5] described subclass of a Neutrosophic set known as a single-valued neutrosophic 
set. In the fields of bio and physics, SVNG has numerous applications. In these days, its pur- 
pose evaluates incomplete and uncertainty information. BSVNG has numerous applications in 
the fields of geometry and operational research. It has been a useful scope in various fields of 
computer science.Later, Deli et al. [4] described the idea of the bipolar neutrosophic set as the 
extension of the Neutrosophic set. He also described the concept of the bipolar fuzzy graph 
with some related properties. One problem of an Fuzzy graph, Intuitionistic fuzzy graph, 
bipolar fuzzy graph and intuitionistic bipolar fuzzy graph found when uncertainty occurs in 
the relationship between two vertices. Need for the neutrosophic graph is necessary because 
these are not suitable properly. Many researchers |[B2,83] was famous due to their research 
work application approach to real-world problems. 

The idea of the fuzzy graph is presented by Rosenfeld [BO] and [84]. Malik and Hassan [16] both 
described the classification of the BSVNG together. Later Malik and Naz [21] presented the 
operations on the SVNG. Gomathi and Keerthika [5] studied neutrosophic labeling graph. 
Kousik Das et al. [17] defined generalized neutrosophic competition graphs. Mordeson and 
Peng [LS] given some operations on Fuzzy Graphs. Gani et al. [9,20] defined order, size, and 
irregular fuzzy graphs. ‘The various application of graph theory in the fields of information 
technology, operational research, image segmentation, social science, capturing the image, al- 
gebra. It is also applicable to bioscience, chemistry, and computer science. The fuzzy is very 
useful to deduce the unsolved problems in various fields like networking, clustering with a great 
role in the algorithm. The use of fuzzy graph by which a great extent in a few years and has 
a scope from 19th century [9,20]. Neutrosophy is the type of philosophy which studies the 
nature and scope of neutralities. We will discuss some new properties on a BSVNG. Bipolar 


fuzzy set has many applications in image processing. It gives more advantages in real problems 
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a(0.4,0.5, 0.6, —0.5, —0.6, —0.7) b(0.7, 0.8, 0.2, —0.7, —0.4, —0.2) c(0.8, 0.5, 0.6, —0.9, —0.2, —0.3) d(0.6, 0.7, 0.5, —0.5, —0.3, —0.8) 


(0.4, 0.8, 0.6, —0.5, —0.6, —0.7) (0.7, 0.8, 0.6, —0.7, —0.4, —0.3) (0.6, 0.7, 0.6, —0.5, —0.3, —0.8) 


(0.5, 0.9,0.6, —0.6, —0.8, —0.5) 
(0.4,0.6,0.9, —0.6, —0.6, —0.7) 


(0.4, 0.8, 0.9, —0.6, —0.6, —0.7) 


(0.4, 0.9, 0.9, —0.6, —0.8, —0.7) 


(0.5, 0.9, 0.8, —0.6, —0.8, —0.5) 





e(0.6, 0.5, 0.8, —0.6, —0.7, —0.2) f(0.5,0.9,0.6, —0.6, —0.8, —0.5) g(0.4, 0.6,0.9, —0.6, —0.6, —0.7) h(0.6, 0.8, 0.5, —0.6, —0.6, —0.6) 
FIGURE 1. BSVNG 


to make it in an easier form. BSVNG is the extension of an Fuzzy graph, Intuitionistic fuzzy 
graph, interval-valued intuitionistic fuzzy graph and SVNG. Bipolar fuzzy graphs are very use- 
ful in the fields of signal processing, computer science, and database theory. ‘The operations 
we will establish are the symmetric difference and residue product in this paper. Peng [I] 
defined Some operations which are the join of two graphs, cartesian product of two graphs 
and the union of two graphs. Also, we discuss examples of these operations. We will find the 
degree and total degree of BSVNG. In the end, we will make an application on BSVNG with 


algorithm. 


2. Operations on BSVNGs 


In this section, we define four operations, including residue product, rejection, maximal 
product and symmetric difference of bipolar single-valued neutrosophic graph (BSVNG) and 


to explore some of their related properties with examples. 


Definition 2.1. [3] A bipolar single valued neutrosophic graph is such a pair G = (X,Y) 
which is of crisp graph G=(V,E) is defined as(i) ayy: V > [0,1], By : V > [0,1], yw : V 
10,1], du : V > [1,0], nu: V — [-1,0], 0 : V — [-1,0]. (ii) 


an(mn) < minjay(m),am(n)}, Bn(mn) = max{hu(m), Bru(n)j 


yn (mn) = max{yau(m), y(n) fF, Iw(mn) = max{du(m), du(n) 5 


nn(mn) <mininu(m),nu(n)f, @n(mn) < min{On(m), Ou(n) f- 


and 0< an(mn)+6n(mn) + yn(mn) < 3 and —3 < édy(mn)+nn(mn) + On(mn) < 0. 


Example 2.2. In Figure 1, we see a graph with eight vertices {a,b,c,d,e,f,g,h} and eight edges 
fab, be, cd ,ef, fg, gh ,bf, cg} that is a bipolar single valued neutrosophic graph. It is easy to 


see that all conditions of Definition 2.1 is true for this example. 
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Definition 2.3. The height of a bipolar single valued neutrosophic set (BSVNs) (in universe 


discourse Y) 


Q = (aa(y), Ba(y), ve; 9e(¥), ne(y); Fa(y)) is defined by: 


h(Q) = (hi(Q), ha(Q), h3(Q), ha(Q), hs(Q), he(Q)) 
= (Supycyag(y), Infyey Bay), Infyey Bly), Supyey 6Q(y), Infyey ney), Infyey 9aQ(y)) 


Example 2.4. Take Q = {(a,0.5, 0.4, 0.5, —0.2, —0.4, —0.5), (b, 0.5, 0.6, 0.4, —0.4, —0.3, —0.6), 
(c, 0.4, 0.6, 0.4, —0.4, —0.5, —0.3)} be BSVNs then height is defined as h(Q) = (0.5, 0.4, 0.4, 
0.4, 0.3, 0.3). 


Definition 2.5. let G; = (Mj,,.N,) and Gg = (Mo, No) are two bipolar single valued neutro- 
sophic fuzzy graphs defined on G,; = (V,, E,) and G2 = (V2, E2) respectively. The symmetric 
difference of G; and G2 is represented by G; @ Gg = (M, @ Mo, N, @ No). Symmetric difference 





of G, and Gp is defined as the following conditions: 
(i) 
(am, © AM, )((M1,M2)) = mintay, (m1), Am, (m2)}, (Gm, ® Buy )((™m1,m2)) 
= max{8n, (m1), Buy (me2) tf 
(ym, © YM2)((mM1,M2)) = max{ym, (M1), Yaa(M2)}, (Om, G Ome) ((™M1, M2)) 
= max{dm, (m1), dup (™me2) 
(Na, © NMz)((M1,mM2)) = mini, (m1), 1M_(M2)f, (Ary, © Ome) ((™M1, M2) 


) 
= min{6@yy, (m1), Ou, (m2) } 


V(m1,m2) € (Vi x V2) 

(ii) 
(an, © an,)((m, m2)(m, n2)) = min{ay, (mM), an,(men2)}, (Gn, ® Bnz)((m, m2)(m, n2)) 
= max{$y, (mM), Bn, (mgnz) } 
(ym, ® YNz)((™m, M2)(mM, n2)) = max{ym,(M), Yw2(™Man2)}, (dn, D On,)((M, M2) (mM, N2)) 
= max{6u,(™m), dn (™man2) } 
(nN, © NN2)((mM, m2)(m, N2)) = min{nv, (™M), 7N,(man2)}, (An, B Anz )((mM, M2)(m, n2)) 
= min{@y, (m), On, (mena) 


Yme Vi and mang € E2 
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(iii) 


(an, © an, )((mM1,m)(N1,m)) = min{an, (M11), mM, (M)}, (Gn, B Bny)((m1,m)(n1,m)) 
= max{ Bn, (m1), Bay (m)} 

(J, ® YN2)((mM1, m)(n1,mM)) = max{yn, (M171), Ya (™)F, (ny, B One) ((7M1, mM) (1, ™)) 
= max{dn, (171), Om, (mm) f 

(nN, ® NN2)((m1,m)(n1,m)) = mininn, (M11), My (™m)f, (On, B Any)((M1, m)(m1, m)) 


— min{@n, (min), OM, (™m) } 


YVz€ VW and min, € Fy 


(iV) 


(an, B any) ((™M1, M2)(M1, n2)) = min{ayy, (M1), a, (M1), AN, (™MaN2) f 
for all myn, € Ey and mang € FE» 
or 


= min{ay,(m2), ay,(n2),an,(mini)}for all myn, € Ey, and mang ¢ E2 


(Bn, © Bnp)((m1, M2)(M1, N2)) = max{ By, (M1), Bu, (M1), Grno (Mane) t 
forall myn, ¢ Ey, and mang € Eo 
or 


= max{(y,(m2), bu, (n2), Bn, (m1n1)} forall myn, € Ey and mang ¢ E2 


(YN, D YN2)((m1, m2) (M1, n2)) — max{YM, (m1), YM, (n1), Fino (m2n2) } 
forall myn, ¢ Ey and mang € FE» 
or 


= max{yu(m2), YM (n2), yno(™M1N1)} forall myn, € Ey and mang ¢ Ee 


(On, © ON, )((m1, m2)(n1, n2)) as max{6 My (m1), OM, (n1), ON» (m2n2) } 
forall myn, ¢ Ey and mang € Eo 
or 


= max{dyy,(m2), Ou, (N2), On, (™m1n1)} forall myn, € Ey and mang ¢ E2 
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LL BBBBBAAARA A 


a(0.7,0.2,0.4, —0.6, —0.2, —0.3) (0.4,0.4,0.5, —0.2, —0.4, —0.6) b(0.4,0.4,0.3, —0.3, —0.3, —0.5) 
FIGURE 2. Gj 


LLL 
¢c(0.6, 0.4.0.3, —0.5, —0.3, —0.4) (0.5,0.6,0.7, —0.3, —0.4, —0.7) d(0.6,0.5,0.4, —0.4, —0.3, —0.6) 


FIGURE 3. Go 


(NN, © NN) ((™M1, M2) (M1, N2)) = min{nm, (M1), 7M, (M1), NN2(MaN2) } 
forall myn, ¢ Ey, and mang € Eo 
or 


= min{nvy, (m2), Nu (n2),7N,(m1n1)} forall myn, € Ey and man2 ¢ E2 


(On, © Anz )((M1, M2)(M1, N2)) = min{On, (m1), Ay (M1), F'n. (mMan2)} 

forall myn, ¢ Ey, and mang € Eo 

or 

= min{Oy, (m2), Om,(n2),9n,(m1n1)} forall myn, € Ey and mang ¢ E2 
Example 2.6. Let G; = (M,, N,) and Gg = (M2, No) be two BSVNGs on V; = {a,b} and V2 = 


{c,d} respectively which shown in Figure 2 and Figure 3. Also symmetric difference shown in 


Figure 4. 


Proposition 2.7. Let Gj = (M,,.N1,) and G2 = (Mo, N2) be two BSVNGs of graph G; = 
(V,, £1) and Gg = (Vo, E2), respectively. Then the symmetric difference G; G2 of Gy = (V1, £1) 
and G2 = (Vo, E2) is again a BSVNG. 





Proof. Let Gy = (Mj, .N,) and Gg = (M2, No) be two BSVNGs of graph G, = (V1, £1) and 
Gg = (Vo, Eo), respectively. Then the symmetric difference G; © Gg of G; = (Vi, &,) and 
Go = (V2, Eo) can be proved. Let (m1, m2)(n1,n2) € Ey x E» 
(i) Ifm, =ny =m 
(an, @ an, )((M, m2)(mM, n2)) = min{ayy, (mM), an, (mM2N2) f 
< min{ay,(m), min{ayy, (m2), ayy, (n2)}} 
= min{min{{ays,(™m), am, (m2) f, mint {ans (™), amy (M2) fF 


= min{(ay, Pay,)(m, m2), (ay, 8 am,)(m, n2)} 
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(0.6, 0.4, 0.4, -—0.5, -—0.4, —0.4) ; 
(0.6,0.5, 0.4, -—O.4, -—0.9, —0.6) 


fa, c] (0.0, 0.6, O07, —OL, —U.b, —O ro F , 
ia, ad} 


=—0,6} 


—0.3, —0.6) 


—.d, 


(0.4, 0.4,0.5, —0,.2, —0.4, 


(0.4,0.5, 0.5, 


: ae Fs _ — fb, fl 
tb. e} (0.4,0.6,0.7, —0.3, —0.4, —0.T) Lr 


(O0.4,0.5, 0.4, —O0.3, —0.3, —0.6) 
(0.4,0.4,0.3, —0.3, —0.4, —0.4) 


FIGURE 4. G; ® Go 


(On, ® Bnz)((m, m2)(m, n2)) = max{ Bu, (mM), Bny(men2)} 
> max{Hy,(m), max{ By, (M2), Bu (n2) fF 
= max{max{ {Sm (m), Bap (me2)f,max{{ Gm, (m), Bay (N2) t} 
= max{(8u, © Pu,)(m,m2), (Bm, © Buz )(mM, n2) f 


(YN, © Yn2)((m, m2)(m, n2)) — max{ YM; (m), ‘YNo (mang) } 
Zz max{ymu, (m), max{ yup (m2), YM (m2) }} 
— max{max{{YMy (m), ‘YMe (m2) le max{{YMy (m), ‘YMe (n2) }} 


= max{(ym, ® Ym2)(m, M2), (Ym, ® Yup) (™, n2)} 


(On, © On,)((™M, M2)(™M, N2)) = max{duy,(M), On, (MeN2)} 
2 max{dy, (m), max{ dy, (m2), 0M» (n2)}} 
= max{max{{d,(™), dv (ma)}, min{ {Ou (™), dx, (N2) f } 


= max{(dm, ® 6m,)(m, m2), (6m, ® Smy)(m, nz) } 
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(Ny © TIN2)((m, mz2)(m, n)) a min{7M, (m), "No (™m2n2) } 
< min{7M, (m), min{]M» (m2), M2 (m2) }} 
= min{min{ {7My (m), M2 (m2) }, min{ {7M (m), M2 (n2)}} 


= min{(nu, © NMz)(m, m2), (NM, © NM2)(m, n2)} 


(ON, © On, )((m, mz2)(m, n2)) — min{@y, (m), ON, (mgng) } 
min{@y, (m), min{@, (m2), OM, (m2) }} 


min{min{ {6 (m), A, (m2) f, min{ {Av (™), Pm, (r2) fF 


IA 


= min{(O, © Om,)(m, m2), (Om, © Om, )(m, n2)} 


(ii) if m2 =ne2 =m 
(an, ® an, )((™M1,m)(m1,mM)) = min{ay, (m1n1), aM_ (mM) f 
< min{min{ay, (m1N1), @My(M) f 
= min{min{ {ayy (m1), an (m) fF, min{ {am (m1), Am (mm) fF 


— min{ (ayy © AM, )(M41, m), (Om, © aM,)(N1, m)} 


(Bn, © Bnz)((m1,m)(m1,m)) = max{ By, (M11), Buy(m)} 
2 max{max{ Gn, (m17N1), Fu,(m) } 
= max{max{{@m,(m1), Ba, (™m) }, max{ {Fr (m1), Buy(™) $5 


= max{(Gy, D Bm>)(m1, m), (Bu, © Bu)(n1, m)} 


(Yn, 8 Yn2)((71,™)(N1,m)) = max{yn, (M171), YQ(™) 
> max{max{Yn; (m1), YMe(™m) S 
= max{max{{ym, (M1), Ym (™) $, Max{ {ym (1), Yaz (™) FF 


— max{ (YM, © YMz)(™m1, m), (YM, © M2) (M1, m)} 
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(On, © On2)((7™M1,M)(N1, M)) = max{dn,(™m171), Ou, (™)} 
> max{max{dy, (m1n1), 6u,(m)} 
= max{max{ {6m (m1), Om,(m)}, max{{om, (m1), dy (™) $F 


= max{ (dy © OM )(m1, m), (Om, © dM2)(n1, m)} 


(NN, ® NN )((™M1,™m)(M1,™m)) = min{nN, (M11), NM (™) f 
= min{min{7N, (min), M2 (m™m) } 
= min{min{ {7 (™1), 72 (™) f,min{ {N, (1), 7M. (™) ff 


— min{ (7M, D M>)(M1, m), (7M, © M2 )(N1, m)} 


(On, © Anz) ((m1, m) (n1, m)) = min{On, (min1), OM, (™m) } 
< min{min{@y, (m1), O14, (m) } 
= min{min{ {@yz, (m1), Ov, (m)}, min{ {Ayy, (n1), 9m, (m)}} 


— min{ (Ov, © Ou, )(m1, m), (On, © Ome) (M1, m)} 


(iii) If myny ¢ Ey and man2 € E»2 
(an, © an, )((m1, m2)(n1, n2)) = min{ay, (m1), OM) (n1), O No (mgn2)} 
< min{ayy, (m1), am, (m1), min{ay, (™mM2)am,(n2)}} 
= min{min{ay, (m1), ay,(me2)}, {@u, (m1), am, (n2)} 


= min{(ay, 8 ay,)(m1, m2), (am, Ba,)(1, M2) t 


(Bn, © Bn )((™M1, M2)(M1, N2)) = max{ Bry, (m1), Bu, (1), BN. (Mang) } 


IV 


max{ $v, (m1), Buy, (ni), max{ By, (m2) 8M, (n2)}} 
max{max{8y, (m1), Buy (m2)}, {8m (M1), Buy (M2) f 


max{({8u, © Bmz)(m1, m3), (Om, © Bup)(na, m2) } 


(Yn, 8 Yn2)((7M1, M2)(M1, N2)) = max{yu,(™1), Yu (71), YNo(MeN2) S 


IV 


max{y, (m1), Ya, (M1), Max{yms (M2) yup (N2) }} 
= max{max{ yu, (m1), YMo (m2) }, {YM, (m1), Y Mo (m2) } 


= max{(ym, © YMo)(™mM1, M2), (Ym, © YMa)(M1, N2)} 
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(On, © On, )((™M1, M2) (M1, N2)) = max{dy, (m1), dm, (M1), Ono (M2N2) 
= max{oM, (m1), OM, (n1), max{6 My (m2)d Mo (n2) }} 
= max{max{6y, (m1), Oy, (m2)}, (Oa, (M1), Om, (M2) } 


= max{(dy, © dmz)(™m1, M2), (Om, © Omy) (M1, N2)} 


(NN, © NNz)((™M1, M2)(M1, N2)) = Minin, (M1), 7M, (M1), NN2(Me2N2) J 
< minty, (m1), 7M, (m1), Min{ Nv, (M2)NM2(N2) } } 
— min{min{ 7M, (m1), Mp2 (m2), {My (m1), M2 (n2) } 


= min{(nm, © 7M, )(™m1, M2), (NM, © NM )(M1, n2)} 


(On, D On )((™M1, M2)(M1, N2)) = min{ Ops, (™M1), Aas, (M1), AN, (™Ma2N2) f 
S min{ Oy, (m1), Ou, (n1), min{ 6, (m2)OMz (n2)}} 
= min{min{6yy, (m1), Ou, (m2) }, {Av (m1), Ou, (n2) } 


= min{ (Ov, © Ou, )(™M1, m2), (On, © Ou) (M1, n2) } 
(iV) If mynz € Ey and mang ¢ E2 


(an, B an, )((™M1, M2)(M1, N2)) = Min{ ayy, (M2), Amy (N2), aN, (™M1N1) f 
< min{a my, (m2), O Mo (n2), min{a yy, (mj )om, (n1)}} 
= min{min{ay, (m2), wm, (™1)f, {Amy (m2), a, (1) f 


= min{(ay, 8 ay,)(m1, M2), (am, B am, )(N1, M2) } 


(Bn, © Bnz)((m1, m2)(n1, n2)) — max{ mu, (m2), AVE (n2), Bn, (™m171) } 
2 max{ {Mz (m2), Bm, (n2), max{ 3, (m1) 8m, (71) }} 
= max{max{ yy, (m2), Pu, (m1) }, {815 (m2), Bu, (n1) } 


= max{(G™, SP) Bu )(m1, m2), (Bu, © Bua)(n1, n2)} 


(yn, 8 Yn2)((71, M2)(M1, N2)) = max{ ym, (M2), Ym(N2), YN, (M11) 
> max{YMz(M2), YMz (M2), max{Ym, (71) Yu, (71) fF 
— max{max{ym,p (ma), YM (m1) }, {YMo (m2), YM, (n1)} 


= max{(ym, © YMo)(™mM1, M2), (Ym, © YMa)(M1, N2)} 
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(On, © On,)((7M1, M2) (M1, N2)) = max{dy, (M2), Om (N2), On, (M11) 
= max{6 My (m2), OM» (n2), max{oM, (m1 )dOM, (1) }} 
= max{max{6yy, (m2), Ov, (1) }, {Oa (M2), Ou, (M1) } 


= max{(dy, © dmz)(™m1, M2), (Om, © Omy) (1, N2)} 


(7N, ® NN, )((™1, M2)(M1, N2)) = min{ nm, (M2), 7M_(N2), MN, (™M171) 
< min{)M» (m2), M2 (n2), min{7M, (m1 )NM, (71) }} 
— min{min{ 7M, (m2), My (™m1)f, 11M» (m2), My (n1)} 


= min{(nv, © nu,)(m1, m2), (nu, © NMy)(M1, N2)} 


(On, B On, )((™M1, M2)(M1, N2)) = min{O, (M2), Ou (N2), AN, (M171) fF 
< min{Oy,(M2), Pm (r2), min{ Ory, (7™1)O my (N1) FF 
— min{min{@u, (m2), Ou, (771) f, {0 Mp (m2), OM, (n1)} 


= min{(@1, ® Om, )(™m1, ma), (Om, B Om) (M1, N2) } 


. Hence Gj © G2 is a BSVNG. 5 


Definition 2.8. Let G1 = (M,, Ny) and Go = (Mo, Y3) be two BSVNGs. Vimy, m2) eS Vi x VW 


(da)ei ees (™m1,™Mz2) _ S- (an, © On, )((™1,M2)(N1, N2)) 
(m1,m2)(n1,n2)E Fy x Eo. 


— S min{ay, (m1), av, (m2N2) } 
my1=n1,m2n2E€E2 


eft S min{ay,(m1N1, av, (M2) } 


min, Ch ,m2=n2 


+ S min{ay, (m1), ay, (71), an, (men2) } 
min €E and mon2€ E2 


+ S- min{ay, (m1), ay, (m2), ay, (N2)} 
min,€Eyand mon2¢E2 
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(3 )erec2 (M1, M2) = » (Bn, ® Bny)((mM1, m2)(M1, N2)) 


(m4 7m2)(n4 n2)E EB, x E2. 


— S- max{$m,(m1), BN,(m2n2) } 


m1=nN1,™MgnN2 EB» 


A S max{ Sn, (mini, Bu, (m2) } 


miny€ hy ,m2=n2 


+ » max{ Sy, (™1), Ba, (M1), Bn, (M2N2) 
miny€E and mon2g€E2 
+ S max{n, (min1), Buy(m2), Buy (n2)} 


min,€Eyand mon2¢E2 


(dy )ere¢2(™1,m2) = 2 (ym, © BN2)((mM1, M2) (M1, 22) 


(m1,m2)(n1,n2)E Fy x Eo. 


— S- max{YM, (M1), YN2(mM2N2) } 


M1=N1,M2n2E€ Le 


as S- Max{YN, (M121, YM (M2) } 


min1€ 4 m2=n2 


A S max{YM; (M1), YM, (71), YN (mena) } 


miny€E and mon2€ E2 


ty S max{Yn, (11), Y¥Mz (M2), YM, (2) } 


min,€Eyand mon2g¢E2 


(ds) G2 (71, ™2) — S (On, © On2)((™m1,M2)(n1, N2)) 


(m1,m2)(n1,n2)EF, x Ee. 


— S max{d,(™1), 6n2(mane2) } 


Mm 1 =n 1,mM2n2E £2 


4 S- max {on, (™m171, 0M, (m2) t 


min, €£1,m2=ne2 


4 S max{6y, (m1), O14, (1), On, (™m2N2) } 
min, €E and m2n2€E2 
4 S max{6n, (M171), OM (M2), Ou, (N2) t 


min,€E and mon2¢E2 
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(dn )er@G2 (11, M2) = > (71, © 11N2)((MmM1, M2)(M1, N2)) 


(m1 jm2)(n41 n2)Eky x Bo. 


— S min{7nv, (m1), No (mang) } 


m1=Nn1,m2n2E€ be 


4 S mini nn, (M1741, 7M (M2) } 


min, € 1 ym2=n2 


+ » mini 7M, (m1), My (n1), ")N2 (mana) } 


min€éE and mon2€ E2 


4. S min{7y, (m1n1), Mp2 (m2), Mo (n2)} 


min,€FE\and mon2¢E2 


(dg a2 (™1, m2) = »: (On, © NN, )((m1, M2) (N1, N2)) 


(m1,m2)(n1,n2)EF, x Ee. 


- S min{4, (m1), An,(manz2)} 


mm 1=N]1,mM.gnN2 EB» 


a S min{ On, (m1n1, Oy (m2) } 


min, € by ,m2=n2 


as S min{ 6 yy, (ni); OM, (m1), ON» (m2n2) } 
min, €¢E,and m2n2€E2 
oe S min{6y, (m 1n1), AVE (ma), OM (m2) } 


min,€E and mon2¢E2 


Theorem 2.9. Let G; = (M1, Ni) and G2 = (M2, Y2) be two BSVNGs. If ay, > an,,8u, < 


V 


BNo, YM, < YN, and ay, > an,,;PMy < PN1,YM> XS Yn,-. Also if Oy, < On,,9M, = 1N>,9M, = 


On, and dy, <6N,,M> > NN;;9mM>, > ONn,-. Then for every V(m 1,m2) € Vi x V2 


(d)c1e2 (771, m2) =a(d)e, (m1) + 8(d)e, (m2) where s=| Vi | -(d)a@, (71) and q=| V2 | -(d)a. (ma) 
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Proof. 
(da)eieGe (m1, m2) — S (an, © ON, )((mM1, M2)(N1, N2)) 
(m1,m2)(n1,n2)EFy x Bo. 
~ S min{ajz, (m1), an, (men2)} 
m1=nN1,mM2n2E€ 2 
+ S min{ ay, (m n1), ay, (m2) } 
mn, €£1,m2=n2 
a S min{ay, (m1), ay, (1), aN, (Manz) } 
min€E and mon2€E2 
F S min{ay, (m1Nn1), ay, (m2), a, (N2)} 
miny€Eyand mon2¢E2 
= S an, (m2n2) + S an, (m1n1) 
mon2€ Ke m1ny€ hy, 
aa S- QIN» (mane) } So S QN, (mn) 
miny€E and mon2g€E2 min,€Eyand mon2¢E2 
= q(da)a,(™1) + 8(da)a, (m2) 
(do)a,e¢s (m1, ™2) — S (On, © Any) ((™M1,M2)(N1, N2)) 


(m1,m2)(n1,n2)E Ey xX E2. 


— S min{ 6 yy, (m1), ON (mgnz) } 


m1 =n1,mM_Qn2E L2 


4 S min{ Oy, (m1n1), Oy, (m2) } 


miny,€ 4 m2=n2 


a S min{ @y7, (m1), Ox, (M1), On, (manz2) } 
min, ¢E\;and m2n2€E2 
as > min{@y, (m 1n1), OM (ma), OM (n2) } 


min,€Eyand mon2¢E2 


= S On (men2) + S An, (m4) 


mo2n2€ Be min ,€hy 


+ S ON, (mgn2) } E S ON, (m1n1) 


miny€¢E and mon2€ E2 min,€FE and mon2¢E2 


= q(do)a, (™1) + 8(do)e (m2) 


In a similar way others four will proved obviously. 
We conclude that (d)g, a6, (m1, m2) =q(d)g, (m1) + s(d)g, (m2) where s=| Vj | -(d)g, (m1) and 
q=| V2 | -(d)@.(me2) - g 
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Definition 2.10. Let G; = (MM, Ni) and Gg = (M2, Y2) be two BSVNGs. V(m1, m2) € Vi x V2 


(tda)e,@Gs (m1, mz) — S (AN, D QN>)((m1, m2)(N1, n2)) + (aM, D AM (m1, mz) 


(m1,m2)(n1,n2)EE x Ee. 


= S min{ ayy, (m1), AN, (™M2N2) f 


my1=nN1,mM2n2E€ Ke 


a S min{ ay, (™1N1, Ay, (M2) t 


min, €E1,m2=n2 


Je S min{ayy, (m1), AM, (a), No (m2n2) } 


min €éE and m2n2€ E2 
+ S min{ay, (m1n1), ay, (M2), ay, (n2) } 


miny€E\and mon2¢E2 


+ min{ay, (m1), am, (m2) } 


(tdg)c,¢62 (11, M2) = » (8n, ® Bnz)((m1, M2)(M1, N2)) + (Fm, © Bug (11, M2) 


(m1,m2)(n1,N2)EF, x Es. 


— S max{ Gx, (m1), Bn, (mene) } 


MmM1=n1,m2n2€ Eo 


Hie S max{ Bn, (m1, GM,(m2) } 


min, €Fy1,m2=n2 


4 > max{Bu, (m1), Bu, (n1), Bny(menz)} 
min, ¢E\;and m2n2€E2 
+ S max{ by, (m1n1), Bus (m2), Bue (m2) } 


min,€FE and mon2¢E2 


+ max{$m, (m1), Buy (m2) } 


(td), ec (™m1, M2) = S (YN, ® Yn2)((™M1,M2)(M1, N2)) 7 (YM, OMe (™m1,7™2) 


(m1,m2)(n1,n2)E€Fy x Ee. 


= S max{Yyu, (M1), YN>(Me2N2) } 


aD S max{ yy, (171, YM> (m2) } 


myn, €E1,m2=ng 


a S max{YM, (M1), YM, (11), YN (mene) } 


mn, €¢E\;and mon2€E2 


a S max{Yn, (171), YM (M2), YMo (2) } 


min,€FE\and mon2¢E2 
a max{YM, (m1), YM (m2) } 
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(tds )o:@es (m1, mz) = S (On, D ON» )((m1, m2)(n1, nz2)) =I (Om, D OM» (m4, m2) 


(m1,m2)(n1,n2)EF, x E2. 


— S max{d,(™m1), On. (manz) } 


m1 =n1,mM2n2E £2 


as S max{dn, (™m171, Oy (m2) t 


miny1€ 4 m2=n2 


+ S max{6yg,(™m1), du, (n1), dn, (men2)} 
miny€¢E and mon2€E2 
+ » max{dy,(™m171), OM (M2), Oma (M2) f 


miny€Eyand mon2¢E2 


+ min{6yy, (m1), 6m, (m2) } 


(tdn )e,@G2(™1, M2) = » (nN, ® NNz)((™M1,M2)(n1,N2)) + (NM, © Ny (M1, m2) 


(m1,m2)(n1,n2) EE Xx Ee. 


= S min{7M, (m1), No (m2n2) } 


Mm 1=n1,M2n2E £2 


oe S- min{ ny, (m17n1, 7M, (m2) } 


min, € £1 ,m2=ne2 


ai S min{7u, (m1), 7M, (71), 7N> (Menez) } 


miny€E and mong€ E2 
+ > min{ny,(m1n1), Mu (m2), NM (n2) } 


min,€Eyand mon2¢E2 


+ max{nv, (m1), 7M (m2) } 


(tdo)eiacs (m1, mz) — S (On, © On, )((m1, m2)(n1, n2)) + (Ou, © OM, (m1, m2) 


(m1,m2)(n1,n2)EF1 x Es. 


- S min{@y4, (m1), On,(menz)} 


m1=nN1,mM2n2E€ Ee 


a S- min{@n,(m171, 9M.(m2)} 


min, € bj ,m2=Nn2 


4 S min{ @y7, (m1), Ox, (M1), On, (men2) } 
min ¢Eyand mgn2€E2 
4 S min{ On, (™m171), Ou, (M2), Ou, (m2) } 


min,€FE,and mon2¢E2 


+ max{ 6x, (1), 9m. (m2) } 


Theorem 2.11. Let G; = (MM, N1) and Gg = (Mo, Y2) be two BSVNGs. If 

(i) 
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ay, > an, and ay, > ayn, then V(m1,m2) € Vi x V2 


(tda)er@ee (m4, mz) = q(tda)e, (m1) 1 s(tda as (mz) 
= (q 1)To, (m1) _ max{T, (m1), 1G, (771) } 


and 


OM, < On, and dy, < dn, then V(m1, M2) E VY, x Vo 


(tds )a,@e2(™m1), M2) = (tds), (m1) + (tds), (m2) 


_ (q _ 1)To, (™1) -_ min{T¢, (m1), Lo, (771) } 


(ii) Ou, Ss ON» and OMp < On, then V(m1, M2) € Vi x Vo 


(tdg Je. oes (m1, m2) — q(tdg Je, (m1) 5 s(tdg as (mz) 


-_ (q = 1)Ic, (™m1) - min{ Ig, (m1), Loy, (m1 } 


and 


1M, Zz ")N2 and "M2 2 Ny then V(m1, M2) E Vx Ve 


(tdy Je. eco (m1, mz) = q(tdy )e (™1) 2 5(tdy )as (m2) 


— (q — 1) Io, (m1) max{ Ig, (m1), I, (771) } 


(iii) yu, < yn, and ym, > yn, then V(m1,m2) € Vi x Vo 


(td Jer ee. (m1, m2) — q(tdy )e (m1) + s(tdy)as (m2) 
— (q—1)Fe, (m1) — min{ Fe, (m1), Fe, (m1) } 


and 


OM, 2 ON, and OM, = ON, then V(m1, M2) E VxvV 


(tdo )e,aee (m1, m2) _ q(tdo Ja, (m1) a: s(tdo )a. (mz) 


_ (q _ Pater (m1) _ max{ FG, (m1), Fg, (m1) } 


Vim1,m2) € Vi x V2 s=| Vi | -(d)e, (m1) and q=| V2 | -(d)g,(mz2) . 
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Proof. V(m1,m2) € Vi x V2 


(tda)a1 oGe (m1, mz) — S (AN, D ON, )((M1, m2)(n1, n2)) =P (aM, © OAM, )(M1, m2) 


(m1,m2)(n1,n2)E Ey x Eo. 


= S- min{ayy, (m1), an, (mznz) } 
Mm 1=nN1,M2N2 Eh» 


on S min{ ay, (m1N1), my (M2) f 


min, €E1,m2=ne2 


a S min{ay, (m1), AM, Cae No (m2nz) } 


min€éE and m2n2€E2 


AL S min{ay, (mint), QM (ma), M2 (m2) 


myny€E\and mon2¢E2 
+ max{ayy, (m1), au, (m2) } 


= S AN> (mano) + S ON, (mn1) 


mo2n2€ he m1n,€hy 


+ S an, (mene) } + S- an, (m1n1) 


min€éE and m2n2€ E2 min,€ FE and mon2¢E2 
+ max{ayy, (m1), ay, (m2) } 


— S- an, (m2n2) + S an, (mini) + S an, (Mang) } 


mo2n2€ Ke myn,€k, min1€éE and m2n2€ E2 


+ »— an, (mini) + amy (m1) + Amy(mM2) — max{ay,(™1), am, (M2)f 


miny€E\and mon2¢E2 
= (tda)g, (m1) + 8(tda)es (mz) 
— (q — 1)To, (m1) — max{T¢, (m1), To, (71) } 


(tds a, eG. (m1, m2) — S (On, D ON») ((™1, m2)(N1, n2)) ze (Om, D OM>)(m1, mz) 


(m4 jm2)(n4 n2)E Ey x Bo. 


= Ss max{6m, (m1), dn, (meng) } 


my1=n1,mM2n2E€ Ke 


es Ss max{dy, (mimi), bay (ma)} 


myn, EC, ,m2=n2 


4 S max{dyy,(™1), 61, (11), On> (Meng) } 
min, ¢Eyand mgng€ E2 
4 S max{dn, (M171), dMy(™M2), OM (N2) t 


min,€Eyand mon2¢E2 


+ min{6yy, (m1), 6m, (m2) } 
— S On, (meng) + S On, (M171) 


mo2n2€ he min,€ky 
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ae S ON> (magne) } + S ON, (m1n1) 


mn, €E and m2n2g€ E2 mjn,€E and mon2¢E2 


+ min{dyy, (m1), Om, (m2) t 


= S ON> (m2n2) a S ON, (m1n1) ar S ON» (mgn2)} 


mon2€ Ke myny,€cky miny€éE and mon2€ E2 


+ » dn, (mini) + Ou, (m1) + Om, (™m2) — min{dy,(™M1), dm (™M2) f 


miny€Eyand mon2¢E2 


= a(tds)e, (m1) + s(tds5 a. (m2) 


— (q—1)Te, (m1) — min{ Te, (m1), Te, (mi) f 


In a similar way others four will proved obviously. 


where s=| V; | -(d)g, (m1) and q=| V2 | -(d)g,(me) g 


Example 2.12. In Example we have to find the degree and total degree of vertices of 





G; @G» by using Figure 2, Figure 3, and Figure 4. 


(da)ai@6s (a, c) = q(da)e (a) + 8(da)as (c) 
where s=| Vj | -(d)g, (a) and q=| V2 | -(d)a,(e) 


s =|Vi | -(@e,(e) =2-1=1, g=|V2| -@e,(e) =2-1=1 
(da.)e1@¢y(@, ¢) = a(da)e, (a) + 8(da)en(c) = 1(0.4) +1(0.5) = 0.4405 =0.9 
(dg)e,e@c, (a,c) = q(dg)e, (a) + 5(dg)e,(c) = 1(0.2) + 1(0.4) =0.2+0.4=0.6 

(dy)e,@e (a,c) = 0.7, (ds)e,@e, (a,c) = —1.1 
(dy)c,ec,(4,¢) = —0.5, (do)e,@c, (a,c) = —0.7 


So (d)g,@¢(a, €) = (0.9, 0.6, —1.1, —0.5, —0.7) 


By applying this technique we can find degree of all vertices in a similar way. Now we will 


find total degree of vertices. For this select vertex (a,e) 


(tda)o1@G2 (4, ¢) = a(tda)a, (a) + 8(tda)as (¢) 
— (s — 1)ags(e) — (¢ — 1) ag, (@) — max{ag, (a), A, (C)f 
~ 1(0.7 +0.4) + 10.6 + 0.5) — (1 — 1)(0.6) — (1 —1)(0.7) 
~ max{0.6, 0.7} = 1(1.1) +1.1-0.7=1.5 
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(tds )e, G2 (a,c) = a(tds)a, (a) + 8(tds)e.(c) 
— (s — 1)dg.(e) — (4 — 1)de, (a) — min{dg, (4), dey (€) } 
= 1(—0.6 — 0.2) + 1(—0.5 — 0.3) — (1 — 1)(—0.5) — (1 — 1)(—0.6) 
— min{—0.5, 0.6} = (-0.8—0.8+0.6 =—1.0 


(tdg)c, eG. (a, C) = 1.0, (td )o,aG. (a, C) = 1.3 
(tdy)c,@G(@, C) 7 lel, (tdo)c, HG (4, C) =—-1.7 


(td) ce, a¢5 (a, C) _ (1.5, 1.0, 1.3, —1.0, —1.1, —1.7) 
By applying this technique we can find total degree of all vertices in a similar way. 


Definition 2.13. let G; = (M1, N;) and G2 = (Mo, No) are two bipolar single valued neutro- 
sophic fuzzy graphs defined on G; = (Vi, £1) and G2 = (V2, E2) respectively. The Residue 
product of Gj and G2 is represented by G, e Gg = (My e Mz, Ni, e No). Residue product of 





G, and Gz is defined as the following conditions: (i) 
(Am, © @m,)((7™M1,M2)) = max{ay, (m1), Am, (™M2)f, (Bu, © Buy) ((™1,M2)) 
3 min{ By, (m1), CMs (mz) } 


(Ym, © YM2)((™1,m2)) = min{ym,(™1), Yu_(™M2)f, (my © Om) ((™1, M2)) 


= min{6u, (m1), Ou,(me)} 


(7M, ° M2 )((™1, mz)) a max{7My (71), 1Mp (72) }, (Ou, - Ouz)((™1, M2)) 
= max{4yy, (m1), A, (m2) } 


V(m 1, M2) = (Vi x V2) 
(ii) 
(an, © AN,)((7™M1,M2)(M1,N2)) = aN, (M11), (Bn, © BN2)((™M1, M2)(NM1, N2)) = Bn, (M11) 
(YN; . YN) ((™M1, m2)(N1, n2)) = YNy (m1), (On, . ON» )((m1, m2)(n1, n2)) ON, (mn) 


(Ny, © NN2)((™M1,™2)(M1,2)) = NN, (M1N1), (An, © AN, )((™M1, M2)(M1,N2)) = On, (™M1N1) 


Ymjn, € Ey,m2 - 2. 
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a(0.3, 0.4, 0.2, 0.2, —0.3, —0.4) b(0.4, 0.3, 0.2, —0.3, —0.4, —0.5) 
= (0.3, 0.4, 0.3, 0.1, —0.5, —0.6) = 
| ad 
~< 7 
S 2 
: es 
= T 
o _ 
| = 
a} 7 
= os 
S 3 
“ S 
So oo 
(0.4,0.4,0.5, —0.1, —0.4, —0.5) Ss 

c(0.6, 0.3, 0.4, —0.6, —0.3, —0.4) d(0.4, 0.3, 0.2, —0.2, 0.3, —0.4) 


FIGURE 5. G1 


nn —————rrrirrEerrEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE | 


e(0.4,0.3,0.3, —0.5, —0.3, —0.3) (0.4,0.5,0.4,—0.4, —0.4, —0.4) #(0.8,0.4,0.3, —0.9, —0.2, —0.3) 


FIGURE 6. Go 


(0.4,0.3,0.2, —0.5, —0.3, —0.3) (0.8,0.3,0.2, —0.9, —0.2, —0.3) 
(a,e) (d, f) 







(0.8, 0.4, 0.2, —0.9, —0.2, —0.3) 
(a, f) 


(0.4,0.3,0.2, —0.5, —0.3, —0.3) 


(4, e) 





(0.4, 0.4, 0.5, —0.1, —0.4, —0.5) 









(0.3, 0.4, 0.3, —0.1, —0.5, —0.6) 


(6, ¢) (c, f) 


(0.4, 0.3, 0.2, —0.5, —0.3, —0.3) (0.8, 0.3, 0.3, —0.9, —0.2, —0.3) 


(b, f) (c, e) 
(0.8, 0.3, 0.2, —0.9, —0.2, —0.3) (0.6, 0.3,0.3, —0.6, —0.3, —0.3) 


FIGURE 7. G1 e Go 


Example 2.14. Let G; = (M,N) and Gq = (M2,N2) be two BSVNGs on Vy = 
{a,b,c,d} and Vz = {e, f} respectively which shown in Figure 5 and Figure 6. Also Residue 


product is shown in Figure 7. 


Proposition 2.15. Let G; = (M,,N,) and G2 = (M2, N2) be two BSVNGs of graph G; = 
(Vi, F,) and Gg = (V2, Eo), respectively. Then the Residue product G; e G2 of G; = (Vj, F;) 
and G2 = (V2, E2) is a BSVNG. 
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Proof. Let Gy = (Mj, .N,) and Gg = (M2, No) be two BSVNGs of graph G, = (V,, E,) and 
G2 = (Vo, E2), respectively. Let (m1, m2)(n1,n2) € Ey x Eo If myn, € Ey, and mz # nz then 
(an, © an, )((™M1, M2)(N1, N2)) = an, (M1N1) 
< min{ay, (m1), ay, (n1)} 
< max{min{ay, (m1),am, (n1)}, min{ay, (m2), am, (n2)}} 
= min{max{ay, (m1), ay, (m1) }, max{ayy, (m2), ay, (n2)}} 


= min{(ay, e au, )(M1, m2), (am, e AM, )(n1, n2)} 


(Bn, © BNy)((1M1, M2)(M1, N2)) = Bn, (min) 
2 max{Smy, (m1), Br, (n1)} 
> min{max{ Sy, (m1), Ba, (m1), max{ Pr (mM2), Baa (n2) Ff 
= max{min{ By, (m1), Bm, (m1) f, min{ Bu, (m2), Bur,(N2) } } 


= max{(Gx, e Bu )(M1, me), (Bu, . Bup)(n1, nz) } 


(V1 © YN2)((M™M1, M2) (M1, 122)) = Yn, (M1N1) 
>= max{ymu; (m1), Yu, (m1) F 
> min{max{ ym, (™1), Ym, (M1) }, Max{Ymy (M2), YaMa(M2) Ff 
= max{min{ym, (m1), ym, (M1) $, min{ ym, (M2), YMy(N2) FF 


= max{(ym, © YM2)(™1, M2), (Ym, © YM2)(M1, M2) f 


(On, © On) ((™M1, M2)(N1, N2)) = dn, (M11) 
> max{dy, (m1), dv, (m1) } 
> min{max{6yy, (m1), du, (m1) }, max{oyy, (m2), 5, (na) }} 
= max{min{dy, (m1), dm, (m1) }, min{dm, (m2), das, (M2) }F 


= max{ (dy, ® OM>) (M1, m2), (Om, e OM>)(n1, n2)} 


(7; . TN, )((™1, m2)(n1, n2)) — TIN, (m1) 


va 


min{nu, (m1), 7M, (m1) } 


/\ 


= max{min{7M, (m1), 1M, (m1) iz min{7 Ms (m2), M2 (n2) }} 
— min{max{]M, (m1), 1M, (71) ie max{]M» (ma), M2 (m2) }} 


= min{(7M, © M.)(™m1,m2), (NM, © NMz)(N1, N2)} 
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(On, © On, )((m1, M2)(M1, N2)) = ON, (M11) 
< min{4y, (m1), Am, (n1)} 
< max{min{@yy, (m1), Ox, (n1)}, min{Oy4, (m2), Oy, (n2)}} 
= min{max{@yy, (m1), O17, (m1) }, max{ Oy (m2), Oy (M2) } + 


= min{(@m, ¢ Au,)(™m1, m2), (Am, @ uy )(M1, N2) f 


Definition 2.16. Let G; = (M,,N,) and G = (M2,No2) be two BSVNGs.For any 


vertex(m1,™m2) € Vi x V2 


(da)e,ec2 (71, M2) — S (an, ° On, )((™m1,m2)(N1, N2)) 
(m1,m2)(n1,n2)E Fy x Bo. 


= S an, (m1) = (da)e, (m1) 


mini € 1 ,m2Fn2 


(3 )e,e2 (m1, m2) = > (Gn, © Bn2)((mM1, m2)(N1, 22) 


(m1,m2)(n1,n2)EF, x Ee. 


= 2 Bn, (myn1) = (dg)e, (m1) 


mini €E1,m2Fne2 


(da, eG, (m1, M2) a S (YN, © Yn») ((m1, M2)(N1, N22)) 


(m1 m2) (n4 n2)Eky xX Eo. 


= dw (min1) = (dye, (m1) 


min, € Ei ,m2Fn2 


(d5)a eG, (m1, M2) = S (On, ° ONn>)((™m1, M2)(M1, 22)) 


(m1,m2)(n1,n2)EF x Eo. 


= S On, (myn1) = (ds), (m1) 


mini € Ey ,m2Fne 


(dn )oreco(™1,™m2) = » (Ny © MN2)((™M1,M2)(M1,N2)) 


(m4 sm2)(n4 n2)E€ Ex E2. 


= >» MN, (™171) = (dye, (m1) 


myn ,€ EF, ,m2F#n2 


(do )o,ec. (71, M2) — S (On, . ON )((™m1, M2)(N1, N2)) 
(m1,m2)(n1,n2)EFy x Bo. 
= >. On, (mini) = (doje, (m1) 
myn, € FE 1 ,m2#ne2 
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Definition 2.17. 


Let G1 = (M1, Ni) and Go = (Mo, No) be two BSVNGs. For any 


vertex(m1, m2) EVxVW 


(tda)a, eGo (m4 ’ mg) 


(tdg)a, eGo (my ) mz) 


(td. )e, eGo (m4 ) m2) 


(tds )a, eGo (m4 ’ mg) 


= S (an, © an, )((™1, M2)(NM1, N2)) + (A, © AN, ) (M1, M2)) 


(m1,m2)(n1,n2)E Fy, x Eo. 


= > an, (myn1) + min{ayy, (m1), am, (me)} 
m1ny€ hy, m2A#ng 


= S- an, (myn) + ay, (m1) + ayy (me2) — max{ays, (m1), Ar (m2)} 


mini € Ey ,m2Fne 


— (tda)ay (™m1) + OMe (m2) a max{am, (m1), OMe (772) } 


— S (Bn, . Bnz)((m1, m2) (n1, n2)) = (Bu, e BM> (my, m2)) 


(m1,m2)(n1,N2)EF, x Ee. 


~ S Bn, (mini) + max{ Brg, (™1), Bu (™m2) } 


MINI EF ,m2#ne2 
= S- Bn, (mini) + Bu, (m1) + Buy (me) — min{ By, (M1), Buy (me)} 


mi1n1€h1,me2 En? 


— (tdg a, (™1) + Buy (™m2) _ min{ Su, (m1), eave (™m2) } 


= S (YN, © YNo)((™M1, M2)(M1, N2)) + (YM, © Ye (M1, M2)) 


(m1,m2)(n1,n2)EF, x Eo. 


— S YN, (m1n1) ae max{ym, (m1), YMp (m2) } 


m1n,€ FE, ,m2F#ne2 
= 2 yn, (mani) + Yay (M1) + Yap (M2) — miny ym, (771); Yaz (M2) f 


m1n,€ FE, ,m2F#ne2 


= (tdy)e,(™1) + Ym (m2) — minty, (m1), Ya (M2) 


= ye (On, © ON,)((771, M2)(M1,722)) + (Om, © Oy )(™1, M2) 


(m1,m2)(n1,n2)EF, x Es. 


>» ON, (m nz) 7 max{dy (m1), 0M> (m2) } 


myn, ECE} ,m2Ane2 


» On, (min1) + Om, (M1) + Omg(™M2) — min{d, (771), Om, (Ma) f 


min, € Ey ,m2Fne2 


= (tds)e, (m1) + 6m, (m2) — min{dy, (M1), dz, (™2) f 
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(tdy a, eG9(™1, m2) = S (71N, © N>)((7M1, M2)(M1,N2)) + (Na, © NMp (M1, M2) 


(m1 jm2)(n4 n2)Eky x Bo. 


S 1N, (mini) zh mint), (™1), 1Mz (m2) } 


min, €E1,m2A-ne2 


S NN, (mini) + Mu, (m1) + Np (m2) — max{Ihy, (™1),7M2 (ma) f 


min, €E1,m2Ane2 


= (tdy)e, (m1) + Muy (m2) — max{nm, (M1), 2M (M2) 


(tdo )a,ec,(™1,™m2) = > (On, © An2)((M1, M2) (M1, N2)) + (Om, © Oma (™M1,m2)) 


(m1,m2)(n1,N2)ER x Ee. 


S ON, (m1) a min{ Oy, (m1), OM (m2) } 


myn ,€E,,m24#n2 


» On, (m1n1) + Ou, (m1) + Omy (m2) — max{Am, (m1), Fm, (™Ma) f 


min € Ey ,m2Fne 


= (tdg)e, (m1) + Amy (me2) — max{Oyy, (m1), Ou,(M2) 





Example 2.18. In Example 2.14 we have to find the degree and total degree of vertices of 
G1 e Gy by using Figure 5, Figure 6, and Figure 7. 


(dg)e,eeo(a, f) = (dg)e,(a) =0.5+0.4=09 
(dp)e,0c, (4, f) = (dpe, (a) = 0.40.5 = -0.9 
(de )a,ec2(@, f) = 9.5, (dy)erec, (a, f) = 0.9 
(ds)e,0c,(a, f) = —0.2, (dg)e,ec,(a, f) = —1.0 


(d)e,ec, (a, f) = (0.5, 0.9, 0.9, —0.2, —0.9, —1.0) 


By applying same method we can find degree of all vertices. Now we are to find total degree 


of vertices. For this select vertices (a,f) 
(tds )e, ec, (a, f) — (tds )a, (a) = Bm, (f) min{ 6, (a), OMp (f)} 
= (0.5+0.4+4 0.4) + 0.8 — min(0.3, 0.8) 
= 134+0.8-0.3=1.8 


(td, )e,eG, (a, f) — (tdy ay (a) + Mp (f) max{7My (a), Mo (f)} 
= (—0.4 — 0.3 — 0.5) + (—0.2) — max(—0.3, —0.2) 


= —-1.2—-—0.24+0.2 = —-1.2 


(td. ey ec. (a, 7) = 1.1, (tds )e, ec (a, f) = —0.4 
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(tdo )a,ecs (a, f) = —1.4, (tda.)e1 G2 (a, f) = 0.8 


So (td)g,ec,(a, f) = (0.8, 1.8, 1.1 — 0.4, —1.2, —1.4) 
by applying similar method we can find total degree of all others vertices in a similar way. 


Definition 2.19. let G; = (M1, N;) and Gg = (Mo, No) are bipolar single valued neutrosophic 
fuzzy graphs defined on G; = (Vi, £,) and Gg = (V,, E2) respectively. The maximal product 
of G, and Gg is represented by G, *Gg = (M,* Mo, N; @ No). The Maximal product of G; and G2 


is defined as the following conditions (i) 





(am, - aM, )((m1, mz2)) 4 max{ ayy (m1), OMe (m2) }, (Bu, . Buy )((mai, mz)) 


= min{ Gy, (m1), Bu.(mz2) t 


(YM, ‘i YMz)((m41, mz2)) _ minty, (m1), YMo (™2)}, (Om, ‘ OMz)((m1,™2)) 


= min{6u, (m1), Ou,(me)} 


(Nan, * MM )((m1, m2)) = max{nm, (m1), M2 (M2) }, (Om, * Puy )((™M1,m2)) 
= max{6y, (m1), Ou,(ma) 
V (m1,m2) € (Vi x Va) 
(ii) 
(am, * AM2)((m, m2)(mM, N2)) = max{ay,(™M), any(mMan2)}, (Bm, * Bua)((mM, m2)(m, N2)) 


= min{ 8x4, (m), Bn, (manz)} 


(Ya, * YMz)((m, mM2)(m, N2)) = min{yM,,, (™); YN2(Men2)F, (Om, * IM2)((™M, ma2)(m, n2)) 


= min{dy, (m), dn, (men2)} 


(7, * NMz)((m, m2)(m, n2)) = max{N,(™), NN2(Men2)}, (Am * Puy )((™mM, m2)(m, n2)) 
= max{Oq1,,. (m), On, (m2na)} 
Ym € Vi andmgng € Eo 
(iii) 
(nm, * AM, )((™M1,m)(m1,m)) = max{an, (M171), M2 (mM) }, (Bm, * Bay)((™M1, mM) (M1, m)) 


—_ min{ Bn, (min1), Bm, (™) } 


(YM; * YMz)((m1, m)(n1, m)) — mint yn; (min1), M2 (™m) }, (Om, - Om )((m1, m)(n1, m)) 


= min{dn, (m1), Om, (™) f 
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ge: :.505:ks. :l|lu——_—_z:_ >_:___—_—_——————————— Fs 
a(0.4, 0.3, 0.4, —0.5, —0.4, —0.3) (0.3, 0.6, 0.5, —0.3, —0.5, —0.4) b(0.6, 0.5,0.4, —0.4, —0.4, —0.3) 


FIGURE 8. Gj, 


e(0.5, 0.4, 0.3, —0.4, -—0.5, —0.6) 


oi fe 






(0.1.0.7, 0.5, —0.2, —0.5, —0.6) 


d(0.2, 0.6, 0.4, —0.3, —0.4, -0.5) e(0.5, 0.4, 0.3, —0.4, —0.5, —0.3) 


FIGURE 9. Go 


(7M, - M2 )((™a, m)(na1, m)) — max{)N, (mini), M2 (™) }, (Ou . Ouz)((m1, m)(na, m)) 


— max{On, (m nj), OM» (77) } 


Ym € Wandmyn, € Fi 


Example 2.20. Let G; = (M,N,) and G2 = (Mo,N2) be two BSVNGs on Yi = 
{a,b} and Vz = {c,d,e} respectively which shown in Figure 8 and Figure 9. Also maximal 


product is shown in Figure 10. 


Proposition 2.21. Let G; = (M,N) and Gg = (M2, N2) be two BSVNGs of graph Gy = 
(V1, £1) and G2 = (V2, E2), respectively. Then then maximal product G; * Gg of G; = (Vi, F1) 
and G2 = (V2, E2) is a BSVNG. 


Proof. Let Gy = (M,,.N,) and G2 = (M2, N2) be two BSVNGs of graph G; = (Vj, £1) and 
Go = (Vo, E2), respectively. Then the Maximal product G, * G2 of G; = (Vj, E,) and Gg = 
(V2, Fz) can be proved. Let (m1,m2)(n1,n2) € Ey x Ee 
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(0.4,0.3, 0.4, —0.2, —0.4, —0.3) 


—0.3) 


—0.3) 


(0.3, 0.6,0.4,—0.4, —0.4, —0.4) 


(0.4, 0.3,0.4, —0.5, —0.4, 
0.4, 


—0.4, 


(0.6, 0.5, 0.4, 





(a, 4) (0.5, 0.4, 0.2, —0.4, —0.5, —0.3) (0.6, 0.4, 0.3, —0.4, —0.4, —0.3) 


(0.5,0.3,0.3, —0.5, —0.4, —0.3) 


FIGURE 10. G, * Go 


(i) Ifmy =n =m 


(an, ‘i an, )((m, mz2)(m, n2)) — max{ ayy (m), AN» (™m2n2) } 
<< max{ay, (m), min{av, (mz), OMe (n2)}} 
= min{max{{ay,(m), am,(ma)f,max{{am,(™m), am, (n2) fF 


= min{(ayy, * @y,)(m,m2), (am, * am, )(m, 2) } 


(Bn, . Bnz)((m, m2)(m, n2)) a. min{ 6, (m), BN> (™mn2) } 
= min{ 8, (m), max{ Buy (m2), Ou (m2) }} 
= max{min{{$m,(m), Ba, (me2)},min{{ Gu, (mM), Ba (n2) fF 


a max { (Gu, i Bue )(m, m2), (Bu, Bu,)(m, m2) } 


(Yn, * YN2)((™M, M2)(M, N2)) = min{ ym, (™), YNz (M22) } 
> minfyy,(m), max{yy, (m2), yup (nr2)}} 
= max{min{{ymM, (™), YM, (m2) }, min{ {yu (™), Yaa (n2) $F 


= max{ (ym, * YM )(m, m2), (YM, * YM2)(m, n2)} 
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(On, * ON, )((m, M2)(mM, N2)) = min{ oxy, (™), dn, (Mang) } 
> min{ dy, (m), max{d5 (m2), 0M2 (n2)}} 
= max{min{{6,(™), di, (me2)f, min{ {dx (M), du, (n2) tf 


= max{ (dy, *k Om) (mM, ma), (Om, = OM2)(m, n2) } 


(Ny - TIN, )((™m, m2)(m, n2)) — max{7)My (m), Ne (mang) } 
— max{7M, (m), min{]M> (m2), M2 (m2) }} 
— min{max{ {7M (m), M2 (m2), max{{]My (m), M2 (n2)}} 


= min{(7m, * NM)(™m, m2), (Na, * NMz)(™m, N2)} 


(On, . On, )((m, mz2)(m, n2)) — max{6 yy, (m), ON, (™mn2) } 
< max{6y,(m), min{6y4, (m2), Ors, (2) }} 
= min{max{{6yz, (m), 14, (m2) }, max{{Oyy, (m), Oy, (n2)}} 


= min{(O, * 9m,)(m, m2), (A, * 9my)(m, n2)} 


(ii) If m2 = ng = mM 


(an, * an, )((m1, m) (1, m)) — max{ay, (min1), O Mo (™m) } 
< max{min{ay, (m1), ay, (m)} 
= min{max{{ay, (m1), av,(m)}, max{{ay, (1), a,(m) }t 


= min{ (ay, : OM, )(™1, m), (amy . OM, )(1, m)} 


(Bn, * Bn2)((m1,™m)(m1,m)) = mint By, (m1n1), Bu, (™) 
> min{max{By,(m1n1), By,(m)} 
= max{min{ {Sn (m1), Bu, (™m)f, min{ {Fn (r1), Buy.(™m) fF 


= max{(8n, * Puz)(™m1,™), (Bm, * Buy )(M1,™) $ 
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(YM, * YN2)((7mM1, m)(M1,m)) = min{ yn, (m1N1), Ym (™) F 
> min{max{ yn, (™171), ¥M,(m) } 
= max{min{{Yyn, (M1), Yv@o(™) f, min{ {ym (M1), Yao (™m) FF 


— max{ (YM, - YM) (m1, mM), (YM, * YM) (M41, m)} 


(On, is On, )((™1, m) (1, m)) - min{on, (mn1), OM» (™m) } 
> min{max{dy, (m1n1), 0M» (m)} 
= max{min{{6oy, (m1), dm,(m)}, min{{dy, (n1), 6, (m)}} 


— max{ (du, si OM )(m1, m), (Om, * OM )(n1, m)} 


(7, * NN, )((™m1,™m)(n1,™m)) = max{ Nn, (M11), NM (™) f 
= max{min{7)N, (min1), M2 (™m) } 
= min{max{{7N, (771), Muy (™) fF, Max{ {7M (M1), My (™) $F 


— min{ (7M, * NM» )(m1, m), (NM, * Mz )(N1, m)} 


(On, * An, )((7m1, m)(1,m)) = max{On, (m1 N1), Ary (™) F 
< max{min{6@y, (m1), Oy4,(m)} 
= min{max{{On, (m1), Ou, (m)}, max{{Om, (M1), Om, (™) $$ 


= min{ (Aj, - Ou, )(m41, m), (Ou, * Ome )(n1, m)} 


Definition 2.22. Let G; = (Mj, N,) and Gg = (Mo, No) be two BSVNGs. Vim, m2) € Vi x V2 


(da.)a,*Gs (m4, mz) a S (AN, = ON, )((™M1, m2)(n1, nz) 


(m1,m2)(n1,n2)E Ey x Eo. 


— S max{ay, (m1), aN, (mgnz2)} 
mM 1=n1,mM2n2E€ Ke 


ae S max{ay,(m1N1), @m, (M2) f 


m1n1€£1,m2=ne2 
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(dg )o.*¢o (m4, mz) = S (Bn, * Bny)((m1, m2)(n1, n2)) 


(m1,m2)(n1,n2)EF, x Es. 


= S min{ By, (m1), Bn, (men2) } 


m1=nN1,mM2n2€ Ee 


4 S min{ Bn, (m1), Fm.(m2)} 


min, € 4 ym2=n2 


(dy )a)+G.(™1, m2) = S (YNy * YNo)((™M1,™M2)(N1, N2)) 


(m4 m2) (n4 n2)Eky x Fo. 


— S min{ym, (m1), YN>(men2) } 


Mm1=NnN1,mM2n2€ Ee 


a S min{yn, (m1), YM2 (m2) } 


min, € 4 ym2=n2 


(d5) a1 +s (m1, m2) = S (On, = ON, )((™M1, M2) (M1, N2)) 


(m4 jm2)(n4 n2)E Ey x Bo. 


= S min{dm, (m1), dn, (™m2N2) } 


mMy1=n1,mM2n2E€ Ke 


a S min{dn, (M171), dMy(™m2) t 


m,n, €£1,m2=n2 


(dr )o1*¢2 (m1, M2) = »— (NIN * NN2)((M1, M2) (M1, N2)) 


(m1 7m2)(n4 n2)Eky xX Eo. 


= S max{nm, (m1), NN, (men2) } 


m1=nN1,m2n2E€ be 


ae S- max{7N, (7171), NM.(™Me2) t 


mi1ny1€ 4 m2=n2 


(dg )c, «G2 (m1, mz) —_ S- (On, * An, )((m1, m2)(n41, n2)) 


(m1 sm2)(n4 n2)€ Ex Eo. 


= S- max{O, (m1), On, (man) } 


m1=n1,m2n2E€ be 


ats S max{6y, (m1n1), OM» (m2) } 


myn, C4 ,m2=n2 


Theorem 2.23. Let G; = (M1, .N1) and Gg = (M2, No) are two BSVNGs. If ayy, > ans, bu, 


IV IA 


BNo, YM, S YN2 and Amy, = ONn,,8My < Py, YMz S YN,- Also If Om, < On2,9M, = Nz, OM, 
On, and dy, < 6Nn,,M> > 1N,,9M, > On, Then for every V(m 1,m2) € Vi x Vo 

(da )ey*¢2(™1,™2) =(d)a,(mMa)anm, (m1) + (da, (m1 am, (m2) 

(dg) )=(d)e, (m2) Bu, (m1) + (d)ay(™1) By (™me2) 

(dy ey «G2 (71, M2)=(d)G_ (m2) ym, (™M1) + (d)ay(™1) Yay (M2) 

(d5)o,*¢2 (71, m2) =(d)Gs(m2)om, (m1) + (A)a, (771) Oma (m2) 
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(dn) G1 *G2 (771, M2)=(d)e (M2)Nm, (M1) + (A), (™M1) NM, (M2) 
(do )a, *Go (m1, m2)=(d)as (m2)OM, (m1) a (d)a, (m1 )OM, (mz) 


Proof. 


(da )e,*G9(™M1, M2) = S (AN, * AN) ((™M1, M2) (M1, N2)) 
(m1 jm2)(n4 n2)E Ey x Ee. 


= S max{ays, (71), an, (™mM2N2) } 
m1=n1,m2n2E€ Ee 


a S max{Qy,(™m1N1), Ms, (M2) t 


min, €iy,m2=n2 
— S QUIN» (mgn2) a S ON, (m1) 


mon2€B2,m1=n1 min, €Ey1,m2=ne2 


= (d)G,(m2)am, (m1) + (d)a, (m1) am, (m2) 


(5 )o,*¢2 (m1, m2) = » (On, * ON2)((7M1, M2) (M1, N2)) 


(m4 m2) (n4 n2)€ Ey x Eo. 


— S min{dyy, (m1), ON» (mgnz) } 


m1=n1,m2n2€ Ke 


4 S min{ dn, (m171), 6, (m2) } 


min, € 4 ym2=n2 


S ON> (mang) + S ON, (m 1n1) 


mo2n2€b2,m,=n1 min, €by1,m2=n2 


(d)ay(me2)du, (m1) + (d)a, (™1)dmy (M2) 


In a similar way others four will proved obviously. 5 


Definition 2.24. Let G; = (M1, N,) and Gg = (Mo, No) be two BSVNGs. Vim 1, m2) € Vi x V2 


(tda)a,*G2 (m1, m2) = S (an, as ON, )((m1, m2)(n1, n2)) a (aM, * A Mo (m1, mz) 
(m1,m2)(n1,n2)E Fy x Eo. 


— S max{ayy, (m1), AN, (™mM2N2) } 
m1=n1,mM2n2E€E2 


a S- max{ay,(™m1N1), Ay (™M2) } 
mini €b1,m2=n2 
+ max{ayy, (m1), (m2) t 
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(tg eG. (™M1,m2) = » (Bn, * BN2)((™m1,mM2)(M1,N2)) + (Bm, * Buz (™M1, M2) 


(m1,m2)(n1,n2)EE x Ee. 


= S min{ Byy, (m1), Bn, (men2) } 


4 S min{ Bn, (m1), Fi, (ma) } 


min, € £1 ,m2=ne2 


+ min{8y1,(™m1), Bu, (me2)} 


(td )e+G,(™1,™m2) = > (YNi * YN2)((7™1, M2) (M1, N2)) + (Ym, * YMy(™M1, M2) 


(m1,m2)(n1,N2)E Fx Es. 


— S min{ym, (m1), YN>(me2n2) } 


a S min{ yn, (171, YMz (m2) } 


min, € Fy ,m2=ne2 


+ max{yu,(m1), Yu (m2) } 


(tds oy x0 (m1, mz) — S (On, = On») ((™m1, m2)(N1, n2)) + (Om, * 0M» (m1, mz) 


(mi,m2)(n1,n2)EE1 x Ee. 


— S min{ dy, (m1), On, (me2nz2)} 


M1=N1,M2n2E he 
4 S min{dn, (mn), 0M> (m2) } 
min, € 4 ym2=n2 


+ min{6yy, (m1), 6m, (m2) } 


(td )o,*G2(™1,™m2) = » (Ny, * NN2)((™mM1,M2)(m1,N2)) + (MM, * NM (™1, M2) 


(m1,m2)(n1,n2)E Fy x Ee. 


= S max{nu, (m1), 7N,(menz2) } 


m1=nN1,m2n2E€ Ke 
2 S max{N, (7171), Mz (M2) } 


min, € £1 ,m2=ne2 


+ max{ny,(m1),7u>(m2)} 


(tdo )e,+¢. (m1, m2) = S (On, = On, )((m1, m2)(n1, n2)) zi (Ou, . OM, (m1, m2) 


(m1,m2)(n1,n2)EF1 X Ep. 


= S- max{ 64, (™1), On, (Men2) f 


ae S max{ On, (171, Oi, (m2) } 


min ,€E1,m2=n2 
+ max{ 6, (71), Am (m2) } 
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Theorem 2.25. Let G; = (Mj, N1) and G2 = (M2, No) be two BSVNGs. If ayy, > an,,8u, < 
BNo, YM, <‘YN2 and am, > AN,,8My < BN,,Y¥Mz < ‘YN,- Also If 0m, < 0N,,9M, = 1N2,9M, = 
On, and dy, <6N,,NM> > 1N,;9M> > On, Then for every V(m1,m2) € Vi x V2 


(da)er *GQ (m4, mz) =(d)a, (m2)om, (m1) si (dja, (m1)OM, (m2) 
(dg ay Go (™1, M2)=(d)e, (m2) 8a, (m1) + (Aa, (M1) By (™M2) 
(dy )eyx¢2(™1,M2)=(d) a. (M2) ym, (M1) + (A)ay (M1) Yup (™Me2) 
(d5 ey +62 (™1, m2) =(d)a,(™m2)dm, (m1) + (d)a, (™m1)dmu, (m2) 
(dn) G1 *Gp (71, M2)=(d)e(M2)Nm, (M1) + (d)a@, (™M1) NM (M2) 
(do )ex *Go (m1, m2)=(d)as (m2)OM, (m1) a (d)a, (m1 )OM, (mz) 
Proof 
(tda Joy *¢2(™m1,m2) = >» (An, * Any )((™M1,mM2)(M1,N2)) + (aM, * AM )(™M1, M2) 
(m1,m2)(n1,n2)EF4 x E2. 
— > max{ayy, (m1), O No (m2n2) } 
m1=nN1,mM2n2E€ Ke 
+ S max{ay, (m1), ay, (me2) } 
min, € £1 ,m2=ne2 
+ max{ay, (m1), ay, (m2) } 
= S an, (mane) + S an, (m1n1) 
mon2€b2,m1=n1 mi1n1€ £1 ,m2=ne2 
+ max{ayy, (m1), ay, (m2) } 
= (d)a,(ma)am, (m1) + (da, (™m1)am, (m2) + max{am, (m1), AM, (™M2) } 
(tds), +¢2(™1, m2) = » (On, * ON )((7M1, M2)(M1, N2)) + (Om, * IMy)(™M1, m2) 


(m1 jm2)(n4 n2)€ Ey x Ee. 


= S min{dy4, (m1), dv, (mana) } 


Mm1=n1,mMgn2E £2 


a S min{ dn, (m1n1), Ou, (m2) } 


min, €£1,m2=n2 


+ min{dyz, (m1), 6m, (m2) } 


= S- On, (Mm2n2) + S On, (11) 


mong€b2,m1=n1 min1€ by ,m2=n2 


+ min{6u, (m1), du,(m2)} 


= (d)G,(™m2)dm, (m1) + (d)a, (M1) 6m, (m2) + Min{om, (™1), Om (M2) } 


In a similar way others four will proved obviously. 5 
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Example 2.26. In Example we have to find the degree and total degree of vertices of 








G, * Ga by using Figure 8, Figure 9, and Figure 10. Select the vertex (e,a). 


(da), x2 (a, c) — (dja, (clam, (a) a (day (a)om, (c) 
= 2(0.4) + 1(0.5) =0.84+0.5=1.3 


(tds )o,*¢2 (a, c) — (dja, (c)om, (a) - (dja, (a)om, (c) 


= 2(—0.5) + 1(—0.4) = -1.0-0.4=-1.4 


’ (dg ey G2 (a, ©) = 1.0, (dy )e1 G2 (e, a) =11, (tdi )ey xG2 (@, ©) =-13, (td )a, «G2 (@, €) = —1.2. 


By applying the same method we can find the degree of all vertices.now we are find the total 








degree of vertices in maximal product. For this select the same vertex (e,a). 


(tda)ai xc, (a, c) — (da, (clam, (a) + (dja, (a)om, (c) + max{am, (a), OMe (c)} 
= 2(0.4) — 1(0.5) si max(0.4, 0.5) =0.8+0.5+0.5=1.8 


(tdo Jo, *¢2 (a, c) — (d)a, (c)Ou, (a) a5 (day (a), (c) zc min{6 yy, (a), OM, (c)} 
= 2(—0.3) ar 1(—0.6) ae min(—0.3, —0.6) = —0.6 — 0.6 — 0.6 = —1.8 


(tdg)a, Go (a, C) a (td) oe, x5 (a, C) = 1.4, (tds )o,*¢5 (a, C) = —1.8 At eyes (a, C) = —1.8. By 


applying same method or technique we can find all other vertices total degree. 


Definition 2.27. Let G; = (M,, .N1) and G2 = (Mo, N2) are two bipolar single valued neutro- 
sophic fuzzy graphs defined on G; = (Vj, E1) and G2 = (V2, £2) respectively. The rejection of 
G, and Gp» is represented by G,|Gg = (M1|Mo, Ni|Ne2). Rejection of Gjand Gz is defined as the 





following conditions: 
(i) 
(am, |am,)((™m1, mM2)) = min{ayy, (m1), a, (™M2)}, (8m, |Buy)((™M1, M2)) = max{ By, (m1), Buy.(mM2)} 


(YM, lyme) ((™1, mz)) max{yM, (m1), M2 (™2) f, (Om, On, )((™m1, mz2)) = max{OmM, (m1), OM» (72) } 


(7 NM )((™M1, M2)) = min{ Nv, (M1), 7Me(™M2)f, (Amy |Oa,)((7™M1, M2)) = min{ ys, (™M1), Ors, (™M2) f 
iy (m1, m2) € (Vi x V2). 
(ii) 


(an, lan, )((m, mz2)(m, n2)) — min{aM, (m), OM (m2), OMs (n2)}, (Bn, [Bn )((m, mz2)(m, n2)) 


= max{(Gv,(m), Bu, (m2), Bu, (n2)} 
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(YN, lyn. )((™m, mz2)(m, n2)) = max{YM, (m), M2 (m2), M2 (n2)}, (On, On )((™m, mz2)(m, n2)) 


= max{dm;(™), du (™M2), OM (N2) } 


(Ny Inn )((m, mz2)(m, n2)) — min{ 7M, (m), Mo (m3), M2 (n2)}, (On, On. )((m, mz2)(m, n)) 


= min{Oyy, (m), Om (m2), Amp (n2) f 
Ym € V2 and mang ¢ Eo. 
(iii) 
(an, lon )((m, m2)(m, n2)) — min{am, (m), M2 (m3), M2 (n2)}, (Bn, |Bnz)((m, m2)(m, n2)) 


= max{Gu,(m), Bu, (m2), Bu, (n2)} 


(YN, ly) ((m, mz2)(m, n2)) — max{YMy (m), Mo (m2), ‘YMe (n2)}, (On, On.) ((m, mz2)(m, n2)) 


= max{dm,(™), 6m, (™M2), Om, (2) } 


(Ny INN, )((m, mz2)(m, n2)) a min{ 7M, (m), M2 (m2), M2 (n2)}, (On, On, )((m, mz2)(m, n)) 


= min{0y, (m), Ov, (m2), Om, (n2)} 


Vz€ Vo and myn ¢ FE. 
(iV) (an, [Nz )((™1, M2)(M1, N2)) = min{ayy, (m1), am, (M1), Ay (™M2), &My(N2) f, 
(Bn, [BN )((m1,mM2)(n1, N2)) = 
max{Bu, (m1), 8, (1), Fu, (m2), an, (n2)f, (YN, |¥N2)((7™1, M2) (M1, N2)) = 
max{YM,(™1), Yam, (71); YM2(™m2), Ama (n2)f, 
(On, |On2)((™m1, M2)(M1, N2)) = max{dm, (771), 6m, (M1), Oma (M2), Img (M2) f 
(7, |7N2)((™1, M2)(M1, N2)) = min{ nv, (m1), Ma, (M1), 2M2(™M2), ON (M2) f 


(On, On, )((ma1, m2)(n4, n2)) — min{6 yy, (m1), OM, (n1), OM, (m2), 0M» (n2)} 


Ymy,n, ¢ Ey and mang € Eo. 


Example 2.28. Let G; = (M,N) and G = (Mo,No2) be two BSVNGs on Vy = 
{a,b, c,d} and Vz = {e, f }, respectively which shown in Figure 11 and Figure 12. Also rejection 


shown in Figure 13. 


Proposition 2.29. Let G; = (M1, N,) and Gg = (Mo, No) be two BSVNGs of graph G; = 
(Vi, £1) and Gg = (V2, E2), respectively. Then the rejection G,|Go of G; = (Vi, &,) and 
Go = (Va, FE) isa BSVNG. 
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a(0.3,0.4,0.2, —0.8, —0.2, -0.4) d(0.5, 0.2, 0.3, —0.3, —0.2, —0.6) 


(0.2,0.5,0.4,—0.2,—0.4,—-0.5) 
(0.4, 0.3, 0.9, -0.1,-0.4, -0.7) 


(0.4, 0.2, 0.4, -—0.1, -O0.4, —0.5) 





(0.5, 0.2, 0.8, —0.4, -0.3, -0.2) (0.4, 0.2, 0.3, —0.2, 0.3, —0.2) 


FIGURE 11. G, 


ccc eee cc Z 


e(0.4, 0.3, 0.2, —0.3, —0.2, —0.3) (0.3, 0.4, 0.5, —0.1, —0.2, —0.5) f(0.3,0.2, 0.4, —0.2, —0.3, —0.4) 


FIGURE 12. Go 


a ada ati acta al aaa (0.3,0.4,0.4, —0.2, —0.3, —0.4) 


sainiel (f,@) 








© S 
7 ce, ®) (f, b) S 
l 

oi of 
2 S 
| | 
on a 
° ° 
| | 
o < 
o S 
: <j 
= ‘- 3 
mm (e,c) (f.©) = o 
2 %° i =) 
& (0.4, 0.3, 0.3, -0.2, —0.3, —0.3(0.3, 0.2, 0.4, —0.2, —0.3, —0.3) = 

(f,d) 


(e,d) 


(0.3,0.2,0.4, —0.2, —0.3, —0.6) 
(0.4, 0.3, 0.3, —0.3, —0.2, —0.6) 


FIGURE 13. G, | Go 


Proof. Suppose that Gy = (M1, .N,) and Gg = (Mo, No) be two BSVNGs of graph G; = (Vi, F1) 
and G2 = (V2, E2) respectively. Then for (m1, ™m2)(n1,n2) € Ey x Eo. 
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(i) If M1 = Ny, gets g Eo 


(Bn, [Bn )((ma, m2)(n4, n2)) a max{ Buy (m1), BMp (m2), bu, (n2) } 
= max{max{{,(m1), Bu, (me2)}, max{ Ba, (1), Bu, (n2) }} 


= max{(Gi,|Gmz)(™1, M2), (Ba, |Gmy) (M1, 22) } 


(Ny IN )((m41, m2)(n4, n2)) —_ min{ 7M, (m1), Mo (m2), Mo (n2) } 
= min{min{7, (m1), Muy (m2)}, min{nm,; (M1), Mp (N2) ff 
— min{ (7M, NM )(m1, m2), (1M, NM )(n1, n2) } 


In a similar way others four will proved obviously. 


(ii) If M2 = 19, T1714 g Ay 


(an, |an,)((™m1, M2)(n1,n2)) = min{ayy, (m1), Am, (1), @m_(M2) 
= min{min{ay, (m1), A, (m2) f, min{ayy, (M1), Am, (N2) }} 


= min{ (am, |om,)(™m1,™M2), (AM, |AM,)(M1,N2) t 


(On, |ON2)((7M1, M2)(M1, N2)) = max{dm, (m1), du; (M1), OM2 (ma) f 
= max{max{dy4,(™m1), dma (me2)}, max{dny, (11), day (n2) }} 
= max{ (dm, [Om )(™1, M2), (Oa, [Ome ) (M1, r2) F 
In a similar way others four will proved obviously. 
(iii) If myny ¢ Eyand mang ¢ E> 
(Yn, l¥N2)((™M1, M2) (M1, N2)) = max{yu,(™1), YM, (M1), YM2 (M2), YMp (M2) F 
= max{max{Ym, (11), Ya (m2), Max{ Yay (M1), Yaa (M2) Ff 


= max{(Yu,|YmM_)(™1, M2), (YM, Yup )(M1, N2) F- 


(On, |Onp)((m1, M2) (M1, N2)) = ming ys, (M1), Ors, (M1), Oy (™M2), Arty (M2) F 
= min{min{4yy, (m1), u(me)}, min{Oa4, (n1), Ans, (n2)}} 
= mint (An, |@m2)(7™m1, M2), (Om, |Prz) (1, M2) F- 
In a similar way others four will proved obviously. 


Hence all properties are satisfied truly, so in all cases Ny|No isa BSVNG on M,|Mo. Therefore 
we can say G1|Gg = (M |Mo, Ni|No) is a BSVNG. 7 
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Definition 2.30. Let G; = (M,, Nj) and Gg = (Mo, Y3) be two BSVNGs. Vimy, m2) E VixV 


(daa; |e. (M1, M2) = >» (an; |ANnz)((M1, M2)(M1, N2)) 


(m1,m2)(n1,n2)EF1 xX Ee. 


= S min{ay, (m1), Ms (m2), OM (m2) } 
M1=NnN1,M2n2¢~E2 


ae S min{ayy, (m1), ay, (1), am, (m2) t 


+ S min{ay, (m1), um, (M1), am, (M2), Am, (2) f 
min€éFE and mon2¢E2 


(dg )a,|a,(™m1, m2) = » (Bn, |B )((™1, mM2)(m1, N2)) 


(m1,m2)(n1,n2)EF x Eo. 


— S max{Pm,(m1), Gu.(™m2), Bay (n2) 


a S max{ 8x, (m1), Bu, (m1), Bay (ma)} 


2. S max{ Py, (m1), Bu, (M1), Bu, (M2), Bay (n2) } 


min giand moan2¢E2 


(dy Jey |en(™1, m2) = x. (YN, |Ywo) (C771, M2) (M1, N2)) 


(m1,m2)(n1,n2)EF1 x Ep. 


= S- max{ Ym, (M1), Ms (M2), ¥Mp(N2) t 


sf S max{yu,(™1), YM, (M1), ¥Mo(™Ma2) 


ea S max{yu, (m1), YM, (71), YMo (M2), YM2(N2)} 


mini€éE and mgn2€¢E2 


(d5)o1|e.(™1, m2) = S (dn, |On2)((7™71, M2) (M1, N2)) 


(m4 7m2) (n4 n2)Eky x B92. 


- S max{6u, (m1), dm (m2), Ou, (N2) } 


= S max{6y,(™1), Ou, (71), Om (m2) t 


ait S max{6yy, (m1), dag, (1), Ouy (M2), Ou, (M2) } 


minigyiand mon2¢E2 
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(dn ex |eg(™1, M2) = S (71, |"1N>)((M1,M2)(N1, 22) 


(m1,m2)(n1,N2)EF1 Xx Ee. 


= S min{ 7M, (m1), Mo (m2), Mo (n2)} 


M1=N1,mM2n2¢E2 


+ S min{7M, (m1),7M, (n1), M2 (m2) } 


M2=n2,m1n1¢E} 


ee S min{ym, (m1), 7M, (21), MM (™m2), 7Mp (2) } 


mini gE and mon2€¢E2 


(do )g1\e,(™1, m2) = S (On, |On,)((™m1, M2)(N1, N2)) 


(m1,m2)(n1,n2)E 1 x Ee. 


= S min{ 644, (M1), On, (M2), Oy (M2) } 


M1=N1,M2n2€~E2 


ai S min{ Oy, (m1), 9, (M1), Om (m2) t 


a Ss min{ Oy, (m1), Oi, (M1), Pi, (M2), Os, (M2) } 


minigEiand mon2¢E2 


Definition 2.31. Let G; = (M1, N;) and Gg = (Mo, Y2) be two BSVNGs. V(m1, m2) € Vi x V2 


(tda)ey|a2 (71, M2) = >» (UN, lan, )((71, M2)(M1, N2)) + (my [amy )(7™M1, M2) 


(m1,m2)(n1,n2)EF x Ee. 


= S min{ay, (M1), aM.(™M2), ©, (nN2) } 


M1=N1,mM2n2¢E2 


+ Ss min{ayy, (m1), AM, (n1), O Mo (m2) } 


M2=n2,m1n, ZF 


a S min{ayy, (m1), ay, (M1), Amy (™M2), AM (N2) } 


mingiand mon2¢E2 


(tdg)ax\e.(7™1,™m2) = Ss (Bn, (BN. )((7m1, M2)(m1,n2)) + (8a, [Bm )(™1, m2) 


(m1,m2)(n1,n2)EF, x Eo. 


— S max{6m,(™m1), Bi. (m2), Fay (n2) 


a S max{ Ou, (m1), 8u, (M1), Bu, (me) } 


+ S max{ By, (m1), ou, (m1), Buy(me), Cup (n2)} 


minigEiand mon2¢E2 
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(tdy)g,Jeg(™1, M2) = S (Yn, |Yw2) (771, M2)(N1, N2)) + (YM, |YMe)(™1, M2) 


(m1,m2)(n1,n2)E Fx Es. 


= S max{ yu, (m1), ¥m2(M2), Yup (n2) } 


M1=N1,mM2n2¢E2 


“a S max{yu,(™1), YM, (1), Yap (Ma) } 


mM2=n2,m1n1¢F\ 


fi S max{ym, (m1), YM, (1), Yup (™Ma2), YM> (M2) } 


minigiand mon2¢éE2 


(td5)e,\a,(™M1,™m2) = S (On, |On2)((1™71, M2)(M1, 22)) + (Om, |My )(™M1, M2) 


(m1,m2)(n1,n2)EF, x Es. 


= S max{ day, (m1), 61 (™2), 6m, (n2)} 


M1=N1,M2n2¢E2 


die S max {dn (m1), 0m, (71), Om (m2) } 


M2=n2,m1n1 ZF 


4 S max{6u, (m1), du, (71), Om (M2), 6m, (2) } 


mini gb,and mon2¢E2 


(td )ey |e, (M1, M2) = >» (ny |NN2) (m1, M2) (m1, N2)) + (My Mz) (M1, M2) 


(m1,m2)(n1,n2)E Fy x Eo. 


= S min{ 7M, (m1), Mo (m2), Mo (n2)} 


e" S min{nv, (m1), 7M, (71), 7M (m2) } 


ate S min{nu, (m1), 7m, (M1), 2Mz (M2), NM (n2) } 


minigiand mon2¢E2 


(tdo)g, je, (™1,m2) = > (On, |On2)((rm1, M2)(n1,2)) + (Any |@mp) (m1, M2) 


(m1,m2)(n1,n2)EF, x E. 


= S min{ Oy, (m1), Oi. (m2), Piss (N2) 


M1=N1,mM2n2¢E2 


oe S min{6@ yz, (m1), Ox, (M1), Ou (M2) } 


m2=n2,m1n1 EE, 


A. S min{ Oy, (m1), On, (M1), 8, (mz2), Oz, (N2) } 


miny€éE\ and mon2¢E2 
Example 2.32. Let G; = (MW, N1) and G2 = (Mo, N2) be two BSVNGs as in Example 2.28. 


Their rejection is also shown in Figure 13. We will find the vertex degree in rejection. Consider 
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the vertex (d,a) here: 


(dy )g, ja. (e,@) = max{ym,(e), Yi (@), Yay (@)F + max{ymp (2), Ym, (2), Yi (€) 
= max{0.2, 0.2, 0.3} + max{0.2, 0.2, 0.3} 
= 0.34+0.3 
= 0.6 


(do )e,|eo @ a) = min{@x, ce) Ou, (a), OM, (d)} + min{@, (a), OM, (a), Ou, (c)} 
= min{—0.3, —0.4, —0.6} + min{—0.3, —0.4, —0.2} 
= —0.6 — 0.4 


== 10 


(da)a,|eo(€, a) = 0.6, (dg), |e. (€, @) — 0.8 


(d5)ex\a (e, a) = —0.9, (dn )or |G (e, a) = —0.9 


In a similar way, we can find degree of all vertices of a graph in rejection. Now we will find 


out the total vertex degree of graph in rejection. Consider the same vertex (d,a) here: 


(td )g,je.(€,@) = max{ymy(€), Ya (@), Yay (4) } + max{ ye (a), Yi (a), Yi (C)} + min{ yw (e), Ym (4) f 
= max{0.2, 0.2, 0.3} + max{0.2, 0.2, 0.3} + min{0.2, 0.2} 
= 0.34+0.3+0.2 
= 0.8 


(tdo )ey|a.(€, a) = min{ Ov (e), Orr, (a), Ont, (4) + min {On (a), Om, (2), Oa, (Cc) + min{Imy (€), Om, (a) fF 
= min{—0.3, —0.4, —0.6} + min{—0.3, —0.4, —0.2} + min{—0.3, —0.4} 
= -—0.6-04-0.4 
=-14 


(tda)es|ao (e, a) = 0.9, (td), \es (e, a) = 1.1 


(td5 oy |e ‘G; a) — =1).0, (td) | @ a) = —0.7 


In a similar way we can find total vertex degree in rejection. 
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3. Application of bipolar single valued neutrosophic graph (BSVNG) 
3.1. Educational Designation participation 


Let {Bilal, Asif, Shoaib, Ijaz } be the set of four applicants for designations {Head of 
department(HOD),Director of Department(DOD),Assistant director of department(ADOD) }. 
For this purpose p=4 (say) be number of applicants and d=3 be number of designations. Con- 


sider bipolar single valued-neutrosophic diagraph which is shown in figure ?? representing the 





competition between applicants for designation in organization. a(y) is the positive degree 





of membership for every applicants denote the percentage of ability toward the purpose of 


organization , G(y) and y(y) are indeterminacy and false in percentage. d(y) is the is the 








negative degree of membership for every applicants denote the percentage of non ability to- 





ward the purpose of organization, 7(y) and @(y) are represents the indeterminacy and false 





in percentage. a(y) of every directed edge between both designations and applicants denote 


the eligibility or positive response from designation in organization , G(y) and y(y) are inde- 





terminacy and false in this percentage. d(y) of every directed edge between both designations 
and applicants denote the non-eligibility or negative response from designation in organization 


, n(y) and @(y) are indeterminacy and false in this percentage. Edge membership degree of 


‘TABLE 1 
veu N(y) 
Bilal {(ADOD,0.5,0.3,0.4,—0.4,—0.5,—0.8),(HOD,0.6,0.4,0.2,—0.4,—0.6,—0.5)} 


Asif | {(ADOD,0.8,0.6,0.5,—0.1,—0.4,—0.5),(HOD,0.5,0.6,0.6,—0.3,—0.4,—0.7),(DOD,0.4,0.6,0.4,—0.2,—0.3,—0.5)} 
Shoaib {(DOD,0.5,0.4,0.5,—0.5,—0.4,—0.4) }) 


Ijaz { (HOD,0.7,0.5,0.6,—0.3,—0.5,—0.4),(DOD,0.7,0.4,0.5,—0.4,—0.3,—0.2)}) 


graph is also determined by the following 
N(Bilal) 1 N(Asif) = {(ADOD, 0.5, 0.6, 0.5, —0.1, —0.5, —0.8), (HOD, 0.5, 0.6, 0.6, 
— 0.3, —0.6, —0.7)} 
N(Bilal) 7 N( Shoaib) = @ 
N(Bilal) 1 N(Ijaz) = {(HOD, 0.6, 0.5, 0.6, —0.3, —0.6, —0.5)} 
( 1 N(Shoaib) = {(DOD, 0.4, 0.6, 0.5, —0.2, —0.4, —0.5)} 
( 1 N(Ijaz) = {(HOD,0.5, 0.6, 0.6, —0.3, —0.5, —0.7), (DOD, 0.4, 0.6, 0.5, —0.2, 
— 0.3, —0.5)} 
N(Shoaib) 1 N(Ijaz) = {(DOD,0.5, 0.4, 0.5, —0.4, —0.4, —0.4)} 





There is no edge between Shoaib and Bilal because there is no common designation. 
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(0.3, 0.4,0.6, —0.7, —0.8, —0.5) 


Shoaib 


(0.4,0.5,0.6, —0.5, —0.7, —0.8) 


Bilal 










(0.9, 0.6, 0.8, —0.1, —0.6, —0.5) 









(0.5, 0.7, 0.8, —0.2, —0.5, —0.8) 


Asif 







Ijaz 


FIGURE 14. Bipolar single valued neutrosophic digraph 


(Bilal, Asif’) = (0.4, 0.7, 0.8, —0.2, —0.7, —0.8)(0.5, 0.6, 0.5, 0.3, 0.6, 0.7) 
= (0.20, 0.42, 0.40, —0.06, —0.42, —0.56) 
(Bilal, Shoaib) = @ 
(Bilal, Ijaz) 0.4, 0.6, 0.8, —0.1, —0.7, —0.8) (0.6, 0.5, 0.6, 0.3, 0.6, 0.5) 
0.24, 0.30, 0.48, —0.03, —0.42, —0.40) 
(Asif, Shoaib) = (0.3, 0.7, 0.8, —0.2, —0.8, —0.8)(0.4, 0.6, 0.5, 0.2, 0.4, 0.5) 


0.12, 0.42, 0.40, —0.04, —0.32, —0.40) 


0.25, 0.42, 0.40, —0.03, —0.18, —0.40) 


(Shoaib, Ijaz) 


= ( 
= ( 
= ( 
= ( 
(Asif, Ijaz) = (0.5, 0.7, 0.8, —0.1, —0.6, —0.8) (0.5, 0.6, 0.5, 0.3, 0.3, 0.5) 
= ( 
= (0.3, 0.6, 0.8, —0.1, —0.8, —0.5)(0.5, 0.4, 0.5, 0.4, 0.4, 0.4) 
= ( 


0.15, 0.24, 0.40, —0.04, —0.32, —0.20) 


Bipolar single-valued neurotrophic graph for competition of all participant is shown in fig- 
ure [L5. Competition between two individually applicants and when applicant competing for 
designation is also given in graph [4 
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(0.9, 0.6, 0.5, —0.4, —0.2, —0.3) 


(0.9,0.6,0.8, —0.1, —0.6, —0.5) 
Ijaz 


(0.5, 0.7, 0.8, —0.2, —0.5, —0.8) 


Asif 





(0.25,0.42,0.40, —0.03, —0.18, —0.40) 


FIGURE 15. Bipolar single valued neutrosophic competition graph 


0.20 + 0.24 0.20+0.24 0.42 +0.30 0.40+0.48 —0.06 — 0.03 
FPO STTT CREA OY 6) ere (cc ceca Aes 2. 


—0.42 — 0.42 —0.56 — 0.40 
=, 5) = (0.22, 0.36, 0.44, 0.045, —0.42, 0.48) 


Similarly we will find others R(applicant,Designation). 
S( Bilal, HOD) = 1+ 0.22 — 0.045 — (0.36 + 0.44 — 0.42 — 0.48) = 1.275 
S(Asif, HOD) = 1+ 0.225 — 0.045 — (0.42 + 0.40 — 0.30 — 0.48) = 1.14 
S(Ljaz, HOD) = 1+ 0.245 — 0.03 — (0.36 + 0.44 — 0.225 — 0.29) = 0.93 
S( Bilal, ADOD) = 1+ 0.20 — 0.06 — (0.42 + 0.40 — 0.42 — 0.56) = 1.30 


S(Asif, ADOD) = 1+4 0.20 — 0.06 — (0.42 + 0.40 — 0.42 — 0.56) = 1.30 


) 

S(Asif, DOD) = 1+ 0.185 — 0.035 — (0.42 + 0.40 — 0.25 — 0.40) = 0.98 

S(Shoaib, DOD) = 1+ 0.135 — 0.04 — (0.33 + 0.40 — 0.32 — 0.30) = 0.985 
) 


S(Ijaz, DOD) = 1 + 0.20 — 0.035 — (0.33 + 0.40 — 0.25 — 0.30) = 0.985 


Black solid lines show comparison between two applicants and dot line means applicant com- 
pete for designation. From above table, applicants compete other if it has a more strength. 
For example, in HOD designation Bilal has more strength from all. Its eligibility is strong 
than other. In ADOD designation Asif and Bilal are in equal position. In DOD designation 
Shoaib and Ijaz compete the others but equally compete to each other. [H]In this algorithm 





these are the steps 
Step 1: Start. Step 2: Input a(y), G(y) and y(y) membership values for set p applicants. 
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TABLE 2 
(Applicant,designation) | in competition R(applicant, Designation) S(applicant, Designation) 
(Bilal, HOD) Asif, Ijaz (0.22,0.36,0.44,-0.045,-0.42,-0.48) 1.275 
(Asif, HOD) Bilal,Ijaz  (0.225,0.42,0.40,-0.045,-0.30,-0.48) 1.14 
(Ijaz, HOD) Bilal,Asif  (0.245,0.36,0.44,-0.03,-0.225,-0.29) 0.93 
(Bilal,ADOD) Asif (0.20,0.42,0.40,-0.06,-0.42,-0.56) 1.30 
(Asif, ADOD) Bilal (0.20,0.42,0.40,-0.06,-0.42,-0.56) 1.30 
(Asif, DOD) Shoaib, Ijaz (0.185,0.42,0.40,-0.035,-0.25,-0.40) 0.98 
(Shoaib, DOD) Asif Ijaz (0.135,0.33,0.40,-0.04,-0.32,-0.30) 0.985 
(Ijaz,DOD) AsifShoaib _ (0.20,0.33,0.40,-0.035,-0.25,-0.30) 0.985 


Step3: For any two vertices x; and xj taking a(a;x;),B(xix;) and y(x;x;) are positive but 
Otis) ae) and O( Liz) are negative. Then 
(xi, a(xjx;), B(aixj), y(wix;), O(@ir;), N(Lix;), O(xix;)) 

Step4: To obtain bipolar single valued neutrosohic out-neighbourhoods N(x;) Repeat step 3 


for all vertices x; and x;. 


Step5: Find out N(xz;) .N(az;). Step6: Calculate height h(N(x;)N N(x;)). Step7: Draw 
all edge where N(x;)M N(x;) is non empty. Step8: Give a membership value to every edge 





x,x; by using the following conditions 

alae; = (min{a; 1 2;})[N(a.N N(a;)|, B(aie; = (max{a;,N2;})[N(ain N(a;)| 

Y(aitj = (maxye;, 12; })[N(aiO N(a,)|, O(eivy = (max{a;N x; })[N (aN N(a;)] 

n(aix; = (min{a; 1x; })[N(aiN N(a;)], O(@iaj = (min{e; 1 2;})[N (ai N N(ax;)] 

Step9: If x, 2, 22, 23, ..., Zp are applicants for designations d, then strength of applicants com- 


petition is R(x,d)=(a(a, d), G(x, d), y(a, d), 6(a, d),n(a,d),0(a,d)) of every applicants x and 


designation d is given by the following 
R(x qd) = ( Site tale) B(wz1)+...B(azp) y(w21)+-.-V(a2%p)  O(ez1)+...0(@zp)  m(a21)+...n(@Zp) dezsViseedz; 3) 
’ D ’ D ’ a ’ p ’ D , p 


Step10:Find out S(z,d) = 1+a(a,d)+6(az,d)—(6(a,d)+ (a, d)+n(a,d)+6(x,d)). Step11: 
End 


4. Conclusion 


There are more advantages of a bipolar fuzzy set than fuzzy set in real life phenomenon. A 
BSVNG has many applications in the field of economics, medical science as well as in scientific 


engineering. The flexibility and compatibility of BSVNG are higher than SVNG. We presented 





the new properties on a bipolar single-valued neutrosophic graph known as Residue product, 
maximal product, Symmetric difference and Rejection of a graph. These all graph products 


are suggestive of some aspects of network design. ‘They can be applicable for the configuration 





processing of space structures. The repeated application of these operations in constructing 


M. Aslam Malik, Hossein Rashmanlou, Muhammad Shoaib, R. A. Borzooei and Morteza Taheri, 
A Study on Bipolar Single-Valued Neutrosophic Graphs With Novel Application 





Neutrosophic Sets and Systems, Vol. 32, 2020 267 CI 


a network generates graphs that display fractal properties. We also discussed the idea with 





examples to find the degree and total degree of vertices of some graphs. We have established 
some related theorems of these graphs. We have also proved the theorems which are related to 
these properties. In the future, our goal is to extend this work on the (1) complex neutrosophic 


graphs and some (2) bipolar complex neutrosophic graph. 
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Neutrosophic Geometric Programming (NGP) with 
(Max, Product) Operator; An Innovative Model 
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Abstract. In this paper, a neutrosophic optimization model has been first constructed 
for the neutrosophic geometric programming subject to (max-product) neutrosophic relation 
constraints. For finding the maximum solution, two new operations (i.e. ™, 0) between aj; and 
b; have been defined, which have a key role in the structure of the maximum solution. Also, 
two new theorems and some propositions are introduced that discussed the cases of the 
incompatibility in the relational equations Aox = b, with some properties of the operation 0. 


Numerical examples have been solved to illustrate new concepts. 


Keyword: Neutrosophic Geometric Programming (NGP); (max-product) Operator; 
Neutrosophic Relation Constraints; Maximum Solution; Incompatible Problem; Pre-Maximum 


Solution; Relational Neutrosophic Geometric Programming (RNGP). 


1. Introduction 

The first scientist who put forward the fuzzy relational equations was Elie Sanchez, a 
famous fuzzy biology mathematician in 1976 [2], while the theoretical concept of the 
neutrosophic logic has been put by the popular polymath Florentin Smarandache at 1995 [11]. 
B. Y. Cao constructed the mathematical models of fuzzy relation geometric programming 
(FRGP) at 2005 [1], his works include the structuring of the maximum and minimum solution 
of the (FRGP) depending upon the original model for the maximum solution and the minimum 
solution for the fuzzy relation equations that was put by Elie Sanchez. At 2015, Huda E. Khalid 
introduced an original structure of the maximum solution for the fuzzy neutrosophic relation 
geometric programming (FNRGP) [6], Also at 2016, she put a novel algorithm for finding the 
minimum solution for the same (FNRGP) problems [7]. As of 2016 so far Huda E. Khalid et al 
[3-10] introducing a big qualitative shift in the concept of neutrosophic geometric 
programming (NGP) by establishing new concepts for the notion of (over, off, under) in the 
same (NGP), as well as she introduced and for the first time, a new type of the neutrosophic 
eeometric programming using (over, off, under) neutrosophic less than or equal which 
contained a new version of the convex condition, furthermore, new decomposition theorems 
of neutrosophic sets were presented, and new representations for the neutrosophic sets using 


(a, B, y)-cuts, with strong (a, B, y)-cuts had been defined. 


In this article, section 2 contains the preliminaries which are necessary for the sake of 
this paper, while in section 3, a max- product neutrosophic relation geometric programming 


model has been proposed with an innovative investigation of the maximum solution for this 
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model and two new theorems with some propositions, section 4 presents numerical examples 
to illustrate the proposed method. The final section was dedicated to the conclusion. 


2. Basic Concepts 


Without loss of generality, the elements of b must be rearranged in decreasing or increasing 


order and the elements of the matrix A are correspondingly rearranged. 


2.1 Definition [7] 


In this definition, the author proposed the following axioms: 
a- decreasing partial order 
1-The greatest element in [0,1) UI is equal to I, max(I, x) = I V x € [0,1) 


2- The fuzzy values in a decreasing order will be rearranged as follows: 1 > x, > x2 > x3 > 


1 > X, = O 
3- One is the greatest element in [0,1] UI, max(,1) = 1 
b- Increasing partial order 
1- the smallest element in (0,1] Ul is I, min(, x) =] V x € (0,1] 


2- The fuzzy values in increasing order will be rearranged as follows: 0 < x, < x2 < x3 < 


<x, = 1 
3- Zero is the smallest element in [0,1] UI, min(I, 0) = 0 


2.2 Definition [7] 


If there exists a solution to Aox = b it's called compatible. Suppose X(A, b) = {(x1,%2,..,Xn)" € 
[(0,1]" Ul, 7 =I,n>0 |Aox = b,x; € [0,1] U 1} is a solution set of Aox = b we define x! < 


x? eax <x? (1 <j <n),V x',x? € X(A,b). Where" < "is a partial order relation on X(A,b). 


2.3 Corollary [1] 


If X(A,b) # @. Then X € X(A, b). 


Similar to fuzzy relation equations, the above corollary works on neutrosophic relation 


equations. 
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2.4 Basic Notes [3, 10] 


1. A component I to the zero power is undefined value, (i.e. 1° is undefined), since. J ° = 
ee ee ee “ which is an impossible case (avoid to divide by /). 


2. The value of J to the negative power is undefined (i.e. /~™",n > 0 is undefined). 
3. The Innovative Structure of the Maximum Solution. 


We call 


min f(x) = feca ) V (e277) V..V (Ome 
s.t. Aox = b (1) 
x,E€[01J)Ul, 1lsj<n 

A (V,.) (max- product) neutrosophic geometric programming, where A = (aj;;), 1 S 
i<m,1<j<n, is (mxn) dimensional neutrosophic matrix, x = (x1,%2,..,%,)’ an n- 
dimensional variable vector, b = (b,,b3,...,b,)' (b; € [0,1] UI) an m- dimensional constant 
vector, C = (C1,C,..,€n)’ (cj = 0) an n- dimensional constant vector, y; is an arbitrary real 


number, and the composition operator ‘’o’’ is (V,.), ie. Vj24(@ij-xj;) = Bj. 


Note that the program (1) is undefined and has no minimal solution in the case of y; < 0 with 
some x;'s taking indeterminacy value. Therefore, if y; < 0 with indeterminacy value in some 
x;'s, then the greatest solution %; is an optimal solution for problem (1), the author introduced 


theorem 3.4 to treat this issue. 


3.1 The Shape of the Maximum Solution X. 


Since 1976, the biological mathematician Elie Sanchez put the formula of the maximum 
solution in both composite fuzzy relation equations of type (V, A) operator and (V,.) operator 
[2], these definitions won’t be adequate with neutrosophic relation equations especially 
neutrosophic geometric programming type, therefore and for the importance of relational 
neutrosophic geometric programming (RNGP) in real-world problems, the author established 
a new structure for the maximum solution of (RNGP) with the (V, A)operator in ref. [6], while 


this article was dedicated to set up the maximum solution of (RNGP) with the (V,.) operator. 
Every mathematician who works with neutrosophic theory know that the generality 


which characterizes the neutrosophic theory are determined in many ways of which, 
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max(/,x) = minU,x) =I Vx € (0,1) 


This property gives some vague and difficulty for determining the maximum solution of the 


relation equations Aox = b, the author still searches about the answer of the following question. 
How will be the shape of the greatest solution x ? 


Actually, any single solution (the same solution that suggested by Elie Sanchez 1976) would 
not be accepted and won’t be appropriate for the program (1), unless there are two integrated 


pre-maximum solutions gathered to get the final shape of X, as follow: 


1. The first integrated pre-maximum solution named X,; which supports the fuzzy part 
of the problem, this solution has an adjoint matrix named A, , this adjoint matrix is 
derived from the matrix A. 

2. The second integrated pre-maximum solution named %X,, which supports the 
neutrosophic part of the problem, this solution has an adjoint matrix named A,2, which 
is derived from the matrix A too. 


The following definition describes the mathematical formula of X,, and X,2. 


3.2 Definition 


a if Aij > b;, Aij E [0, |, b; E [0,1] 
ij ES bj = iL. if Qij < b; P Aij E [0,1], b; E [0,1] (2) 
1, if Aij = [0,1], b; = ni,n E (0,1] 
=, if Qij >n, Aij Ee [0,1], b; = ni,n Ee (0,1] 
ij 
eb 1; if Aij <n, Aij E [0,1], b; = ni,n E (0,1] 
Mii) not comp. if a;; = ml ,m € (0,1],b; € [0,1] U/ (3) 
J 
1 if Aj;, dij E [0,1] 


Where ™ is an operator defined at [0,1], while the operator © is defined at [0,1] UJ. 
Let x =Ajzi@iyj™ 5), GUsjsn), (4) 
be the components of the pre-maximum solution %,1, (ie. X,», = (%1, Xo, ...,Xy)). 


Let x; = Ajz1@@j9b)), GUsjsn), (5) 
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be the components of the pre maximum solution X,3, (ie. Xy2 = (%1,X2,...,Xy)). 
Now the following question will be raised, 
Which one X,, or X,2 should be the exact maximum solution? 


Neither X,, nor X,2 will be the exact solution! the exact solution is the integration between 


them. Before solving AoxX = b, we first define the matrices A, , Ayo. 


Let A,, be a matrix has the same dimension and the same rows elements of A except for those 
rows of the indexes i = i, corresponding to those indexes of b;, = nl, those special rows of 


A, will be zeros. 


Let A, be a matrix has the same dimension and the same rows elements of A except for those 
rows of the indexes i = i, corresponding to those indexes of b;, € [0,1], those special rows of 


Ay will be zeros. 

Consequently, 

Aox = b = (Ay, 0Xy1) + (Ay20Xy2) (6) 
The formula (6) is the greatest solution in X (A, b). 

The maximum value of the objective function f(X) = f(%p1) V f (%,2). 

3.3 Theorem 

If aj; = ml, m € (0,1], b; € [0,1] UJ then Aox = b, is not compatible. 

Proof 

Let aj; = ml , b; € [0,1] UI, the essential question in this case is 

What is the value of x; € [0,1] UJ satisfying 

Visjen(Qij- xj) = Di ? (7) 


It is well known that the equation (7) can be written as an upper-bound constraint and a lower- 


bound constraint, that is, 
Visjen(Qij-*;) S bj (8) 
Visjen(Qij-x;) 2 bj (9) 
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First, 
The inequality (8) can be written in n constraints: 
Ajj. Xj < D; ; l.e. Xj < -t yl <j<sn. 

ij 


bj : “nts eee 
Hence x; <A (=), where the notation “’ A’’ denotes the minimum operator. 
tj 


bj 


So, we have x; € [0, A ( ) U I, but aj; = ml, this is a contradict for the fact that the variables 


aij 


of the system Aox = b are being in the interval [0,1] U J. 
Second, 


The inequality (9) can be written in n constraints: 
(a;;.x;) = b; ; l.e. Xj a yl <j <n. 


Dj 


Hence, x; >v ( 
ij 


), where the notation “’ V’’ denotes the maximum operator. 


Thus, we have x; € [V (2) ,1] UI, but aj; = ml, in this proof we faced the division on the 
ij 

indeterminate component (/) which is prohibited behavior. Consequently the variable x, will 

either belong to the interval [0,A (b;/I)| UI or belong to the interval[V (b;/7),1] U I, this implies 

that the system of the relation equation Aox = b will be not compatible. 

Therefore, the system of the relative equations Aox = b is incompatible at a;; = mI,m € (0,1]. 


So, the restriction of Aox = b for being compatible is that all elements of the matrix A (i. e. a;;) 


are belonging to the interval [0,1]. = 
3.4 Theorem 


Ify; <0 (4 <j <n), then the greatest solution to the problem (1) is an optimal solution. 





Proof 
a(x;!) 1 
Since yj <0 (1 <j <n), with x; € [0,1] UJ, then ei = a < 0 for each x; € [0,1] UJ, this 
j 


means that x;"i is monotone decreasing function of x;. It is clear that CjX; ’ is also a monotone 


Therefore, Vx € X(A,b), when x <X, then Cay > 


decreasing function about x ; 


7% 
AV j 


Cj. (1 <j <n), such that f(x) = f(X), so X is an optimal solution to the problem (1). 
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It remains to study the case that if y; < 0 with the component x; in X,. equal to I, we know that 


I” is undefined for n < 0, in this case, the component x; = / that has a power y; < 0 will be 


replaced by that corresponding x; in the x,. O 
3.5 Proposition 
Leta € (0,1), b=ml&c=nlI,n,me€ (0,1], if m=an,thenaOb=a0c. 
Proof 
1) Letta>m>a>n, 
But we havem>n>b2>c> ->¢ => aOb=ad0c. 
2) Letasm>aO0b=1,sinemezn>a0c<1 
Hence, aOc<aOb. 
3.6 Corollary 
Leta € (0,1),b=ml, c=nl,m,n€ (0,1], if m =>nthenaO(bVc) >aOc 
Proof 
Since m=>n=>b2=c = bVc =b, from proposition 2.5, we have 
aOb>aOc (replacing bVc instead of b) => a®@(bVc)=aOc. 
3.7 Proposition 
Let a € (0,1),b = mI,m € (0,1], then a. (a © b) = aAb. 
Proof 
1) Leta>m> = = 2. = a0b [multiply both sides by a] => 
b=a.(aQ@b) (10) 
2) Let ax<m>aQ0Ob=1 [multiply both sides by a] => 
a=a.(aQb) (11) 


From (10) & (11) we have a. (a © b) = aAb. 
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3.8 Proposition 


b a>am 


Let a € (0,1),b = mI,m € (0,1], then a.(a@b) = ty as 


Proof 


1) Let a>am, from definition (3.2) we have a 0 (a.m) = = = ml = b. 





2) Leta < am, again from definition (3.2) we have a 0 (a. b) = 1. 


b a>am 


Hence, a@(a.b) = i; en 


4 Numerical examples 


In the upcoming examples, the (max- product) neutrosophic geometric problem is considered. 


4.1 Example 


1 1 
Let min f (x) = (0.3. xf) V (1.81 .x3) V (I.x$) 
s.t. Aox =b 
x, €[0,1JUl (<j <n) 


ta 6 1 Z 
Where b=(L5L2)', a=(4 2 “i 
3 = .5 1/7 3x3 


Using the formula (2), we can find the components of X,, as follows 
3 

x1 = N\Gis D1 bi) = (Gy ™ D1) A (21 ™ bz) A (a3, ™ b3) 
i=1 


1 
= (0.6 x 1) (05 v4 =I) A (0.3 % 0.21) =1A1A1=1 


3 
Xx = N\ Gir XM b;) =(ay2 ™ by) A (az2 ™ bz) A (a32 ™ bz) 


1=1 


1 
=(1™ 1). (0.2 04 =I) A (0.5 0 0.21) =1A1A1=1 
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3 
x3 = /\ Gis x b;) =(ay3 ™ by) A(az3 ™ bz) A (a33 ™ bz) 


i=1 


1 
= (0.2 x 1) (0.1 04 a1) A (OL o 0.27) =1A1A1=1 


+ Ry, = (4, %2,%3)" = (1,1,1)" 
Using the formula (3), we can find the components of X,2 as follows 


3 
xk, = [\@ire b;) = (a410 by) A (a219 bz) A (A319 bz) 


i=1 


1 2 
= (0.681) A(050 31) A (0.3 8 0.21) =1A 3, 92, =,/ 


oe 
| 


= 2 = \@ne bj) = (429 by) A (A220 bz) A (A320 bs) 


i=1 


1 Z 2 
=(101)A(0.20 51)A (0.50021) =1A1AzI ==! 


3 
x3 = /\ ish) = (4,30 by) A (2309 bz) A (a330 b3) 


i=1 


1 
= (0.201) A(0.10 <1) A (010021) =1A1A1=1 


. ae 2 2 
» Xyg = (X1,%X2,%X3)" = (SLE, 1) 


6 1 .2 0 0 O 
In thisexample,A,,={0 O OJ], Ay2={.5 .2 .1}], 








0 0 0 3.5 .1 

2 
6 1 .2\ fl) s0 0 OV I3! 
AoxX = (Ay, 0Xy1) + (Ay20%y2) =| 0 O O Jolif+].5 .2 .1]Jo}2 
0 0 o/ It) \3 15 .1/ Je! 
1 

1 

—|3/|=, 
= 


Since AoxX = b, then there is a solution in X(A, b) and X is the greatest solution 


to Aox = b. The value of f (%) is calculated as follow, 
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f(X) = f(Xn1) V f &y2) 
f (2) = ((0.3.(1)2) v (1.81 | (12) V (1 | (1)*)) V ((0.3. (1?) V (1.81 | 1)") V 
(1 | (1)*)) = ((0.3) Vv (1.81) Vv (I)) V ((0.133)) V (1.331) V (D)) = 1.81 


Do not forget that the indeterminate component | to the power n where n > 0 


is equal to! (ie. J" =I forn> 0). 


4.2 Example 


0.1 1 04 1 
LetA={ 7 09 O |,b={0.3/ ], 
0.5 0.21 0.7 0.6 


It easy to see that some components of the matrix A are of the form 
aj; = ml,m € (0,1], while b; € [0,1] U J, in this case, and by theorem (3.2), the 


system of the relation equation Aox = b is incompatible. 


4.3 Example 


a 


2 1 
Let min f (x) = (0.21. x, *) v (1.3.3) V (I .x3) V (0.35. x47) 
s.t. Aox = b 
x, €[0,1JUl G<sj<n) 


Where b = (0.3,0.7/,0.5,0.21)’ , A= 


Or ww po 
ul © np w 
P.O 


Using the formula (2), the components of *,,, are 


4. 
2, = N\Gis « b;) = 0.5 
t=1 


4 
x2 = N\ Gir x bj) =1 
t=1 
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4 

3 

x3 = /\ Gis x D;) =a 
i=1 


4 

1 

x4 = /\ Cais x b;) 5 
i=1 


3 T 
. pee = (X41, emer et = (0.5,1,7,0.5] 


Using the formula (3), the components of *,2 are 


4 
x, = [\@ine b;) =1 
1=1, 


4 
Z 
x2 = N\@i2e b;) =5! 
i=1 


4 

X3 = /\ais0b)) = 0.2] 
L=1 
4 

X4 = /\ Cais Ob;) = 0.875] 
(=i 


2 im 
*. Xv = (X1, mene ia = (=! 1,0.2/, 0.8751) 


oD 8 a 26 0 0 00 
| _{0 0 00 —{.3 .2 .9 .8 
In this example, Ay; = 10 2414+ Ay2 = 00 0 oF 
00 00 0 5 10 
Aox = (Ay 0Xy1) + (A, 20Xy2) 
Oo @ & se = 0 0 00 “I 
{0 0 0.0 3.2 .9 .8 
{1 0 2 1/°}2)*{0 0 “0 0 ]% oh, 
o 0 OOF | 7) 0 8 1 OF [pare 
0.3 
— loz} _ 
ae 
0.21 
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Since AoxX = b, then there is a solution in X(A, b) and X is the greatest solution 


to Aox = b. The value of f (%) is calculated as follow, 


ff) = f%r1) V fXr2) 


f (2) = ((0.21 | 272) V (1.3. (12) V ( | (=) V (0.35. (0.5)~2)) V 


((0.21 | (1)72) V (1.3. (0.41)°) V (1 | (0.21)2) V (0.35. (0.5)~2)) = (0.571) V 
(1.3) V (0.871 ) v (0.57 )) V ((0.27) V (0.961) Vv (0.457) Vv (0.5/)) = 1.3 


5 Conclusion 

It is important to know that the fuzzy geometric programming problems (FGPP) have 
wide applications in the business management, communication system, civil engineering, 
mechanical engineering, structural design and optimization, chemical engineering, optimal 
control, decision making, and electrical engineering, unfortunately, the fuzzy logic lacks to 
cover the indeterminate solution of any real-world problems, this pushed the author to 
construct a new branch of the neutrosophic geometric programming (NGP) problems subject 
to neutrosophic relation equations (NRE) and made a series of articles in an attempt to cover 
the theoretical sides of (NGP) problems. This paper contains a new (NGP) model subject to 
(NRE) with setting up a definition for the maximum solution of this program as well as some 
new theorems dealt with the consistency of the problem and some propositions of the new 
operation ©. The future prospects are to make a deep study for the above-mentioned 
applications from the point of view of relational neutrosophic geometric programming (RNGP) 


problems. 
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Abstract: A neutrosophic set is a part of neutrosophy that studies the origin, nature and scope of neu- 
tralities as well as their interactions with different ideational spectra. In this present paper first we have 
introduced the concept of a neutrosophic soft set having incomplete data with suitable examples. Then 
we have tried to explain the consistent and inconsistent association between the parameters. We have 
introduced few new definitions, namely- consistent association number between the parameters, con- 
sistent association degree, inconsistent association number between the parameters and inconsistent as- 
sociation degree to measure these associations. Lastly we have presented a data filling algorithm. An il- 
lustrative example is employed to show the feasibility and validity of our algorithm in practical situa- 
tion. 


Keywords: Soft set, neutrosophic set, neutrosophic soft set, data filling. 


1. Introduction 


In 1999, Molodstov [01] initiated the concept of soft set theory as a new mathematical tool for mod- 
elling uncertainty, vague concepts and not clearly defined objects. Although various traditional tools, 
including but not limited to rough set theory [02], fuzzy set theory [03], intuitionistic fuzzy set theory 
[04] etc. have been used by many researchers to extract useful information hidden in the uncertain da- 
ta, but there are immanent complications connected with each of these theories. Additionally, all these 
approaches lack in parameterizations of the tools and hence they couldn’t be applied effectively in real 
life problems, especially in areas like environmental, economic and social problems. Soft set theory is 
standing uniquely in the sense that it is free from the above mentioned impediments and obliges ap- 
proximate illustration of an object from the beginning, which makes this theory a natural mathemati- 
cal formalism for approximate reasoning. 


The Theory of soft set has excellent potential for application in various directions some of which are 
reported by Molodtsov in his pioneer work. Later on Maji et al. [05] introduced some new annotations 
on soft sets such as subset, complement, union and intersection of soft sets and discussed in detail its 
applications in decision making problems. Ali et al. [06] defined some new operations on soft sets and 
shown that De Morgan's laws holds in soft set theory with respect to these newly defined operations. 
Atkas and Cagman [07] compared soft sets with fuzzy sets and rough sets to show that every fuzzy set 
and every rough set may be considered as a soft set. Jun [08] connected soft sets to the theory of 
BCK/BCI-algebra and introduced the concept of soft BCK/BCI-algebras. Feng et al. [09] characterized 
soft semi rings and a few related notions to establish a relation between soft sets and semi rings. In 
2001, Maji et al. [10] defined the concept of fuzzy soft set by combining of fuzzy sets and soft sets . Roy 
and Maji [11] proposed a fuzzy soft set based decision making method. Xiao et al. [12] presented a 
combined forecasting method based on fuzzy soft set. Feng et al. [13] discussed the validity of the 
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Roy-Maji method and presented an adjustable decision-making method based on fuzzy soft set. Yang 
et al. [14] initiated the idea of interval valued fuzzy soft set (IVFS-set) and analyzed a decision mak- 
ing method using the IVFS-sets. The notion of intuitionistic fuzzy set (IFS) was initiated by Atanassov 
as a significant generalization of fuzzy set. Intuitionistic fuzzy sets are very useful in situations when 
description of a problem by a linguistic variable, given in terms of a membership function only, seems 
too complicated. Recently intuitionistic fuzzy sets have been applied to many fields such as logic pro- 
eramming, medical diagnosis, decision making problems etc. Smarandache [15] introduced the con- 
cept of neutrosophic set which is a mathematical tool for handling problems involving imprecise, in- 
determinacy and inconsistent data. Thao and Smaran [16] proposed the concept of divergence meas- 
ure on neutrosophic sets with an application to medical problem. Song et al. [17] applied neutrosophic 
sets to ideals in BCK/BCI algebras. Some recent applications of neutrosophic sets can be found in [18], 
[19], [20], [21], [22], [23] and [24]. Maji [25] introduced the concept of neutrosophic soft set and estab- 
lished some operations on these sets. Mukherjee et al [26] introduced the concept of interval valued 
neutrosophic soft sets and studied their basic properties. In 2013, Broumi and Smarandache [27, 28] 
combined the intuitionistic neutrosophic and soft set which lead to a new mathematical model called 
“intuitionistic neutrosophic soft set”. They studied the notions of intuitionistic neutrosophic soft set 
union, intuitionistic neutrosophic soft set intersection, complement of intuitionistic neutrosophic soft 
set and several other properties of intuitionistic neutrosophic soft set along with examples and proofs 
of certain results. Also, in [29] S. Broumi presented the concept of “generalized neutrosophic soft set” 
by combining the generalized neutrosophic sets and soft set models, studied some properties on it, 
and presented an application of generalized neutrosophic soft set in decision making problem. Recent- 
ly, Deli [30] introduced the concept of interval valued neutrosophic soft set as a combination of inter- 
val neutrosophic set and soft set. In 2014, S. Broumi et al. [31] initiated the concept of relations on in- 
terval valued neutrosophic soft sets. 

The soft sets mentioned above are based on complete information. However, incomplete infor- 
mation widely exists in various real life problems. Soft sets under incomplete information become in- 
complete soft sets. H. Qin et al [32] studied the data filling approach of incomplete soft sets. Y. Zou et 
al [33] investigated data analysis approaches of soft sets under incomplete information. In this paper 
first we have introduced the concept of a neutrosophic soft set with incomplete data supported by ex- 
amples. Then we have introduced few new definitions to measure the consistent and inconsistent as- 
sociation between the parameters. Lastly we have presented a data filling algorithm supported by an 
illustrative example to show the feasibility and validity of our algorithm. 


2. Preliminaries: 
2.1 Definition: [03] Let U be a non empty set. Then a fuzzy set T on U is a set having the form 
t=1(x, LU, (x)):x <U} where the function n,:U —[0, 1] is called the membership function and 


L. (x) represents the degree of membership of each element x € U. 
2.2 Definition: [04] Let U be anon empty set. Then an intuitionistic fuzzy set (IFS for short) T is an 
object having the form T= (Xx, UW. (x), Y. (x)): X€ Ul where the functions 


u:U [0,1] and y,:U-—[0, 1] are called membership function and non-membership function 


respectively. 


LL, (x) and y, (x) represent the degree of membership and the degree of non-membership 


respectively of each element xe U and 0< pn, (x)+ ‘Z (x) <1 for each x e U.We denote the class of 


all intuitionistic fuzzy sets on U by IFS. 
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2.3 Definition: [01] Let U be a universe set and E be a set of parameters. Let P(U) denotes the 
power set of U and AcE. Then the pair (F, A) is called a soft set over U, where F is a mapping 
given by F: A> P(U). 

In other words, the soft set is not a kind of set, but a parameterized family of subsets of U. For 


ecA, F (e) < U may be considered as the set of e-approximate elements of the soft set (F, A) , 


2.4 Definition: [10] Let U be a universe set, E be a set of parameters and A CE. Then the pair 
(F ; A) is called a fuzzy soft set over U, where F is a mapping given by F: A> FS". 


2.5 Definition: [34] Let U be a universe set, E be a set of parameters and A CE. Then the pair 
(F, A) is called an intuitionistic fuzzy soft set over U, where F is a mapping given by F: A> IFS”. 
For eeEA, F (e) is an intuitionistic fuzzy subset of U and is called the intuitionistic fuzzy value 
set of the parameter ‘e’. 
Let us denote F(e) (x) by the membership degree that object ‘x’ holds parameter ‘e’ and y F(c) (x) 
by the membership degree that object ‘x’ doesn’t hold parameter ‘e’ , where e¢A and xe U. Then 


F (e) can be written as an intuitionistic fuzzy set such that F(e)= i(x. Lye) (X)> Verve) (x)): XE u} 


2.6 Definition: [15] A neutrosophic set A on the universe of discourse U is defined as 
A= {(x, fl, (x),v,(x),6,(x)):x eU}, where 41,,7,,0,:U —] 0,1'[ are functions such that the 
condition: Vx eU, O< u,(x)+y,(x)+6, (x) <3" is satisfied. 

Here JL, (x), VY, (x), : (x) represent the truth-membership, indeterminacy-membership and 
falsity-membership respectively of the element x €U . 

Smarandache [15] applied neutrosophic sets in many directions after giving examples of 
neutrosophic sets. Then he introduced the neutrosophic set operations namely-complement, union, 
intersection, difference, Cartesian product etc. 

2.7 Definition: [21] Let U be an initial universe, E be a set of parameters and 4c E. Let NP(U ) 
denotes the set of all neutrosophic sets of U . Then the pair ( ye A) is termed to be the neutrosophic 


soft set over U, where f isa mapping given by f : 4 NP(U ) 


2.8 Example: Let us consider a neutrosophic soft set ( I. A) which describes the “attractiveness of the 
house”. Suppose U= {u,U5,U3,U4,Us,U,+ be the set of six houses under consideration and 
L= {e,(beautiful), e, (expensive), e, (cheap), e, (good location), e, (wooden) }be the set of parameters. Then 


a neutrosophic soft set ( 73 A) over U can be given by: 


(0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) 
(0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) | (0.1,0.1,0.3) 


(0.2,0.6,0.4) | (0.5,0.5,0.5) | (0.8,0.1,0.7) | (0.5,0.3,0.5) | (0.5,0.5,0.5) 
(0.3,0.4,0.4) | (0.1,0.3,0.3) | (0.3,0.4,0.4) | (0.6,0.6,0.6) | (0.1,0.1,0.5) 
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(0.1,0.1,0.7) | (0.2,0.6,0.7) | (0.4,0.2,0.1) | (0.8,0.6,0.1) | (0.6,0.7,0.7) 





(0.5,0.3,0.9) | (0.3,0.6,0.6) | (0.1,0.5,0.5) | (0.3,0.6,0.5) | (0.4,0.4,0.4) 


3. Neutrosophic soft sets with incomplete (missing) data: 
Suppose that (/,£) is a neutrosophic soft set over U, such that $ x; 1 Uand e 7 I Eso that none 


of My e;) i): g F( e;) 1) and d 1 ( ei) is known. In this case, in the tabular representation of the 
neutrosophic soft set (ff, £), we write aa e;) i): g f( ej) id r( On) * Here we say that the data 
for f(e;) is missing and the neutrosophic soft set (f,£) over U has incomplete data. 


3.1 Example: Suppose Tech Mahindra is recruiting some new Graduate Trainee for the session 2019- 


2020 and suppose that eight candidates have applied for the job. Assume that U= {uy ,uUy,U3,......,Ug 


be the set of candidates and 





E= {e,(communication skill), e, (domain knowledge), e; (experienced), e, (young), 
e; (highest academic degree), e, (professional attitute)}be the set of parameters. Then a neutrosophic soft 


set over U having missing data can be given by Table-1. 


Table-1 


(0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) | (0.2,0.5,0.5) 
(0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) (0.6,0.6,0.4) 
(0.2,0.6,0.4) | (0.5,0.5,0.5) (0.5,0.5,0.5) | (0.5,0.5,0.5) | (0.3,0.4,0.6) 





In case of soft set theory, there always exist some obvious or hidden associations between 
parameters. Let us focus on this to find the associations between the parameters of a neutrosophic soft 


set. 


In example 2.8, one can easily find that if a house is expensive, the house is not cheap and vice 
versa. Thus there is an inconsistent association between the parameters ‘expensive’ and ‘cheap’. 
Generally, if a house is beautiful or situated in a good location, the house is expensive. Thus there is a 
consistent association between the parameters ‘beautiful’ and ‘expensive’ or the parameters ‘good 


location’ and ‘expensive’. 


In example 3.1, we find that if a candidate is experienced or have highest academic degree, he/she 
is not young. Thus there is an inconsistent association between parameters ‘experienced’ and ‘young’ 


or between ‘highest academic degree’ and ‘young’. 


The above two examples reveal the interior relations of parameters. In a neutrosophic soft set, 


these associations between parameters will be very useful for filling incomplete data. If it is found that 
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the parameters e; and e,; 


j are associated and the data for f (e;) is missing, then we can fill the 


missing data according to the corresponding data in f (e i) . To measure these associations, let us 
define the notion of association degree and some relevant concepts. 
For the rest of the paper we shall assume that U be the universe set and E be the set of parameters. 


Let U ij denotes the set of objects that have specified values in the form of an ordered triplet (a, b, c) 


where 4a, b, ce[0, 1] on both parameters e€; and e j such that 


Uy= [x1 Umea pq F ey)’ Ho) oA Ge OH *E 


In other words U. jj 1s the collection of those objects that have known data both on e; and je 


3.2 Definition: Let é;,e; | E. Then the consistent association number between the parameters é; and 


ej is denoted by CAN; and is defined as: 


where . | 





i : 
CANG = [xt Uap me I My E f@\™ & fe) PG (@\™ Ue ye} 
denotes the cardinality of a set. 


3.3 Definition: Let &,e; | E. Then the consistent association degree between the parameters e; and 


CAN; 
= where |.| denotes the cardinality of a set. 


Y 





e; is denoted by CAD;; and is defined as: CAD; = 








It can be easily verified that the value of CAD; lies in [0, 1]. Actually CAD; measures the extent to 
which the value of parameter e; keeps consistent with that of parameter e j over Ui; . Next we define 
inconsistent association number and inconsistent association degree as follows: 


3.4 Definition: Let @;,e; I E. Then the inconsistent association number between the parameters é; 


and é€ j is denoted by ICAN; and is defined as 





_fe ; 
tCANG= Let Uy mg gy)! Mee ADVE eA) Ke IES eyO)! Ay ie} 
where |.| denotes the cardinality of a set. 


3.5 Definition: Let e;,e fa E. Then the inconsistent association degree between the parameters @; 





and e; is denoted by ICAD;; and is defined as: ICAD;; = / where |.| denotes the cardinality of 





U, 
a set. 
It can be easily verified that the value of ICAD;; lies in [0, 1]. Actually ICAD;; measures the extent 


to which the parameters €; and e j 1s inconsistent. 


3.6 Definition: Let e;,e; 1 &. Then the association degree between the parameters €; and e jis 


denoted by AD and is defined by AD; = max \CADy ,ICAD,, ne 
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If CAD; > ICAD;; , then AD; = CAD; , which means that most of the objects over Ui; have 
consistent values on parameters @; and e ye If CAD; < ICAD; ; then AD = ICAD;, which means that 
most of the objects over U. ij have inconsistent values on parameters @; and e j- Again if 
CAD; = ICAD;, then it means that there is the lowest association degree between the parameters @; 


and Cj. 


3.7 Theorem: For parameters e; and e jr AD? 0.5 for all i, 7. 


Proof: Follows from the fact that CAD; + ICAD;; =k 


3.8 Definition: If eI E, then the maximal association degree of parameter @€; is denoted by MAD, 
and is defined by MAD, = max AD; . 

4. DATA Filling Algorithm for a neutrosophic soft set: 

Step-1: Input the neutrosophic soft set (f, £) which has incomplete data. 

Step-2: Find all parameters @; for which data is missing. 

Step-3: Compute AD; for j=1,2,3....,m (where ‘m’ is the number of parameters in E£). 


Step-4: Compute MAD, . 


Step-5: Find out all parameters e j which have the maximal association degree MAD; with the 


parameter @€;. 


Step-6: In case of consistent association between the parameter @; and e; ’s (j=1,2,3,....) 


J 
ee 0 ; 
(7¢e,) (x),g ie (x),d (6) (x)) = bax m , (e,) (x), max g re;) (x), max d Fe, (xe . In case of inconsistent 
association between the parameter ej and ej ’S (G=1,2,3,....) 


(1(e) (©). p(e: Fy) ®)) eI MAX Mp(g, (I~ MAKE y(_,)(X)p1~ maxd ie) OR 


J 


Step-7: If all the missing data are filled then stop else go to step-2. 


> An Illustrative example: Consider the neutrosophic soft set given in example 3.1. 
Step-1: 


wea fe [a _[e__ 
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Step-2: Clearly there are missing data in f (ey), f(e; ), f (es). (es ). We shall fill these missing data. 


(a) For the parameter e,. 
\ U>1= {Uy Up Uz ,U4 Ug U7 Ug $,U 93 = {Uy Up Ug, Ug U7 Ug $,U 54 = {Uy Up Uz U4 Ug Ug f, 
Ung = {My U3 5Ug slg U7 Ug $5 96 = {Uy Uy sll3 5g Ug U7 »Ug F. 
Now CAN>, = lf W= Oand so CAD,,=0. Again ICAN5, = | {Udy Uy 5 U3 ,Ug Ug U7 Ug } = 7 and so 
ICAN} me 


= —=1.Hence AD, = max {CAD 1, ICAD>, b= max {0,1}= 1, 


ICCAD), = 
2A IU, 7 





CAN 53 = { 1= () and _ so CAD 3 =0 . Again ICAN 43 = | {ity Ul Uy 5M 57 Ug = 6 and _ so 


ICAN53 6 7 7 7 
2 
CAN 5, ma | {003 Mg Y= 2 and so CAD>, = a 0.33 . Again ICAN 5, -_ | {ity Ul 514 5g H = 4 and so 
ICAN 5, A 2 7 7 


2 ; 
CAN>5 = | {43,u = 2 and so CAD j5= a 0.33 . Again ICAN,5 = | {U4 slg U7 Ug = 4 and so 


ICAN 5, A 7 = = 
ICAD 5 = "er ae 0.66. Hence ADy5 = max {CAD 5,ICAD 5 = max {0.33,0.66} = 0.66. 
I 
CAN ¢ = | {44 }= 1 and so CAD> ¢ = 7. 0.14. Again ICAN 6 = | {Udy Up 523 Ug U7 Ug } = 6 and so 
ICAN 6 6 7 7 7 
ICAD5¢ = Wal 7 0.85. Hence ADy¢ = max {CAD ¢, CAD ¢ }= max {0.14,0.85} = 0.85. 


Thus MAD, = max ADy ; = max {AD,1,4D53,AD54,ADy5,AD 76 += max {1,1,0.66,0.66, 0.85} = 1. 
(b) For the parameter e;. 
\ U3) = {Uy Uz Ug, Ug U7 Ug $,U 35 = {Uy Uz Ug, Ug U7 Ug f,U 34 = {Uy ,U7,U4,U5,U6 Us }, 
U3 5 = {Uy slg Us Ug U7 slg $,U 36 = Uy Uy slg, Us .Ug U7 Ug §- 
2 
Now CAN3, = |{u),u4}/= 2 and so CAD3, = g~ 0.33. Again ICAN3) = | {it 5g ,U7 Ug W= 4 and so 


ICAN3, 
Us, 





A 
ICAD3, = = 2 = 0.66. Hence AD3) = max {CAD3 1, ICAD3, $= max {0.33,0.66} = 0.66. 


CAN 35 = { }= ( and so CAD35 =0 . Again ICAN 35 = | {Udy Ul Uy Ug U7 sg } = 6 and _ so 


ICAN 
ICAD 35 = i = >= 1. Hence AD3, = max {CAD35,ICAD34 = max{0,1}= 1. 
a2 


CAN 3, = { 1= 0 and so CAD 3,4 =O. Again ICAN3, = | {ity Up U4 5s Ug Ug } = 6 and so 


ICAN 
ICAD 34 = a == 0.66 . Hence AD34 = max {CAD34,ICAD34}= max {0,0.66} = 0.66. 
34 
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CAN 35 = lf W= 0 and so CAD 5 =@0 . Again ICAN3 5 = | {Uy U4 Us U6 5U7 Ug T= 6 and _ so 


ICAN35 6 7 7 7 
l 
CAN3¢ = | {ug #=1 and so CAD3¢ = 7= 0.14. Again ICAN36 = | {il ,U,Us,Ug,U7,Ug ¥= 6 and so 
ICANz6 6 7 7 7 
ICAD3¢ = Wl 7 0.85. Hence AD3¢ = max {CAD3¢,ICAD3¢ }= max{0.14,0.85} = 0.85. 


Thus MAD; = max AD, ; = max {AD}, AD3,AD34,AD35,AD36\= max {0.66,1,0.66,1,0.85} = 1. 


(c) For the parameter ¢, . 
\ U4) = {Uy Uz Uz ,U4 Us, Ug Ug f,U 45 = {Uy Uz Uz ,U4 Ug Ug t,U 43 = {Uy Uz Ug Us Ug Us $, 
Uys = {Uy Uz ,U4 Us Up Ug f,U ye = {Uy ,Up,Uz Ug ,U5, Ug Ug f. 


Now CAN 4] = lf W= 0 and so CAD, | = (0). Again ICAN 4 -_ | {ity 52 513 ,U4 Us Ug Ug ¥ = 7 and so 





ICAN 4] 7 _ a = 
ICAD4, = v, = a 1. Hence AD, = max {CADy),ICAD,, b= max {0,1} = 1. 
2 ; 
CAN 45 a | {u3sU6 = 2 and so CAD,» = a" 0.33 . Again ICAN 4 = | {ity 52> 514 5g Hl = 4 and so 
ICAN 49 A 7 7 7 


CAN 43 = lf 1= 0 and so CAD, =(0 . Again ICAN 43 = | {ity Ul Uy 5s Ug Ug = 6 and so 


ICAN 6 
_ 43 _ 6_ = _ _ 
l 
CAN 4s =|{ = 1 and so CADg5 = Z~ 0:16. Again ICANgs = | {Udy .U4sUs.U6,Ug = 5 and so 
ICAD 45 = Wal 6 0.83. Hence AD45 = max {CAD45,ICAD35 = max{0.16,0.83}= 0.83. 
45 
l . 
CAN jg = | {ug = 1 and so CADg¢ = 7= 0.14. Again ICANg6 = | {il ,U7 513.4 ,U5,Ug != 6 and so 
ICANyg6 6 7 7 7 
ICAD jg = Wel 7 0.85. Hence ADgg = max {CAD y¢,ICADg¢ }= max {0.14,0.85} = 0.85. 
46 


Thus MAD, = max ADg ; = max {4D41,AD49,4D43,AD45,ADj6 += max {1,0.66,1,0.83, 0.85} = 1. 


(d) For the parameter e;. 
\ Us) = {Uy U3 U4 Us Ug ,U7 Ug },U 55 = {Uy U3 U4, Ug U7 Ug f,U'53 = {Uy Ug, U5,Ug U7 Ug f, 
Uns, = {lly 53 5Mq Us Ug Ug $5U 56 = {Ul U3 .Mq Us Ug U7 Ue F. 
Now CANs, = If = 0 and so CADs5,= 0. Again ICAN5] = | {ily 513 U4 ,Us Up U7 slg Y= 7 and so 


ICAN. 
ICADs | = — -- 1. Hence ADs; = max {CADg 1, ICADs b= max {0,1} = 1. 
51 
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2 , 
CANgy = | {4,03 }/= 2 and so CADgy = 933 . Again ICANs = | {l4sU6,U7,Ug |= 4 and so 


ICAN. 
ICADsy = — * = 0.66. Hence ADsy = max {CAD55,ICADs55 }= max {0.33, 0.66} = 0.66. 
a2 


CAN53 = I y= 0 and = so CAD5,3=0 . Again ICAN53 = | {ily U4 Us ,Ug U7 slg = 6 and_ so 


ICAN53 6 
ICADs3 = al 6 1. Hence AD53 = max {CAD53,/CAD53 += max{0,1}= 1. 
53 
I , 
CAN5, = |{u3}/=1 and so CADsy = a 0.16 . Again ICANs, = | {y,U4,Us,U6.Ug = 5 and so 
ICADs 4 = Wal 6 0.83. Hence ADs4 = max {CADs4,JCADs4 += max{0.16,0.83} = 0.83. 
54 


CANg 6 = |{ }= 0 and so CADs56 = 0 : Again ICAN 56 = | {Uy U3,M45Us slg 57 Ug Y= 7 and so 


ICAN. 
ICAD5¢ = "a = -- 1. Hence ADs5¢ = max {CADg6,ICADs¢6 \= max {0,1} = 1. 
56 


Thus MADs = max ADs ; = max {ADs 1,ADs57,ADs3,AD54,ADs5¢ $= max {1,0.66,1,0.83,1} = 1. 


The association degree table for the neutrosophic soft set (f/f, /) is given below: 





Step-4: From step-3, we have, MAD, = 1, MAD; = 1,MAD, = 1,MADs = 1. 


Step-5: The parameters @€, and e, have the maximal association degree AD and AD 

Step-5: P 1 3 5 21 23 

respectively with the parameter @,. 

The parameters €, and e; have the maximal association degree AD3, and AD3-< respectively with 

the parameter @;. 

The parameters € and e, have the maximal association degree AD,, and AD,, respectively with 

the parameter @,. 

The parameters €,,€, and e, have the maximal association degree AD-,, ADz, and ADz, respectivel 
P 1° 6 8 51253 56 T©SP y 

with the parameter @s. 

Step-6: There is a consistent association between the parameters ey and Qe, @ and C3, €5 and er, 

C3 and Cs while there is an inconsistent association between the parameters 4 and er, &y and 


e3 .So we have, 


A. Saha, S. Broumi and F. Smarandache; Neutrosophic soft sets applied on incomplete data 


Neutrosophic Sets and Systems, Vol. 32, 2020 291 


(7p) Us o8 poy) Us) Ape, Us) 

2 (max (m He) Us) Myreq) (Us )) fax (g Hey Us) ples )) fax (4 jay Us ).d pyo.y (Us ))) 
= (max (0.1,0.4), max (0.1,0.2), max (0.7,0.1))= (0.4,0.2, 0.7), 

(1 (o5) Hs )o8 peg) Hs ope, Hs) 

7 (max (m He) Us fe) )) max(g Hey Gs)» peg) )) max (4 (0, ).4 pron) (es ))) 
= (max (0.5,0.5), max (0.5,0.5), max (0.5,0.5))= (0.5, 0.5, 0.5), 

(12 p(e4) Ur )-8 (eq) Ur) 4p(ey) )) 

= (Ie max (p(y (ts Jeg) Ur )) 1 ar (8 (yy (Us) pes) Ue ))T> MAX (dy qy >). Ay(e,) U4) 
= (max (0.2,0.5), max (0.4,0.5), max (0.6,0.6))= (0.5,0.5, 0.6), 

(p05 (u, )g (es) (u, ).d Tf (es) (u, )) 

: (max (m He) U2) My(eq) (ee )) fai (g fet )8 pe) )) max (d¢q,)(Hs 4 pra, (Us ))) 
= (max (0.4,0.4), max (0.1,0.1), max (0.7,0.7))= (0.4,0.1,0.7). 


Thus we have the following table which gives the tabular representation of the filled neutrosophic soft 


set: 


a; e> e; ey es 


u, | (0.8,0.5,0.2) | (0.3,0.4,0.6) | (0.1,0.6,0.4) | (0.7,0.3,0.6) | (0.3,0.4,0.6) | (0.2,0.5,0.5) 
u | (0.4,0.1,0.7) | (0.8,0.2,0.4) | (0.4,0.1,0.7) | (0.2,0.4,0.4) | (0.4,0.1,0.7) | (0.6,0.6,0.4) 


Z 
2 
g 
z 





Conclusion: Incomplete information or missing data in a neutrosophic soft set restricts the usage of 
the neutrosophic soft set. To make the neutrosophic soft set (with missing / incomplete data) more 
useful, in this paper, we have proposed a data filling approach, where missing data is filled in terms of 
the association degree between the parameters. We have validated the proposed algorithm by an ex- 
ample and drawn the conclusion that relation between parameters can be applied to fill the missing 
data. 
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Abstract: Multi-criteria decision making (MCDM) is concerned about organizing and taking care of 
choice and planning issues including multi-criteria. When attributes are more than one, and further 
bifurcated, neutrosophic softset environment cannot be used to tackle such type of issues. Therefore, 
there was a dire need to define a new approach to solve such type of problems, So, for this purpose 
a new environment namely, Neutrosophic Hypersoft set (NHSS) is defined. This paper includes 
basics operator’s like union, intersection, complement, subset, null set, equal set etc., of Neutrosophic 
Hypersoft set (NHSS). The validity and the implementation are presented along with suitable 
examples. For more precision and accuracy, in future, proposed operations will play a vital role is 


decision-makings like personal selection, management problems and many others. 


Keywords: MCDM, Uncertainty, Soft set, Neutrosophic soft set, Hyper soft set. 


1. Introduction 


The idea of fuzzy sets was presented by Lotfi A. Zadeh in 1965 [1]. From that point the fuzzy 
sets and fuzzy logic have been connected in numerous genuine issues in questionable and uncertain 
conditions. The conventional fuzzy sets are based on the membership value or the level of 
membership value. A few times it might be hard to allot the membership values for fuzzy sets. 
Therefore, the idea of interval valued fuzzy sets was proposed [2] to catch the uncertainty for 
membership values. In some genuine issues like real life problems, master framework, conviction 
framework, data combination, etc., we should consider membership just as the non- membership 
values for appropriate depiction of an object in questionable and uncertain condition. Neither the 
fuzzy sets nor the interval valued fuzzy sets is convenient for such a circumstance. Intuitionistic fuzzy 
sets proposed by Atanassov [3] is convenient for such a circumstance. The intuitionistic fuzzy sets 
can just deal with the inadequate data considering both the membership and non-membership 
values. It doesn't deal with the vague and conflicting data which exists in conviction framework. 
Smarandache [4] presented the idea of Neutrosophic set which is a scientific apparatus for taking 
care of issues including uncertain, indeterminacy and conflicting information. Neutrosophic set 
indicate truth membership value (T), indeterminacy membership value (I) and falsity membership 
value (F). This idea is significant in numerous application regions since indeterminacy is evaluated 
exceptionally and the truth membership values, indeterminacy membership values and falsity 
membership values are independent. 

The idea of soft sets was first defined by Molodtsov [5] as a totally new numerical device for 


taking care of issues with uncertain conditions. He defines a soft set as a parameterized family of 
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subsets of universal set. Soft sets are useful in various regions including artificial insight, game 
hypothesis and basic decision-making problems [6] and it serves to define various functions for 
various parameters and utilize values against defined parameters. These functions help us to oversee 
various issues and choices throughout everyday life. 

In the previous couple of years, the essentials of soft set theory have been considered by different 
researchers. Maji et al. [7] gives a hypothetical study of soft sets which covers subset and super set of 
a soft set, equality of soft sets and operations on soft sets, for Example, union, intersection, AND and 
OR-Operations between different sets. Ali at el. [8] presented new operations in soft set theory which 
includes restricted union, intersection and difference. Cagman and Enginoglu [9, 10] present soft 
matrix theory which substantiated itself a very significant measurement in taking care of issues while 
making various choices. Singh and Onyeozili [11] come up with the research that operations on soft 
set is equivalent to the corresponding soft matrices. From Molodsov [9, 6, 5, 12] up to present, 
numerous handy applications identified with soft set theory have been presented and connected in 
numerous fields of sciences and data innovation. 

Maji [13] come up with Neutrosophic soft set portrayed by truth, indeterminacy, and falsity 
membership values which are autonomous in nature. Neutrosophic soft set can deal with inadequate, 
uncertain, and inconsistence data, while intuitionistic fuzzy soft set and fuzzy soft set can just deal 
with partial data. 

Smarandache [14] presented a new technique to deal with uncertainty. He generalized the soft 
to hyper soft set by converting the function into multi-decision function. Smarandache, [15, 16, 17, 18, 
19, 20] also discuss the various extension of neutrosophic sets in TOPSIS and MCDM. Saglain et.al. 
[21] proposed a new algorithm along with a new decision-making environment. Many other novel 
approaches are also used by many researches [22-39] in decision makings. 

1.1 Contribution 

Since uncertainty is human sense which for the most part surrounds a man while taking any 
significant choice. Let’s say if we get a chance to pick one best competitor out of numerous applicants, 
we originally set a few characteristics and choices that what we need in our chose up-and-comer. 
based on these objectives we choose the best one. To make our decision easy we use different 
techniques. The purpose of this paper is to overcome the uncertainty problem in more precise way 
by combing Neutrosophic set with Hypersoft set. This combination will produce anew mathematical 
tool “Neutrosophic Hypersoft Set” and will play a vital role in future decision-making research. 
2.Preliminaries 
Definition 2.1: Soft Set 
Let € be the universal set and € be the set of attributes with respect to €. Let P(€) be the power set of 
€and A& € .A pair (F, A) is called a soft set over € and its mapping is given as 

F:A > P(s) 
It is also defined as: 
(F,A) = {F(e) € P(é):e € €,F(e) = Gife#A} 
Definition 2.2: Neutrosophic Soft Set 
Let € be the universal set and € be the set of attributes with respect to €. Let P(&) be the set of 
Neutrosophic values of € and A & € . A pair (F, A) is called a Neutrosophic soft set over € and its 
mapping is given as 


F:A > P(@) 
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Definition 2.3: Hyper Soft Set: 
Let € be the universal set and P(&) be the power set of €. Consider 1*,1*,1° ...l" for n = 1, be n well- 
defined attributes, whose corresponding attributive values are respectively the set L*, L?, L? ...L" with 
Li nl/ =@, for i#j and i,je{1,2,3 ...n} , then the pair (F,L' x L? x L? ...L") is said to be Hypersoft 
set over € where 

F: 1) x L? x 13... L" > P(é) 


3. Calculations 


Definition 3.1: Neutrosophic Hypersoft Set (NHSS) 
Let € be the universal set and P(&) be the power set of €. Consider l*,1*,1° ...l" for n = 1, be n well- 
defined attributes, whose corresponding attributive values are respectively the set L’, L*, L? ...L" with 
Li nl/ =@, for i#j and i, je{1,2,3 ...n} and their relation L! x L? x L? ...L" = $, then the pair (F, $) 
is said to be Neutrosophic Hypersoft set (NHSS) over € where 

F: 1) x L? x L? ...L" > P(é) and 

F(L? x 1? x L3 ...L") = {< x, T(F($)), [(F($)), F(FG)) >, x € € | where T is the membership value of 
truthiness, [is the membership value of indeterminacy and F is the membership value of falsity such 
that T,1,F:€ > [0,1] also 0 < T(F($)) + I(F($)) + F(F($)) <3. 
Example 3.1: 
Let € be the set of decision makers to decide best mobile phone given as 

€ = {m',m*,m?,m*,m>} 
also consider the set of attributes as 
s! = Mobile type,s* = RAM,s? = Sim Card, s* = Resolution, s° = Camera,s® = Battery Power 

And their respective attributes are given as 
S+ = Mobile type = {Iphone, Samsung, Oppo, lenovo} 
S* = RAM = {8GB,4GB,6GB,2 GB } 
S? = Sim Card = {Single, Dual} 
S* = Resolution = {1440 x 3040 pixels, 1080 x 780 pixels, 2600 x 4010 pixels} 
S° = Camera = {12 MP,10MP,15MP} 
S° = Battery Power = {4100 mAh, 1000 mAh, 2050 mAh} 
Let the function be ¥F:S1 x S? x S3 x S*x S° x S® > P(é) 
Below are the tables of their Neutrosophic values 


Table 1: Decision maker Neutrosophic values for mobile type 


S1(Mobile type) m' m? m3 m* m° 
Iphone (0.3, 0.6, 0.7) (0.7, 0.6, 0.4) (0.4, 0.5, 0.7) (0.6, 0.5, 0.3) (0.5, 0.3, 0.8) 
Samsung (0.7, 0.5, 0.6) (0.3, 0.2, 0.1) (0.3, 0.6, 0.2) (0.8, 0.1, 0.2) (0.5, 0.4, 0.5) 
Oppo (0.5, 0.2, 0.1) (0.9, 0.5, 0.3) (0.9, 0.4, 0.1) (0.9, 0.3, 0.1) (0.6, 0.1, 0.2) 
Lenovo (0.5, 0.3, 0.2) (0.5, 0.2, 0.1) (0.8, 0.5, 0.2) (0.6, 0.4, 0.3) (0.7, 0.4, 0.2) 

Table 2: Decision maker Neutrosophic values for RAM 
52(RAM) m? m? m? m‘ m° 
8 GB (0.3, 0.4, 0.7) (0.4, 0.5, 0.7) (0.5, 0.6, 0.8) (0.5, 0.3, 0.8) (0.3, 0.6, 0.7) 
4 GB (0.4, 0.2, 0.5) (0.3, 0.6, 0.2) (0.4, 0.7, 0.3) (0.5, 0.4, 0.5) (0.7, 0.5, 0.6) 
6 GB (0.7, 0.2, 0.3) (0.9, 0.4, 0.1) (0.8, 0.3, 0.2) (0.6, 0.1, 0.2) (0.5, 0.2, 0.1) 
2 GB (0.8, 0.2, 0.1) (0.8, 0.5, 0.2) (0.9 0.4, 0.1) (0.7, 0.4, 0.2) (0.5, 0.3, 0.2) 
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Table 3: Decision maker Neutrosophic values for sim card 


S3(Sim Card) m* m? m3 m* m° 
Single (0.6, 0.4,0.3) (0.60.5, 0.3) (0.5, 0.4,0.3) —(0.7,0.8, 0.3) (0.9, 0.2, 0.1) 
Dual (0.8, 0.2,0.1) (0.4, 0.8, 0.7) (0.7, 0.3, 0.2) (0.3, 0.6, 0.4) — (0.8, 0.4, 0.2) 


Table 4: Decision maker Neutrosophic values for resolution 


S*(Resolution) m' m? m3 m* m° 


1440 x 3040 ~—(0.7, 0.8, 0.3) (0.7, 0.5,0.3) (0.6, 0.4, 0.3) (0.5, 0.6, 0.9) (0.4, 0.5, 0.3) 
1080x780 (0.3, 0.6,0.4) (0.7, 0.3,0.2) (0.8, 0.3,0.1) (0.6, 0.4,0.7) (0.3, 0.5, 0.8) 
2600x4010 (0.5,0.2,0.1) (0.6,0.3,0.4)  (0.5,0.7,0.2) (0.9,0.3,0.1) (0.7, 0.4, 0.3) 


Table 5: Decision maker Neutrosophic values for camera 


S°(Camera) m' m? m3 m* m° 
12 MP (0.6, 0.4, 0.3)  (0.7,0.8,0.3) (0.6, 0.4,0.3) (0.4, 0.5, 0.3) (0.9, 0.2, 0.1) 
10 MP (0.8, 0.3,0.1)  (0.3,0.6,0.4) (0.8, 0.2,0.1) (0.3, 0.5, 0.8) (0.8, 0.4, 0.2) 
15 MP (0.5, 0.7,0.2)  (0.5,0.2,0.1) (0.8, 0.5, 0.2) (0.7, 0.4, 0.3) (0.7, 0.4, 0.2) 


Table 6: Decision maker Neutrosophic values for battery power 


S°(Battery Power) m' m? m3 m* m° 
4100 mAh (0.7, 0.8, 0.3) (0.7, 0.6, 0.4) (0.4, 0.5,0.7) (0.9, 0.2,0.1) (0.5, 0.3, 0.8) 
1000 mAh (0.3, 0.6,0.4) (0.3, 0.2, 0.1) (0.3, 0.6, 0.2) (0.8, 0.4, 0.2) (0.5, 0.4, 0.5) 
2050 mAh (0.5, 0.2,0.1) (0.9, 0.5,0.3) (0.9,0.4,0.1)  (0.7,0.4,0.2) (0.6, 0.1, 0.2) 


Neutrosophic Hypersoft set is define as, 
F:(S1 x S2-x $3 x S* x S° x S°) > P(E) 
Let’s assume F($) = F(samsung, 6 GB, Dual) = {m',m*} 
Then Neutrosophic Hypersoft set of above assumed relation is 
F($) = F(samsung, 6 GB, Dual ) = { 
< m', (samsung {0.7, 0.5, 0.6}, 6 GB{0.7, 0.2, 0.3}, Dual{0.8,0.2,0.1}) > 
< m*(samsung{0.8,0.1,0.2}, 6 GB{0.6, 0.1, 0.2}, Dual{0.3, 0.6,0.4}) >} 


Its tabular form is given as 


Table 7: Tabular Representation of Neutrosophic Hypersoft Set 


F($) = F(samsung, 6 GB, Dual ) m!' m* 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 


Definition 3.2: Neutrosophic Hypersoft Subset 
Let F($*) and F($*) be two Neutrosophic Hypersoft set over €. Consider l*,17,1° ...1" for n = 1, be 
n well-defined attributes, whose corresponding attributive values are respectively the set 
L,17,13 Ll” with nL’ =@, for i#j and i, je{1,2,3...n} and their relation Lt x L? x L? ...L” =$ 
then F($1) is the Neutrosophic Hypersoft subset of F($*) if 

T(F($*)) < T(F($*)) 

I(F($1)) < 1(FG)) 
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F(F($1)) = F(F($7)) 


Numerical Example of Subset 
Consider the two NHSS F($1) and NHSS F($*) over the same universe § = {m+,m?,m?,m*,m°}. 
The NHSS_ F($) = F(samsung,6 GB, Dual) = {m',m*} is the subset of NHSS _ #F($7) = 
F(Samsung,6GB) = {m+} if T(F($')) < T($7)), 1(F($*)) < 1(F($7)) ,, F(F($")) = F(F($7)) «Its 
tabular form is given below 

Table 8: Tabular Representation of NHSS F($*) 


F($1) = F(samsung, 6 GB, Dual ) m!' m* 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 


Table 9: Tabular Representation of NHSS F($*) 


F($*) = F(samsung, 6 GB) m!' 
Samsung (0.9, 0.6, 0.3) 
6 GB (0.8, 0.4, 0.1) 


This can also be written as 
F($1) c F($*) = F(samsung, 6 GB, Dual ) c F(samsung, 6 GB) 
_ {< m', (samsung {0.7, 0.5, 0.6}, 6 GB{0.7, 0.2, 0.3}, Dual{0.8,0.2,0.1}) a 
< m*(samsung{0.8,0.1,0.2}, 6 GB{0.6, 0.1, 0.2}, Dual{0.3, 0.6,0.4}) > 
c {< m', (samsung {0.9, 0.6, 0.3}, 6 GB{0.8, 0.4, 0.1})>} 

Here we can see that membership value of Samsung for m’* in both sets is (0.7,0.5,0.6) and 
(0.9, 0.6,0.3) which satisfy the Definition of Neutrosophic Hypersoft subset as 0.7 < 0.9,0.5 < 0.6, 
and 0.6 > 0.3. This shows that (0.7,0.5,0.6) © (0.9, 0.6, 0.3) and same was the case with the rest of 
the attributes of NHSS F($1) and NHSS F($7). 


Definition 3.3: Neutrosophic Equal Hypersoft Set 
Let F($*) and F($*) be two Neutrosophic Hypersoft set over €. Consider I’, 17,1° ...1" for n = 1, be 
n well-defined attributes, whose corresponding attributive values are respectively the set 
L,17,13 Ll” with L’ nL’ =@, for i#j and i, je{1,2,3...n} and their relation Lt x L? x L? ...1L” =$ 
then F($*) is the Neutrosophic equal Hypersoft subset of F($*) if 
T(F($1)) = T(F($?)) 
I(F($")) = 1(F($?)) 
F(F($*)) = F(F($?)) 
Numerical Example of Equal Neutrosophic Hypersoft Set 
Consider the two NHSS F($') and NHSS F($*) over the same universe § = {m+,m?,m?,m*,m°}. 
The NHSS F($*) = F(samsung,6 GB, Dual ) = {m',m*} is the equal to NHSS F($?) = 
F(samsung,6GB) ={m'} if T(F($1)) =T(F($*)) , I) =1EG7) , FEG') = 
F (F($7)). Its tabular form is given below 


Table 10: Tabular Representation of NHSS F($") 
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FS?) a a 

= F(samsung, 6 GB, Dual ) 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 


Table 11: Tabular Representation of NHSS F($7) 


F($*) = F(samsung, 6 GB) m!' 
Samsung (0.7,0.5, 0.6) 
6 GB (0.7, 0.2, 0.3) 


This can also be written as 
(F($') = F($?)) = (F(samsung, 6 GB, Dual ) = ¥(samsung, 6 GB)) 

= (({< m1, (samsung {0.7, 0.5, 0.6}, 6 GB{0.7, 0.2, 0.3}, Dual{0.8,0.2,0.1}) >, 

< m*(samsung{0.8,0.1,0.2}, 6 GB{0.6, 0.1, 0.2}, Dual{0.3, 0.6,0.4}) >} 

= {< m1, (samsung {0.7, 0.5, 0.6}, 6 GB{0.7, 0.2, 0.3}) >})) 
Here we can see that membership value of Samsung for m* in both sets is (0.7,0.5,0.6) and 
(0.7, 0.5, 0.6) which satisfy the Definition of Neutrosophic Equal Hypersoft set as 0.7 = 0.7,0.5 = 0.5 
and 0.6 = 0.6. This shows that (0.7,0.5,0.6) = (0.7,0.5, 0.6) and same was the case with the rest of 
the attributes of NHSS F($') and NHSS F($7). 
Definition 3.4: Null Neutrosophic Hypersoft Set 
Let F($*) be the Neutrosophic Hypersoft set over €. Consider l*,1*,1° .../" for n= 1, be n well- 
defined attributes, whose corresponding attributive values are respectively the set L’, L*, L? ...L" with 
Li nL’ =@, for i#j and i, je{1,2,3 ...n} and their relation Lt x L? x L? ...L" = $ then F($*) is Null 
Neutrosophic Hypersoft set if 


T(F($1)) =0 
I(F($")) = 0 
F(F($1)) =0 


Numerical Example of Null Neutrosophic Hypersoft Set 
Consider the NHSS F($1) over the universe & = {m',m?,m?,m*,m°}. The NHSS #F($') = 
F(samsung,6 GB, Dual ) = {m*,m*} is said to be null NHSS if its Neutrosophic values are 0. Its 
tabular form is given below 

Table 12: Tabular Representation of NHSS F($*) 


FS) a r 
= F(samsung, 6 GB, Dual ) 

Samsung (0, 0, 0) (0, 0, 0) 

6 GB (0, 0, 0) (0, 0, 0) 

Dual (0, 0, 0) (0, 0, 0) 


This can also be written as 
F($') = F(samsung, 6 GB, Dual ) 
= {< m', (samsung {0, 0, 0}, 6 GB{0, 0, 0}, Dual{0,0,0}) >, 
< m*(samsung{0,0,0}, 6 GB{0, 0, 0}, Dual{0, 0,0}) >} 
Definition 3.5: Compliment of Neutrosophic Hypersoft Set 
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Let F($*) be the Neutrosophic Hypersoft set over € Consider l',17, 1° ...l" for n = 1, be n well- 
defined attributes, whose corresponding attributive values are respectively the set L*, L?, L? ... L" with 
inl’ =@, for i#j and i,je{1,2,3 ...n} and their relation Lt x L? x L? ...L" = $ then F°($*) is the 
Compliment of Neutrosophic Hypersoft set of F($1) if 
Fo($1): (> IE xs 12 x 3... > L”) > P(E) 

Such that 

T° (F($')) = F(F(S")) 

I“(F(S*)) = 1F($")) 

F°(F($*)) = TS") 


Numerical Example of Compliment of NHSS 

Consider the NHSS ¥F($*) over the universe § = {m',m?,m?,m*,m°}. The compliment of NHSS 
F($1) = F(samsung,6GB, Dual ) = {m',m*} is given as T°(F($')) = F(F($')) , I°(F($")) = 
I(F($")), F°(F($")) = T(F($')). Its tabular form is given below 


Table 13: Tabular Representation of NHSS F($") 


FC($1) = F(Not samsung, Not 6 GB, Not Dual ) m1 m* 
Not Samsung (0.6, 0.5, 0.7) (0.2, 0.1, 0.8) 
Not 6 GB (0.3, 0.2, 0.7) (0.2, 0.1, 0.6) 
Not Dual (0.1, 0.2, 0.8) (0.4, 0.6, 0.3) 


This can also be written as 
F°($') = F( not samsung, not 6 GB, not Dual ) 
= {< m', (not samsung {0.6, 0.5, 0.7}, not 6 GB{0.3, 0.2, 0.7}, not Dual{0.1,0.2,0.8}) >, 
< m*(not samsung{0.2,0.1,0.8}, not 6 GB{0.2, 0.1, 0.6}, not Dual{0.4, 0.6,0.3}) >} 
Here we can see that membership value of Samsung for m* in F($*) is (0.7,0.5,0.6) and its 
compliment is (0.6, 0.5,0.7) which satisfy the Definition of compliment of Neutrosophic Hypersoft 
set. This shows that (0.6, 0.5, 0.7) is the compliment of (0.7, 0.5, 0.6) and same was the case with the 
rest of the attributes of NHSS F($°). 
Definition 3.6: Union of Two Neutrosophic Hypersoft Set 
Let F($") and F($*) be two Neutrosophic Hypersoft set over €. Consider I’, 1*,1° ...1" for n = 1, be 
n well-defined attributes, whose corresponding attributive values are respectively the set 
L,17,13 Ll” with nL’ =@, for i#j and i, je{1,2,3...n} and their relation Lt x L? x L? ...1L” =$ 
then F($1) U F($*) is given as 


T(F($*)) if x € $3 
T(F($1) U F($2)) = T(F($*)) if x € $? 
max (7 (F($*)), T(F(S))) ifxe $n $? 
I(F($7)) if xe $1 
1(F($1) UF($2)) = 1(F($*)) if x € $? 
(:(F(8*))+1((s?))) eee 


Z 
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F(F($)) ifxeEg$ 
F(E($") UF($2)) = F(F($7)) if x € $2 
min (F(F(S*)), F(EG?))) ifxe $n $? 


Numerical Example of Union 
Consider the two NHSS F($') and NHSS F($*) over the same universe § = {m+,m?,m?,m*,m°}. 
Tabular representation of NHSS F($*) = F(samsung,6 GB, Dual ) = {m*,m*} and NHSS F($*) = 
F(samsung,6 GB) = {m’} is given below, 

Table 14: Tabular Representation of NHSS F($*) 


F($1) = F(samsung, 6 GB, Dual ) m!' m* 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 


Table 15: Tabular Representation of NHSS F($7) 


F($7) = F(samsung, 6 GB) m!' 
Samsung (0.9, 0.5, 0.3) 
6 GB (0.8, 0.4, 0.1) 


Then the union of above NHSS is given as 


Table 16: Union of NHSS #($1) and NHSS F($7) 


F($1) U F($*) m' m* 
Samsung (0.9, 0.5, 0.3) (0.8, 0.1, 0.2) 
6 GB (0.8, 0.3, 0.1) (0.6, 0.1, 0.2) 
Dual (0.8, 0.1, 0.0) (0.3, 0.6, 0.4) 


This can also be written as 
F($') U F($*) = F(samsung, 6 GB, Dual ) U F(samsung, 6 GB) 

= {< m', (samsung {0.9, 0.5, 0.3}, 6 GB{0.8, 0.3, 0.1}, Dual{0.8,0.1,0.0}) >, 

< m*(samsung{0.8,0.1,0.2}, 6 GB{0.6, 0.1, 0.2}, Dual{0.3, 0.6,0.4}) >} 
Definition 3.7: Intersection of Two Neutrosophic Hypersoft Set 
Let F($"') and ¥($*) be two Neutrosophic Hypersoft set over €. Consider I',1*, 1? ...l" for n = 1, be 
n well-defined attributes, whose corresponding attributive values are respectively the set 
L,17,13 ..L” with ’' nL’ =@, for i#j and i, je{1,2,3...n} and their relation Lt x L? x L? ...1” =$ 
then F($1) n F($*) is given as 


T(F($")) if x € $2 
T(F($) NFS) =4 TFG?) (fone e 
min (T(F($)), T(FS))) if x € $$? 
I(F($*)) if x € $2 
(ey nee) =4 MEG) if xE $ 
(1(F(s aut ))) fx € $n $ 
F(F($*)) ifxeEg$ 
F(E($*) n F($2)) = F(F($7)) if x € $2 
max (F(F($")), FEG?))) ifxe $in $? 


Numerical Example of Intersection 
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Consider the two NHSS F($1) and NHSS F($7) over the same universe § = {m',m?,m?,m*,m°}. 
Tabular representation of NHSS F($*) = F(samsung,6 GB, Dual ) = {m*,m*} and NHSS F($*) = 


F(samsung,6 GB) = {m"*} is given below 


Table 17: Tabular Representation of NHSS F($") 


F($*) nil m* 

= F(samsung, 6 GB, Dual ) 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 


Table 18: Tabular Representation of NHSS F($7) 


F($7) = F(samsung, 6 GB) m!' 
Samsung (0.9, 0.5, 0.3) 
6 GB (0.8, 0.4, 0.1) 


Then the intersection of above NHSS is given as 
Table 19: Intersection of NHSS ($1) and NHSS F($7) 


F($1) n F($?) m1 
Samsung (0.7, 0.5, 0.6) 
6 GB (0.7, 0.3, 0.3) 
Dual (0.0, 0.1, 0.1) 


This can also be written as 

F($1) N F($2) = F(samsung, 6 GB, Dual ) N F(samsung, 6 GB) 

= {< m', (samsung {0.7, 0.5, 0.6}, 6 GB{0.7, 0.3, 0.3}, Dual{0.0,0.1,0.1}) >} 

Definition 3.8: AND Operation on Two Neutrosophic Hypersoft Set 
Let F($*) and F($*) be two Neutrosophic Hypersoft set over €. Consider I’, 1*,1° ...1" for n = 1, be 
n well-defined attributes, whose corresponding attributive values are respectively the set 
L,17,13 ..L” with ’ nL’ =@, for i#j and i, je{1,2,3...n} and their relation Lt x L? x L? ...1L” =$ 
then F($*) A F($2) = F($* x $7) is given as 


T($* x $2) = min (T(F(S*)), T(FS?))) 


(1(F($4)), 1(FS?))) 


1($1 x $7) = ; 


F($! x $2) = max (F(F($)), F(F($?))) 


Numerical Example of AND-Operation 
Consider the two NHSS F($') and NHSS F($*) over the same universe § = {m+,m?,m?,m*,m°}. 
Tabular representation of NHSS F($*) = F(samsung,6 GB, Dual ) = {m*,m*} and NHSS F($*) = 
F(samsung,6 GB,) = {m*} is given below 

Table 20: Tabular representation of NHSS F($*) 


FS) - nt 

= F(samsung, 6 GB, Dual ) 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 
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Table 21: Tabular representation of NHSS F($*) 


F($7) = F(samsung, 6 GB) m!' 
Samsung (0.9, 0.5, 0.3) 
6 GB (0.8, 0.4, 0.1) 


Then the AND Operation of above NHSS is given as 


Table 22: AND of NHSS F($1) and NHSS ¥F($7) 


F($1) A F($7) m!' m* 
Samsung X Samsung (0.7,0.5,0.6) (0.0,0.1,0.2) 
Samsung X 6GB (0.7, 0.45,0.6) (0.0,0.1,0.2) 
6GB X Samsung (0.7, 0.35,0.3) (0.0,0.1,0.2) 
6GB xX 6GB (0.7,0.3, 0.3) (0.0,0,1,0.2) 
Dual x Samsung (0.8,0.35,0.3) (0.0,0.6,0.4) 
Dual xX 6GB (0.8, 0.3, 0.1) (0.0,0.6,0.4) 


Definition 3.9: OR Operation on Two Neutrosophic Hypersoft Set 

Let F($") and ¥($*) be two Neutrosophic Hypersoft set over €. Consider I[*,1*, 1? ...l" for n = 1, be 
n well-defined attributes, whose corresponding attributive values are respectively the set 
L,17,13 Ll” with nL’ =@, for i#j and i, je{1,2,3...n} and their relation Lt x L? x L? ...1L” =$ 
then F($*) v F($2) = F($* x $7) is given as 


T($1 x $2) = max (T(F($")), T(FS?))) 


(1(F($)), 1(FS?))) 
2 


F($! x $2) = min (F(F(S)), F(F@?))) 


I($1 x $7) = 


Numerical Example of OR-Operation 
Consider the two NHSS F($') and NHSS F($*) over the same universe § = {m+,m?,m?,m*,m°}. 
Tabular representation of NHSS F($*) = F(samsung,6 GB, Dual ) = {m*,m*} and NHSS F($*) = 


F(samsung,6 GB,) = {m*} is given below 


Table 23: Tabular representation of NHSS F($*) 


F($*) a m* 
= F(samsung, 6 GB, Dual ) 
Samsung (0.7,0.5, 0.6) (0.8, 0.1, 0.2) 
6 GB (0.7, 0.2, 0.3) (0.6, 0.1, 0.2) 
Dual (0.8, 0.2, 0.1) (0.3, 0.6, 0.4) 
F($*) = F(samsung, 6 GB) m!' 
Samsung (0.9, 0.5, 0.3) 
6 GB (0.8, 0.4, 0.1) 


Table 24: Tabular representation of NHSS F($7) 
Then the OR Operation of above NHSS is given as 
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Table 25: OR of NHSS F($!) and NHSS F($7) 


F($1) v F($7) m!' m* 
Samsung X Samsung (0.9,0.5,0.3) (0.8,0.1,0.0) 
Samsung X 6GB (0.8, 0.45,0.1) (0.8,0.1,0.0) 
6GB X Samsung (0.9, 0.35,0.3) (0.6,0.1,0.0) 
6GB xX 6GB (0.8,0.3, 0.1) (0.6,0,1,0.0) 
Dual x Samsung (0.9,0.35,0.1) (0.3,0.6,0.0) 
Dual xX 6GB (0.8, 0.3, 0.1) (0.3,0.6,0.0) 


4. Result Discussion 


Decision-making is a complex issue due to vague, imprecise and indeterminate environment 
specially, when attributes are more than one, and further bifurcated. Neutrosophic softset 
environment cannot be used to tackle such type of issues. Therefore, there was a dire need to define 
a new approach to solve such type of problems, So, for this purpose neutrosophic hypersoft set 


environment is defined along with necessary operations and elaborated with examples. 


5. Conclusions 


In this paper, operations of Neutrosophic Hypersoft set like union, intersection, compliment, AND 
OR operations are presented. The validity and implementation of the proposed operations and 
definitions are verified by presenting suitable example. Neutrosophic hypersoft set NHSS will be a 
new tool in decision-making problems for suitable selection. In future, many decision-makings like 
personal selection, office management, industrial equipment and many other problems can be solved 
with the proposed operations [23]. Properties of Union and Intersection operations, cardinality and 


functions on NHSS are to be defined in future. 
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Abstract: With the invention of new technologies, the competition elevates in market. Therefore, it 
creates more difficulties for consumer to select the right smart phone. In this paper, a new approach 
is proposed to select smart phone, in which environment of decision-making is MCDM. Firstly, an 
algorithm is proposed in which problem is formulated in the form of neutrosophic soft set and then 
solved with generalized fuzzy TOPSIS (GFT). Secondly, rankings are compared with [10]. Finally, it 
is concluded that proposed approach is applicable in decision-making where uncertainty and 
imprecise information-based environment is confronted. In future, this evolutionary algorithm can 
be used along with other methodologies to solve MCDM problems. 

Keywords: Accuracy Function, MCDM, TOPSIS, Mobile Phone, Soft set, Neutrosophic Numbers 
NNs, Neutrosophic Soft set, Linguistic Variable. 


1. Introduction 


Mobile / cell phones are widely used for making call, SMS, MMS, email or to access internet. The first 
portable cell phone was manifest by Martin in 1973 [8], using a handset weighing 4.4 IBS. In the 
advance world, smart-phone have currently overtaken the usage of earlier telecommunication 
system. There may be an outstanding doubt and complications concerning the reputation of cellular 
technologies by decision makers, provider, trader, and clients alike. To help this selection process 
amongst different available options for technology evaluation, multi-standards decision-making 
approach appears to be suitable. Due to brutal market competition by inventions of different models 
with innovative designs and characteristics have made the buying decision making more complex 
[10]. It is typically tough for a decision-maker to assign a particular performance rating to another for 
the attributes into consideration. The advantage of employing a fuzzy approach is to assign the 
relative importance of attributes victimization fuzzy ranges rather than a particular number for textile 
the $64000 world during a fuzzy atmosphere. MCDM approach [9] with cluster deciding is employed 
to judge smartphones as another per client preferences [6]. TOPSIS methodology is especially 
appropriate for finding the cluster call -making drawback beneath fuzzy atmosphere. TOPSIS 
methodology [22] is predicated on the idea that the chosen various ought to have the shortest distance 
from the positive ideal solution. In decision making problems TOPSIS method have been studied by 
many researchers: Adeel et al. [3-5, 7 ,11, 13, 18, 21, 24]. This technique of MCDM is used by Saqlain 
et. al. [16] to predict CWC 2019. Maji [12] introduced the idea of Neutrosophic soft set. Riaz and 
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Naeem [14, 15] presented some essential ideas of soft sets together with soft sigma algebra. 
Neutrosophic set could be a terribly powerful tool to agitate incomplete and indeterminate data 
planned by F. Smarandache [20] and has attracted the eye of the many students [1], which might offer 
the credibleness of the given linguistic analysis worth and linguistic set can offer qualitative analysis 
values. At the primary, soft set theory was planned by a Russian scientist [2] that was used as a 
standard mathematical mean to come back across the difficulty of hesitant and uncertainty [19]. He 
additionally argues that however, the same theory of sentimental set is free from the parameterization 
inadequacy syndrome of fuzzy set theory [23], rough set theory, and applied mathematics. 
Nowadays, researchers are focusing to present new theories to deal with uncertainty, imprecision 
and vagueness [25-35], along with suitable examples to elaborate their theories. Neutrosophic soft 
sets along with TOPSIS technique is widely used in decision making problems, every day many 
researchers are working in this era [36-45] to discuss the validity of Neutrosophy in decision 
problems. 
1.1 Novelties 
It is a very complicated decision to select the utmost suitable phone. In this condition Neutrosophic 
soft-set-environment is considered and simplified with Generalized TOPSIS. An algorithm is 
proposed to tackle uncertain, vague and imprecise environment in selection problems. 
1.2 Contribution 
Cell phone selection is a challenging problem in current generation. To solve this complexity, a few 
methods regarding the usage of fuzzy ideas has been proposed. For the few kinds of uncertainty 
within the selection method fuzzy linguistic method is used. The objective of the study is to 
investigate the uncertainty in selection criteria of cell phone with respect to the consumer’s choice 
under Neutrosophic softset environment by applying Generalized fuzzy TOPSIS. 
2.Preliminaries 
Definition 2.1: Neutrosophic Set [2] 
Let U be a universe of discourse then the neutrosophic set A is an object having the form 
A={<x: Ty (x), I,(%), Fa (*), >; x € U} 

where the functions T, I, F : U— [0,1] define respectively the degree of membership, the degree of 
indeterminacy, and the degree of non-membership of the element x € X to the set A with the 
condition. <T, (x) + I, («)+Fa (x) <3. 
Definition 2.2: Soft Set [2] 
Let U be auniverse of discourse, P(U)the power set of U, and A set of parameters. Then, the pair (F, 
UO), where 

F: A— P(O) 
is called a softset over U. 
Definition 2.3: Neutrosophic Soft Set [12] 
Let U be an initial universal set and E be a set of parameters. Assume, A C E. Let P(U)denotes the 
set of all neutrosophic sets over U, where F is a mapping given by 

F: A— P(O) 
Definition 2.4: Accuracy Function [17] 
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Accuracy function is used to convert neutrosophic number NFN into fuzzy number 


(Deneutrosophication using A;). A(F) ={x = a | 


A; represents the De-Neutrosophication of neutrosophic number into Fuzzy Number. 


3. Calculations 


In this section an algorithm is proposed to solve MCDM problem under neutrosophic environment. 
3.1 Algorithm 

Cell phone selection is a challenging problem in current generation. To solve this complexity, a few 
methods regarding the usage of neutrosophic fuzzy TOPSIS ideas have been proposed. For the few 
kinds of uncertainty within the selection method fuzzy linguistic method is used. The objective of the 
study is to investigate the uncertainty in selection criteria of cell phone. 

To solve this problem following algorithm is applied as in sequence. 

Step 1: defining a problem 

Step 2: Consideration of problem as MCDM (alternatives and attributes) 

Step 3: Assigning linguistic variables to alternatives and criteria’s / attributes 

Step 4: Substitution of NNs to linguistic variables 

Step 5: Conversion of NNs to fuzzy numbers by using accuracy function [?] defined as, 


Ty tly +Fy| \ 


A(F) = {x = 


Where T,.,1,,F,6€NNs assigned by decision makers to each criteria individually 
Step 6: Apply TOPSIS technique 
Step 7: Arrange by ascending order and rank accordingly. 


Step 8: Discussion 


Assigning 


Defining 





Linguistic 
Formulation as MCDM 











Computation 


Apply Algorithm Assigning 


of Relative 


Ranking of Conversion of NNs to Fuzzy No’s 


Figure 1: Algorithm used in mobile selection, under neutrosophic softset environment 


Neutrosophic 
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3.2: Case Study 
To discuss the; 
e 6 Validity 
e Applicability 


of the proposed algorithm, mobile selection is considered as a MCDM problem. 


3.2:1 Problem Formulation 

The mobile phone has been identified for choosing criterion and after that the criterion is depending 
upon the public choice. The result gets from criterion, some mobile phone has been selected according 
to their criterion. With invention of new technologies, the competition is raised upon in market it 
makes more difficult for consumer to select the right phone. In fast growing market, we think that 
the result got from fuzzy idea has been improved, so we applied Neutrosophic set to get more 
accuracy in result. The aim of the study is to explore the accuracy in the selection of criteria of mobile 
phone. 

3.2.2 Parameters 

Selection is a complex issue, to resolve this problem criteria and alternative plays an important role. 


Following criteria and alternatives are considered in this problem formulation. 


Criteria’s 
Cy C, C3 Cy Cs Ce C, 
Ram Rom Processor Camera — Model Price 
Mobiles as Alternatives 
M4 M2 M3 M4 Ms Me 
SAMSUNG NOKIA HTC HUAWEI Q-MOBILE RIVO 


3.2.3 Assumptions 
The decision makers {D,,D2,D3,D,} will assign linguistic values from Table .1 according to his own 
interest, knowledge and experience, to the above-mentioned criteria and alternatives and shown in 


Table.2. 


Table 1: Linguistic variables, codes and neutrosophic numbers obtained by expert opinion 


Sr # No Linguistic variable Code Neutrosophic Number 
1 Very Low VL (0.1, 0.3,0.7) 
2 Low L (0.3,0.5,0.6) 
3 Satisfactory S (0.5,0.5,0.5) 
4 High H (0.7,0.3,0.4) 
5 Very High VH (1.0,0.1,0.2) 


3.3 Application of Proposed Algorithm 
Step 1: Problem consideration 3.2. 


Step 2: Formulation and assumptions 3.2.1 and 3.2.2. 
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Step 3: Assigning linguistic variables to each alternatives and criteria’s / attributes. 


Table 2: Each decision maker, will assign linguistic values to each attribute, from Table .1 


Strategies D, D2 D3 Ds 

My VL 3 H 3 

M, L H VH H 

2 Ms 5 Vu VE Vu 
nv M, H S WL WL 
“7 M. VH VL L L 
Mg VL L 9 9 

My [ S H H 

M, =) H VH VH 

Z Ms H VH Vi. S 
i My vu S [ H 
Ms VL H S VH 

Me [ VH H S 

My S Vi VH H 
5 M, H [ S VH 
Z M3 VH S H VL 
9 M, S H VH L 
rn Ms H vu L : 
1S) ~~ aes 
Me VH S H VL 

My VL H VH L 

< M> L VH VL H 
: M; S Hl vy 
> M, H VH VL 
3 Ms VH VL L H 
Me VE. S [ S 

My L H H H 
= M, S VH L VH 
z Ms Hl : vH WL 
: M, VH H L VH 
A Me : vu H WL 
uf M. VH VL L H 


Step 4: Substitution of Neutrosophic Numbers (NNs) to each linguistic variable. 
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Table3: Assign neutrosophic number to each linguistic value from table 1. 
Cy Cp C3 C4 Cs Ce Cy 
M, (0.1, 0.3,0.7) (1,0.1,0.2) (0.7,0.3,0.4) (0.7,0.3,0.4) (0.5,0.5,0.5) (0.1, 0.3,0.7) — (0.7,0.3,0.4) 
Mp (0.3,0.5,0.6) (0.5,0.5,0.5) (0.1, 0.3,0.7) (1,0.1,0.2) (0.7,0.3,0.4)  (0.3,0.5,0.6) (0.1, 0.3,0.7) 
M3 (0.5,0.5,0.5) (0.1, 0.3,0.7) (0.3,0.5,0.6) (1,0.1,0.2) (0.7,0.3,0.4) (0.5,0.5,0.5) —_(1,0.1,0.2) 
M, (0.7,0.3,0.4) (1,0.1,0.2) (0.5,0.5,0.5) (0.3,0.5,0.6) (1,0.1,0.2) (0.7,0.3,0.4) (0.1, 0.3,0.7) 
Ms (1,0.1,0.2) (0.3,0.5,0.6) (0.7,0.3,0.4) (0.5,0.5,0.5) (0.1, 0.3,0.7) —(1,0.1,0.2) (0.5,0.5,0.5) 
Me (0.5,0.5,0.5) (0.1, 0.3,0.7) (1,0.1,0.2) (0.7,0.3,0.4) (0.1, 0.3,0.7) (0.5,0.5,0.5) — (0.7,0.3,0.4) 
Step 5: Conversion of fuzzy neutrosophic numbers NNs of step 4, into fuzzy numbers by using 
accuracy function. 
Ty +1, +F- 
Table: 4 After applied accuracy function the obtain result converted into fuzzy value 
Cy Cy C3 Cy Cs Ce C, 
My 0.367 0.433 0.467 0.467 0.5 0.367 0.467 
M, 0.467 0.5 0.367 0.433 0.467 0.467 0.367 
M3 0.5 0.367 0.467 0.433 0.467 0.5 0.433 
M, 0.467 0.433 0.5 0.467 0.433 0.467 0.367 
M. 0.433 0.467 0.467 0.5 0.367 0.433 0.5 
M. 0.5 0.367 0.433 0.467 0.367 0.5 0.467 
Step 6: Now we apply algorithm of TOPSIS to obtain relative closeness. 
Table 5: Normalized decision matrices 
C Cy C3 Cy Cs Ce C, 
My 0.327 0.410 0.422 0.413 0.468 0.327 0.437 
M> 0.416 0.474 0.332 0.383 0.437 0.416 0.343 
M3 0.446 0.348 0.422 0.383 0.437 0.446 0.405 
M, 0.416 0.410 0.452 0.413 0.405 0.416 0.343 
M. 0.386 0.443 0.422 0.442 0.343 0.386 0.468 
Me 0.446 0.348 0.391 0.413 0.343 0.446 0.437 
Step 6.1: Calculation of weighted normalized matrix 
Table6: Weighted normalized decision matrices 
weight 0.2 0.3 0.17 0.02 0.25 0.05 0.01 
Cy C, C3 Cy Cs Ce C, 
M, 0.0654 0.123 0.07174 0.00826 0.117 0.01635 0.00437 
M> 0.0832 0.1422 0.05644 0.00766 0.10925 0.0208 0.00343 
M3 0.0892 0.1044 0.07174 0.00766 0.10925 0.0223 0.00405 
M, 0.0832 0.123 0.07684 0.00826 0.1015 0.0208 0.00343 
M. 0.0772 0.1329 0.07174 0.00884 0.08575 0.0193 0.00468 
M, 0.0892 0.1044 0.06647 0.00826 0.08575 0.0223 0.00437 


Step 6.2: Calculation of the ideal best and ideal worst value, 
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y" 
/ =Indicates the ideal (best) 
Vv, . 
/ = Indicates the ideal (worst) 
Table 7: Ideal worst and Ideal best values 
Cy C, C3 Ca Cs Ce Cy 
M, 0.0654 0.123 0.07174 0.00826 0.117 0.01635 0.00437 
M, 0.0832 0.1422 0.05644 0.00766 0.10925 0.0208 0.00343 
M3 0.0892 0.1044 0.07174 0.00766 0.10925 0.0223 0.00405 
M, 0.0832 0.123 0.07684 0.00826 0.1015 0.0208 0.00343 
Ms 0.0772 0.1329 0.07174 0.00884 0.08575 0.0193 0.00468 
Me 0.0892 0.1044 0.06647 0.00826 0.08575 0.0223 0.00437 
v; 0.0892 0.1422 0.07684 0.0084 0.117 0.0223 0.00343 
Vv. 0.0654 0.1044 0.05644 0.00766 0.08575 0.01635 0.00437 
Step 6.3: Calculation of rank. 
Ss 
= ij 
P.== 
sii oR Si 
Table 8: Calculation of rank by relative closeness 
st Ss. S +585 p Rank 
M, 0.0316 0.0400 0.0716 0.5587 3 
M, 0.0245 0.0843 0.1088 0. 3402 6 
M3 0.0400 0.0374 0.0774 0.4832 4 
M, 0.0249 0.0374 0.0623 0.6003 2 
Ms 0.0671 0.0346 0.1017 0.7748 1 
M, 0.0500 0.0271 0.0771 0.3515 5 


Step 7: Calculation of rank and discussion. 


4. Result Discussion 


Firstly, the generalized neutrosophic TOPSIS approach is used to simplify mobile selection MCDM 
problem. In this calculation, the ranking of each mobile with respect to each criterion is represented 
below in Table 8 and Figure 2. To test the validity and the implementation of the technique proposed 
by Saqlain et. al. [17], in neutrosophic soft set environment and multi-criteria decision making, mobile 
selection problem is considered. Result shows that generalized neutrosophic TOPSIS along with 
proposed algorithm can be used to find best alternative. 

Secondly, results are compared with [10], in which fuzzy multi-criteria group decision making 
approach was used by considering same alternative and attributes. Graphical and tabular 
comparison is presented in Table 8 and Figure 2, which shows that under Generalized TOPSIS and 
Fuzzy TOPSIS M; and Mz, are best alternative whereas, M, and M3 is the worst selection 
respectively. 

If we compare the results of Generalized fuzzy TOPSIS and Fuzzy TOPSIS M,,M,,M; has same raking 


whereas, M,,M3, Mg. 
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Result Comparison of Generalized 
Fuzzy TOPSIS and Fuzzy TOPSIS 
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Figure 2: Ranking comparison of alternatives 


Table 9: Ranking comparison of alternatives using G.F. TOPSIS and F. TOPSIS 


Generalized Fuzzy Fuzzy TOPSIS 
Strategy TOPSIS-Result Ranking 
Ranking 
M, 3 
M, 5 
M, 6 
My, 2 
M. 1 
M, 4 





5. Conclusions 

In MCDM problems, TOPSIS is widely used to find the best alternative, whereas, due to the vague 
and imprecise information in fuzzy environment, ranking of alternatives may not be accurate. Thus, 
neutrosophic soft set environment plays a vital role in selection problem. In this article, firstly, an 
algorithm is proposed based on accuracy function under neutrosophic soft set environment and to 
check the validity of the proposed technique in this environment, mobile selection problem is 
considered. Secondly, results are compared with same problem under FMCGDM [10] environment. 
However, the article may open a new avenue of research in competitive Neutrosophic decision- 
making arena. Thus, this proposed technique can be used in decision-makings such as supplier 


selection, personal selection in academia and many other areas of management system. 


Conflicts of Interest 


The authors declare no conflict of interest. 


Muhammad Saqlain, Naveed Jafar and Muhammad Riaz, A New Approach of Neutrosophic Soft Set with Generalized Fuzzy 
TOPSIS in Application of Smart Phone Selection. 


Neutrosophic Sets and Systems, Vol. 32, 2020 315 


Reference: 


1. 


10. 


11. 


12; 


13. 


14. 


15. 


16. 


17. 


18. 


ie 


20. 


21. 


22; 


Zo. 


M. Abdel-Basset, M. Mohamed, Y. Zhou, I. Hezam, (2017). Multi-criteria group decision making based 
on the neutrosophic analytic hierarchy process. Journal of Intelligent & Fuzzy Systems, 33(6): 4055- 
4066. 

Abdel-Basset, M., M. Mohamed, (2018). The role of single-valued neutrosophic sets and rough sets in 
the smart city: imperfect and incomplete information systems. Measurement, 124: 47-55. 

A. Adeel, M. Akram and Ali N. A. Koam, Group Decision-Making Based on m-Polar Fuzzy Linguistic 
TOPSIS Method, Symmetry 11, No. 735 (2019) 1-20. 

M. Akram and M. Arshad, A Novel Trapezoidal Bipolar Fuzzy TOPSIS Method for Group Decision- 
Making, Group Decision and Negotiation (2018), https://doi.org/10.1007/s10726-018-9606-6. 

F. E. Boran, S. Genc, M. Kurt and D. Akay, A multi-criteria intuitionistic fuzzy group decision making 
for supplier selection with TOPSIS method, Expert Systems with Applications 36, No. 8 (2009) 11363- 
11368. 

Buyukozkan, G., and Gulerytiz, S. (2016). Multi criteria group decision making approach for smart 
phone selection using intuitionistic fuzzy TOPSIS. International Journal of Computational Intelligence 
Systems, 9(4): 709-725. 

S. Eraslan and F. Karaaslan, A group decision making method based on topsis under fuzzy soft 
environment, Journal of New Theory 3, No. (2015) 30-40. 

Heeks, Richard (2008). Meet Marty Cooper — the inventor of the mobile phone, BBC. 41 (6): 26-33. 
Hwang, C.L., Yoon, K. (1981). Multiple Attribute Decision Making: Methods and Applications. New 
York: Springer-Verlag 

Saqlain. M., Jafar. N. and Riffat. A., Smart phone selection by consumers’ in Pakistan: FACGDM fuzzy 
multiple criteria group decision making approach, Gomal University Journal of Research, 34(1): 27-31 
(2018). 

Kumar and H. Garg, TOPSIS method based on the connection number of set pair analysis under 
interval valued intuitionistic fuzzy set environment Computational and Applied Mathematics 37, No. 
2 (2018), 1319-1329. 

P. K. Maji, Neutrosophic soft set, Annals of Fuzzy Mathematics and Informatics 5, No. 1 (2013) 157- 
168. 

X. D. Peng and J. Dai, Approaches to single-valued neutrosophic MADM based on MABAC, TOPSIS 
and new similarity measure with score function, Neural Computing and Applications 29, No. 10 (2018) 
939-954. 

M. Riaz and K. Naeem, Measurable Soft Mappings, Punjab Univ. j. math. 48, No. 2 (2016) 19-34. 

M. Riaz, K. Naeem and M. O. Ahmad, Novel Concepts of Soft Sets with Applications, Annals of Fuzzy 
Mathematics and Informatics 13(2) (2017) 239-251. 

M. Saqlain, N. Jafar, M. Rashid and A. Shahzad, Prediction of Cricket World Cup 2019 by TOPSIS 
Technique of MCDM-A Mathematical Analysis, International Journal of Scientific & Engineering 
Research, 10(2): 789-792, (2019). 

Saqlain, M., Saeed, M., Ahmad, R. and Smarandache, F. (2019). Generalization of TOPSIS for 
Neutrosophic Hypersoft set using Accuracy Function and its Application. Neutrosophic Sets and 
Systems, 27: 131-137. 

G. Selvachandran and X. D. Peng, A modified TOPSIS method based on vague parameterized vague 
soft sets and its application to supplier selection problems, Neural Computing and Applications (2018) 
1-16. 

G. Selvachandran and X. D. Peng, (2018). A modified TOPSIS method based on vague parameterized 
vague soft sets and its application to supplier selection problems, Neural Computing and Applications, 
1-16. 

F. Smarandache, (1998). Neutrosophy. Neutrosophic probability, set, and logic. ProQuest Information 
& Learning, Ann Arbor, Michigan, USA. 

Z. Xu and X. Zhang, Hesitant fuzzy multi-attribute decision-making based on TOPSIS with incomplete 
weight information, Knowledge-Based Systems 52, (2013) 53-64. 

Yoon, K. (1987). A reconciliation among discrete compromise situations. Journal of the Operational 
Research Society. 38 (3): 277-286. 

L. A. Zadeh, (1965). Fuzzy sets, Information and Control, 8: 338-353. 


Muhammad Sagqlain, Naveed Jafar and Muhammad Riaz, A New Approach of Neutrosophic Soft Set with Generalized Fuzzy 
TOPSIS in Application of Smart Phone Selection. 


Neutrosophic Sets and Systems, Vol. 32, 2020 316 


24. 


25. 


26. 


21 


Ze; 


29. 


30. 


31. 


OZ 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


X. Zhang and Z. Xu, Extension of TOPSIS to multiple criteria decision making with Pythagorean fuzzy 
sets, International Journal of Intelligent Systems 29, (2014) 1061-1078. 

M. Riaz and M. R. Hashmi, Linear Diophantine Fuzzy Set and its Applications towards Multi-Attribute 
Decision Making Problems, Journal of Intelligent and Fuzzy Systems, 37(4) (2019), 5417-5439. 
DOI:10.3233/JIFS-190550. 

M. Riaz and S. T. Tehrim, Bipolar Fuzzy Soft Mappings with Application to Bipolar Disorders, 
International Journal of Biomathematics, 12(7) (2019), 1-31. Doi.org/10.1142/S1793524519500803. 

K. Naeem, M. Riaz, X.D. Peng and D. Afzal, Pythagorean Fuzzy Soft MCGDM Methods Based on 
TOPSIS, VIKOR and Aggregation Operators, Journal of Intelligent and Fuzzy Systems, (2019) 
DOI:10.3233/JIFS- 190905. 

K. Naeem, M. Riaz, and Deeba Afzal, Pythagorean m-polar Fuzzy Sets and TOPSIS method for the 
Selection of Advertisement Mode, Journal of Intelligent & Fuzzy Systems, 37(6)(2019), 8441-8458. 
DOI: 10.3233/JIFS-191087. 

S. T. Tehrim and M. Riaz, A novel extension of TOPSIS to MCGDM with Bipolar Neutrosophic soft 
topology, Journal of Intelligent and Fuzzy Systems, 37(4)(2019), 5531-5549. DOI:10.3233/JIFS-190668. 
M. Riaz, B. Davvaz, A. Firdous and A. Fakhar, Novel Concepts of Soft Rough Set Topology with 
Applications, Journal of Intelligent & Fuzzy Systems 36(4) (2019) 3579-3590. DOI:10.3233/JIFS-181648. 
Abdel-Baset, M., Chang, V., & Gamal, A. (2019). Evaluation of the green supply chain management 
practices: A novel neutrosophic approach. Computers in Industry, 108, 210-220. 

Abdel-Basset, M., Saleh, M., Gamal, A., & Smarandache, F. (2019). An approach of TOPSIS technique 
for developing supplier selection with group decision making under type-2 neutrosophic number. 
Applied Soft Computing, 77, 438-452. 

Abdel-Basset, M., Manogaran, G., Gamal, A., & Smarandache, F. (2019). A group decision making 
framework based on neutrosophic TOPSIS approach for smart medical device selection. Journal of 
medical systems, 43(2), 38. 

Abdel-Basset, M., Mohamed, M., Elhoseny, M., Chiclana, F., & Zaied, A. E. N. H. (2019). Cosine 
similarity measures of bipolar neutrosophic set for diagnosis of bipolar disorder diseases. Artificial 
Intelligence in Medicine, 101, 101735. 

Abdel-Basset, M., El-hoseny, M., Gamal, A., & Smarandache, F. (2019). A novel model for evaluation 
Hospital medical care systems based on plithogenic sets. Artificial intelligence in medicine, 100, 101710. 
Saqlain M, Sana M, Jafar N, Saeed. M, Said. B, Single and Multi-valued Neutrosophic Hypersoft set 
and Tangent Similarity Measure of Single valued Neutrosophic Hypersoft Sets, Neutrosophic Sets and 
Systems (NSS), 32: (2020). 

S. Pramanik, P. P. Dey and B. C. Giri, TOPSIS for single valued neutrosophic soft expert set based 
multi-attribute decision making problems, Neutrosophic Sets and Systems, 10, (2015), 88-95. 

Saqlain. M, Jafar.N. M, and Muniba. K, Change in The Layers of Earth in Term of Fractional Derivative: 
A Study, Gomal University Journal of Research, 34(2): 27-31 (2018). 

Riaz.M., Saeed.M. Saqlain.M. and Jafar.N. Impact of Water Hardness in Instinctive Laundry System 
based on Fuzzy Logic Controller, Punjab University Journal of Mathematics, 51(4) (2018) 73-84. 

Riaz. M., Saglain. M. and Saeed. M. (2019). Application of Generalized Fuzzy TOPSIS in Decision 
Making for Neutrosophic Soft set to Predict the Champion of FIFA 2018: A Mathematical Analysis, 
Punjab University Journal of Mathematics, 51(8): 111-126. 

Saqlain M, Sana M, Jafar N, Saeed. M, Smarandache, F., Aggregate Operators of Neutrosophic 
Hypersoft Sets, Neutrosophic Sets and Systems (NSS), 32: (2020). 

I. Deli and S. Broumi, Neutrosophic Soft Matrices and NSM-decision Making, Journal of Intelligent 
and Fuzzy Systems, 28 (5) (2015) 2233-2241. 

I. Deli and N. Cagman, Intuitionistic fuzzy parameterized soft set theory and its decision making, 
Applied Soft Computing 28 (2015) 109-113. 

I. Deli and S. Broumi, Neutrosophic soft relations and some properties, Annals of Fuzzy Mathematics 
and Informatics 9(1) (2015) 169-182. 

I. Deli, npn-Soft Sets Theory and Applications, Annals of Fuzzy Mathematics and Informatics, 10/6 
(2015) 847-862. 


Received: 28 Oct, 2019 Accepted: 20 Mar, 2020 


Muhammad Saqlain, Naveed Jafar and Muhammad Riaz, A New Approach of Neutrosophic Soft Set with Generalized Fuzzy 
TOPSIS in Application of Smart Phone Selection. 


University of New Mexico 


oe 





NY 
Oo” 
Single and Multi-valued Neutrosophic Hypersoft set and 


Tangent Similarity Measure of Single valued Neutrosophic 
Hypersoft Sets 


Muhammad Saqlain !, Naveed Jafar? , Sana Moin? , Muhammad Saeed? and Said Broumi+ 


Lahore Garrison University, DHA Phase-VI, Sector C, Lahore, 54000, Pakistan. E-mail: msaqlain@leu.edu.pk 

Lahore Garrison University, DHA Phase-VI, Sector C, Lahore, 54000, Pakistan. E-mail: naveedjafar@leu.edu.pk 

Lahore Garrison University, DHA Phase-VI, Sector C, Lahore, 54000, Pakistan. E-mail: moinsana64@gmail.com 
University of Management and Technology, Township, Lahore, 54000, Pakistan. E-mail: Muhammad.saeed@umt.edu.pk 


WSO NHN NO & 


Laboratory of Information Processing, Faculty of Science Ben M’Sik, University Hassan IH, B.P 7955, Sidi Othman, 


Casablanca, Morocco. E-mail: broumisaid78@gmail.com 


Abstract: In this paper, we present a single-valued Neutrosophic Hypersoft set, multi-valued 
Neutrosophic Hypersoft set and tangent similarity measure for single-valued neutrosophic hypersoft 
sets and its properties. Then we use this technique in an application namely selection of cricket 
players for different types of matches (ODI, T20, and test) based on Neutrosophic Hypersoft set in 
decision making of single-valued neutrosophic hypersoft sets. This technique will help us to decide 
the best option for the players. 

Keywords: Neutrosophic hypersoft set (NHSS), single-valued neutrosophic hypersoft set (SVNHSS), 
multi-valued Neutrosophic Hypersoft set (MVNHSS), tangent similarity measure (TSM), multiple 


attribute decision making, cricket player 


1. Introduction 


As the analysis of classical sets, fuzzy set [1] and intuitionistic fuzzy set [2], the neutrosophic set was 
introduced by Smarandache [3, 4] to capture the insufficient, indicate, uncertain and conflicting 
information. The neutrosophic set has three free parts, which are truth, indeterminacy and falsity 
membership degree; subsequently, it is applied in a wide range, for example, basic decision-making 
problems [5-20]. 

By accomplishing that the neutrosophic sets are difficult to be applied in some genuine issues 
on account of truth, indeterminacy and falsity membership degree, Wang, Smarandache, Zhang, and 
Sunderraman [21] presented the idea of a single-valued neutrosophic set. The single-valued 
neutrosophic set can freely express truth-membership degree, indeterminacy-membership degree, 
and falsity-membership degree and manages inadequate, uncertain and conflicting data. All the 
aspects of the elements depicted by the single-valued neutrosophic set are entirely appropriate for 
human intuition because of the flaw of information that human gets or sees from the surrounding. 
The single-valued neutrosophic set has been growing quickly because of its wide scope of 
hypothetical distinction and application zones, as discussed in [22-30]. 

The idea of similarity is significant in examining approximately every logical field. Literature 


audit indicates that numerous strategies have been proposed for estimating the degree of similarity 
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between fuzzy sets has been examined by Chen [32], Chen, et al., [33], Hyung et al. [34], Pappis and 
Karacapilidis [35] and Wang [36]. It is also a powerful instrument in building multi-criteria decision- 
making techniques in numerous regions, for example, therapeutic diagnosis, design 
acknowledgment, grouping investigation, decision making, etc. But these strategies are not fit for 
managing the similarity measures including indeterminacy. In the literature, few investigations have 
studied to similarity measures for neutrosophic sets and single-valued neutrosophic sets [37-46]. 

Ye [47] present the distance-based similarity measure of single-valued neutrosophic sets 
and applied it to the group decision-making problems with single-valued neutrosophic data. Broumi 
and Smarandache [48] invent another similarity measure known as cosine similarity measure of 
interval-valued neutrosophic sets. Ye [49] further considered and found that there exist a few flaws 
in existing cosine similarity measure characterized in vector space [50] in certain circumstances. He 
[49] referenced that they may deliver an unreasonable outcome in some real cases. To conquer these 
problems, Ye [49] proposed improved cosine similarity measure dependent on cosine function, 
including single-valued neutrosophic cosine similarity measures and interval neutrosophic cosine 
similarity measures. 

Working on the similarity measures Pramanik and Mondal [51] also present a cotangent 
similarity measure of rough neutrosophic sets and their application to the medical field. Pramanik 
and Mondal [52] also give tangent similarity measures between intuitionistic fuzzy sets and some of 
its properties and applications. 

Smarandache [53] presented a new technique to deal with uncertainty. He generalized the 
soft set to hypersoft set by converting the function into a multi-decision function. In the same way, 
we convert hypersoft set to neutrosophic Hypersoft set to overcome the uncertainty problems. [54] 
introduced the TOPSIS by using accuracy function in his work and an application of MCDM is 
proposed. Application of fuzzy numbers in mobile selection in metros like Lahore is proposed by 
[55]. In medical the application of fuzzy numbers is proposed by Naveed et.al [56]. TOPSIS technique 
of MCDM can also be used for the prediction of games, and it’s applied in FIFA 2018 by [57]. 
prediction of games is a very complex topic and this game is also predicted by [58]. Many researches 
presented theories along with application in neutrosophic environment [59-66]. 

1.1 Novelties 
In this paper, we have continued the idea of intuitionistic tangent similarity measure to neutrosophic 
class. We have characterized another similarity measure known as Tangent similarity measure for 


neutrosophic Hypersoft set and its properties with the application. 


2.Preliminaries 
Definition 2.1: Neutrosophic Soft Set 
Let U be the universal set and the set for respective attributes is given by E. Let P(U) be the set of 
Neutrosophic values of U and AC E. A pair (EF, A) is called a Neutrosophic soft set over U and its 
mapping is given as 

F:A > P(U) 
Definition 2.2: Hyper Soft Set 
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Let U be the universal set and P(U) be the power set of U. Consider p!, p?, p? ...p" for n>1, be n 
well-defined attributes, whose corresponding attributive values are respectively the set 
P*,P?,P?...P" with P'n P/ =@, for i#j and i, je{1,2,3 ...n}, then the pair (F, P* x P? x P? ... P”) 
is said to be Hypersoft set over U where 

F: P! x P? x P?... P™ > P(U) 
Definition 2.3: Neutrosophic Hypersoft Set 
Let U be the universal set and P(U) be the power set of U. Consider p!, p?, p? ...p" for n>1, be n 
well-defined attributes, whose corresponding attributive values are respectively the set 
P1,P?,P?...P” with P'nP/=@, for i#j and i,je{1,2,3..n} and their relation P* x P? x 
P? ...P" = &, then the pair (F,&) is said to be Neutrosophic Hypersoft set (NHSS) over U where 

F: P! x P? x P? ...P™ > P(U) and 

F(P1 x P? x P? ...P") = {< x, T(F(&)), 1(F(R)), F(E(R)) >, x € U} where T is the membership value 
of truthiness, I is the membership value of indeterminacy and F is the membership value of falsity 
such that T,/,F:U > [0,1] also 0 < T(F(R)) + I(F(R)) + F(F(R)) S 3. 


3. Calculations 


Definition 3.1: Single valued Neutrosophic Hypersoft Set 

Let U be the universal set and P(U) be the power set of U. Consider p', p?,p? ...p" for n > 1, be n 
well-defined attributes, whose corresponding attributive values are respectively the set 
P1,P?,P?...P” with P'nPJ/=@, for i#j and i,je{1,2,3...n} and their relation P* x P? x 
P? ...P" = &, then the pair (F,&) is said to be Single valued Neutrosophic Hypersoft set (SVNHSS) 
over U where 

F: P! x P? x P? ..P™ > P(U) and this mapping to P(U) is single-valued. 

F(P1 x P? x P? ...P") = {< x, T(F(&)), 1(F(R)), F(F(R)) >,x € U} where T is the membership value 
of truthiness, I is the membership value of indeterminacy and F is the membership value of falsity 
such that T,/,F:U > [0,1] also 0 < T(F(&)) + I(F(R)) + F(F(R)) S 3. 

Example 3.1: 
Let € be the set of doctors under consideration given as 
E = {d1,d?,d3,d*,d5} 

also consider the set of attributes as 

l' = Qualification, l* = Experience, l* = Gender, |* = Skills 
And their respective attributes are given as 
L' = Qualification 
= {MBBS,MS diploma, Diploma of national board(DNB), Diploma in clinical research(DCR)} 
L? = Experience = {5yr, 8yr, 10yr, 15yr} 
L? = Gender = {Male, Female} 
L* = Skills = {Compassionate, Problem solving, Communicative, leadership} 
Let the function be ¥F:L' x L? x L? x L* > P(é) 


Below are the tables of their Neutrosophic values from different decision makers 
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Table 1: Decision maker Neutrosophic values for Qualification 


L' (Qualification) d1 d? d? d* d° 
MBBS (0.4,0.5,0.8) (0.7, 0.6,0.4) (0.4,0.5,0.7) (0.5, 0.3,0.7) — (0.5, 0.3, 0.8) 
MS diploma (0.5,0.3,0.6) (0.3,0.2,0.1) (0.3,0.6,0.2)  (0.7,0.3,0.6) (0.5, 0.4, 0.5) 
DNB (0.8,0.2,0.4)  (0.9,0.5,0.3)  (0.9,0.4,0.1)  (0.6,0.3,0.2) (0.6, 0.1, 0.2) 
DCR (0.9,0.3,0.1)  (0.5,0.2,0.1) (0.8,0.5,0.2)  (0.8,0.2,0.1) (0.7, 0.4, 0.2) 

Table 2: Decision maker Neutrosophic values for Experience 

L* (Experience) a}: d* a? a* d° 
S yr. (0.3, 0.4, 0.7) (0.6, 0.5, 0.3) (0.5, 0.6, 0.8) (0.6, 0.4, 0.8) (0.3, 0.6, 0.7) 
8 yr. (0.4, 0.2, 0.5) (0.8, 0.1, 0.2) (0.4, 0.7, 0.3) (0.4, 0.8, 0.7) (0.7, 0.5, 0.6) 
10 yr. (0.7, 0.2, 0.3) (0.9, 0.3, 0.1) (0.8, 0.3, 0.2) (0.5, 0.4, 0.3) (0.5, 0.2, 0.1) 
15 yr. (0.8, 0.2, 0.1) (0.6, 0.4, 0.3) (0.9 0.4, 0.1) (0.6, 0.2, 0.3) (0.5, 0.3, 0.2) 

Table 3: Decision maker Neutrosophic values for Gender 

L? (Gender) d1 dé d3 d* d° 
Male (0.5, 0.6, 0.9) (0.7, 0.8, 0.3) (0.6, 0.4, 0.3) (0.8, 0.5, 0.4) (0.9, 0.2, 0.1) 
Female (0.6, 0.4, 0.7) (0.3, 0.6, 0.4) (0.8, 0.2, 0.1) (0.4, 0.5, 0.6) (0.8, 0.4, 0.2) 

Table 4: Decision maker Neutrosophic values for Skills 

L* (Skills) d* d? d? d* ae 
Compassionate (0.6,0.4,0.5) (0.7, 0.5, 0.3) (0.6, 0.4, 0.3) (0.6, 0.2, 0.1) (0.4, 0.5, 0.3) 
Problem solving (0.8, 0.2,0.4) (0.7, 0.3, 0.2) (0.8, 0.3, 0.1) (0.3, 0.4, 0.5) (0.3, 0.5, 0.8) 
Communicative (0.5,0.3,0.4) (0.6, 0.3, 0.4) (0.5, 0.7, 0.2) (0.8, 0.4, 0.1) (0.7, 0.4, 0.3) 
Leadership (0.4, 0.9,0.6) (0.8, 0.4, 0.2) (0.2, 0.6, 0.5) (0.7, 0.5, 0.2) (0.6, 0.4, 0.7) 


Single valued neutrosophic hypersoft set is define as F: (L* x L* x L? x L*) > P(€) 


Let’s assume F(£) = F(DNB, 10 yr, male, compassionate) = {d*} 
Then the single-valued neutrosophic hypersoft set of above-assumed relation is 
F(£) = F(DNB, 10 yr, male, compassionate) = { 
<« d', (DNB{0.8, 0.2, 0.4}, 10 yr{0.7, 0.2, 0.3}, male{0.5, 0.6, 0.9}, compassionate {0.6, 0.4, 0.5}) >>} 


Its tabular form is given as 


Table 5: Tabular Representation of Single Valued Neutrosophic Hypersoft Set 


F(£) = F(DNB, 10 yr, male, compassionate) d* 
DNB (0.8, 0.2, 0.4) 
10 yr. (0.7, 0.2, 0.3) 
Male (0.5, 0.6, 0.9) 
Compassionate (0.6, 0.4, 0.5) 


Muhammad Sagqlain and Sana Moin, Single and Multi-valued Neutrosophic Hypersoft set and Tangent Similarity Measure 
of Single valued Neutrosophic Hypersoft Sets 


Neutrosophic Sets and Systems, Vol. 32, 2020 321 


Definition 3.2: Multi-valued Neutrosophic Hypersoft Set 

Let U be the universal set and P(U ) be the power set of U. Consider p', p?,p? ...p" for n > 1, be n 
well-defined attributes, whose corresponding attributive values are respectively the set 
P1,P?,P?...P” with P'nPJ/=@, for i#j and i,je{1,2,3..n} and their relation P* x P? x 
P? ...P" = &, then the pair (F,&) is said to be Single valued Neutrosophic Hypersoft set (SVNHSS) 
over U where 

F: P* x P? x P® ...P™ > P(U) and this mapping to P(U) is multi-valued. 

F(P1 x P? x P? ...P") = {< x, T(F(&)), 1(F(R)), F(F(R)) >, x € U} where T is the membership value 
of truthiness, I is the membership value of indeterminacy and F is the membership value of falsity 
such that T,/,F:U > [0,1] also 0 < T(F(&)) + I(F(R)) + F(F(R)) < 3. 

Example 3.2: 
Let € be the set of doctors under consideration given as § = {d’,d?,d?,d*,d°} 
also consider the set of attributes as 

l' = Qualification, l* = Experience, l* = Gender, |* = Skills 
And their respective attributes are given as 
L' = Qualification 
= {MBBS, MS diploma, Diploma of national board(DNB), Diploma in clinical research(DCR)} 
L? = Experience = {5yr, 8yr, 10yr, 15yr} 
L? = Gender = {Male, Female} 
L* = Skills = {Compassionate, Problem solving, Communicative, leadership} 
Let the function be ¥F:L' x L? x L? x L* > P(é) 
Below are the tables of their Neutrosophic values from different decision makers 


Table 6: Decision maker Neutrosophic values for Qualification 


Li (Qualification) d1 d? a? d* d° 
MBBS (0.4, 0.5, 0.8) (0.7, 0.6, 0.4) (0.4, 0.5, 0.7) (0.5, 0.3, 0.7) (0.5, 0.3, 0.8) 
MS diploma (0.5, 0.3, 0.6) (0.3, 0.2, 0.1) (0.3, 0.6, 0.2) (0.7, 0.3, 0.6) (0.5, 0.4, 0.5) 
DNB (0.8, 0.2, 0.4) (0.9, 0.5, 0.3) (0.9, 0.4, 0.1) (0.6, 0.3, 0.2) (0.6, 0.1, 0.2) 
DCR (0.9, 0.3, 0.1) (0.5, 0.2, 0.1) (0.8, 0.5, 0.2) (0.8, 0.2, 0.1) (0.7, 0.4, 0.2) 
Table 7: Decision maker Neutrosophic values for Experience 
L? (Experience) d1 a* a d* d° 
5 yr. (0.3, 0.4, 0.7) (0.6, 0.5, 0.3) (0.5, 0.6, 0.8) (0.6, 0.4, 0.8) (0.3, 0.6, 0.7) 
8 yr. (0.4, 0.2, 0.5) (0.8, 0.1, 0.2) (0.4, 0.7, 0.3) (0.4, 0.8, 0.7) (0.7, 0.5, 0.6) 
10 yr. (0.7, 0.2, 0.3) (0.9, 0.3, 0.1) (0.8, 0.3, 0.2) (0.5, 0.4, 0.3) (0.5, 0.2, 0.1) 
15 yr. (0.8, 0.2, 0.1) (0.6, 0.4, 0.3) (0.9 0.4, 0.1) (0.6, 0.2, 0.3) (0.5, 0.3, 0.2) 
Table 8: Decision maker Neutrosophic values for Gender 

L? (Gender) d1 d? d3 d* d° 
Male (0.5, 0.6, 0.9) (0.7, 0.8, 0.3) (0.6, 0.4, 0.3) (0.8, 0.5, 0.4) (0.9, 0.2, 0.1) 
Female (0.6, 0.4, 0.7) (0.3, 0.6, 0.4) (0.8, 0.2, 0.1) (0.4, 0.5, 0.6) (0.8, 0.4, 0.2) 


Muhammad Sagqlain and Sana Moin, Single and Multi-valued Neutrosophic Hypersoft set and Tangent Similarity Measure 


of Single valued Neutrosophic Hypersoft Sets 


Neutrosophic Sets and Systems, Vol. 32, 2020 322 
Table 9: Decision maker Neutrosophic values for Skills 
L* (Skills) d' ae d? d* a 
Compassionate (0.6,0.4,0.5) (0.7, 0.5, 0.3) (0.6, 0.4, 0.3) (0.6, 0.2, 0.1) (0.4, 0.5, 0.3) 
Problem solving (0.8, 0.2,0.4) (0.7, 0.3, 0.2) (0.8, 0.3, 0.1) (0.3, 0.4, 0.5) (0.3, 0.5, 0.8) 
Communicative (0.5,0.3,0.4) (0.6, 0.3, 0.4) (0.5, 0.7, 0.2) (0.8, 0.4, 0.1) (0.7, 0.4, 0.3) 
Leadership (0.4, 0.9,0.6) (0.8, 0.4, 0.2) (0.2, 0.6, 0.5) (0.7, 0.5, 0.2) (0.6, 0.4, 0.7) 


Multi-valued neutrosophic hyper soft set is define as 


F: (Li x L* x L? x L*) > P(é) 


Let’s assume F(£) = F(DNB,10 yr, male, compassionate) = {d*, d*} 


Then multi-valued neutrosophic hyper soft set of above assumed relation is 


F(£) = F(DNB, 10 yr, male, compassionate) = { 


<« d', (DNB{0.8, 0.2, 0.4}, 10 yr{0.7, 0.2, 0.3}, male{0.5, 0.6, 0.9}, compassionate {0.6, 0.4, 0.5}) >, 
<« d*(DNB{0.6, 0.3, 0.2}, 10 yr{0.5, 0.4, 0.3}, male{0.8, 0.5, 0.4}, compassionate {0.6, 0.2,0.1}) >} 


Its tabular form is given as 


Table 10: Tabular Representation of Multi-valued Neutrosophic Hypersoft Set 


F(£) 

dt a 
= F(DNB, 10 yr, male, compassionate ) 
DNB (0.8, 0.2, 0.4) (0.6, 0.3, 0.2) 
10 yr. (0.7, 0.2, 0.3) (0.5, 0.4, 0.3) 
Male (0.5, 0.6, 0.9) (0.8, 0.5, 0.4) 
Compassionate (0.6, 0.4, 0.5) (0.6, 0.2, 0.1) 


3.3: Tangent similarity measures for single valued neutrosophic hypersoft set 

Let R =< x, TR(F(R)), IX(F(R)), FR(F(R)) > and § =< x,TS(F(R)), S(F(Q)), (F(R) > ~~ be two 
single valued neutrosophic hypersoft set(SVNHSS) for F(%). Tangent similarity measure for these 
sets to measure the similarity between them is presented as 


Tins) = ean yi E — tan Ges )| + xe 
F(3) 
3.3.1: Proposition 
Tangent similarity measure between two single valued Neutrosophic hypersoft set Tsyyuss(R, S) 
satisfies the following properties. 

1. O<Toywuss(R,S) <1 

2. Tsvnnss(R,S) = 1if and only if R=S 

3. Tsvwuss(R, S) — Tsvwuss(S, R) 

4. If O is a SVNHSS and RCSCO then Tsyyyss(R, 9) < Tsvvnss(R,S$) and Tsyyuss(R, 0) < 


Tsvuuss(S, 0). 


It is easy to see that the define similarity measure satisfies the above properties easily so the proofs 


are left for the reader. 


Muhammad Sagqlain and Sana Moin, Single and Multi-valued Neutrosophic Hypersoft set and Tangent Similarity Measure 
of Single valued Neutrosophic Hypersoft Sets 


Neutrosophic Sets and Systems, Vol. 32, 2020 323 


3.4: Decision making using single-valued neutrosophic hypersoft set based on the tangent 
similarity measure 

Let L',L’,L°... L” be the distinct set of participants, M*,M*,M*...M" by the set of norms for 
participants and N*,N*,N°... N" be the set of options for each participant. By using a decision- 
making technique, the decision-makers add ranking of options concerning each participant. This 
ranking gives the effectiveness of participants L against the norms of participants M then theses 
values associated with the options for multiple attribute decision making. Algorithm of this 
procedure are given below 

3.4.1: Algorithm 

Step 1: Determine the association between participants and the norms. 

The association between participants and the norms is given by the below decision matrix in terms 


of single-valued Neutrosophic hyper soft sets. 


Table 21: Association between participants and the norms in term of SVNHSS 


m1 M+ - Mm” 
L* (Ty La F11) (T12, 112, Fi2) sae (Tin Lins Fin) 
L? (T34, 121, Fo1) (T22, 122, F22) vue (Toms Ions Fon) 
Le (Tmt) Imp Fa) (Tm) Im2 Fin2) aes (Tins Law Ean) 


Step 2: Determine the association between norms and options. 
The association between the norms and the options is given by the below decision matrix in terms of 


single-valued Neutrosophic hypersoft sets. 


Table 22: Association between the norms and the options in term of SVNHSS 


N} N? " Nk 
M* (Ty dia Fir) (T12, 142) Fi2) one (Th Lik, Fix) 
M? (T91, 101, Fo1) (T22, 122, F22) one (Tok Logs Fox) 
M" ae (Tn In2,Fn2) ons AT ev leven Pate) 


Step 3: Determine the association between participants and options. 
The association between participants and the options is determined with the help of tangent 


similarity measures for single-valued neutrosophic hypersoft numbers. 
Step 4: Decision of best option 
The best option is decided by arranging the results in the descending orders and choosing the highest 


value as the highest value represents the best option for the participants. 


Muhammad Sagqlain and Sana Moin, Single and Multi-valued Neutrosophic Hypersoft set and Tangent Similarity Measure 
of Single valued Neutrosophic Hypersoft Sets 


Neutrosophic Sets and Systems, Vol. 32, 2020 324 


MADMI Problem 


(vfulti Attribute Decision Making} 









Set of participants Set of norms Set of options 





Relation between participants Felation between the norms 
and the norms and options 


Relation behveen Participants 
and the opt ons with the help 
of tanzent similarity measures 


Decision of best option 





Figure 1: Algorithm design for the proposed technique 


4. Example 


We have seen a large number of the matches that a team loses because of improper selection of 
players. we can't choose which player is perfect for which sort of matches like the test, ODI and T20 
due to the presence of the huge amount of uncertainties and a large volume of information about the 
players. With such a piece of vast information, we are unable to focus on every aspect because we 
may have the cases in which we have the same truth membership, indeterminate membership, and 


falsity membership values. 


To overcome this issue, let us consider an illustrative example by using proposed method for the 
selection of the players in any type of match which is significant for cricket board as cricket board is 
the administering body for cricket in the state and the selection of cricket crew is likewise a key duty 
of cricket board. For this purpose, let us consider two sets, u, and 1. u be the set of players and 1 be 
the set of type of matches played by players i.e. 

u = { P1, P2, P3, P*, PS, P®, P7, P®, P?, p10, p11, p12 p13) and 

yn = { Test match, ODI match, T20 match}. 
C be the set of attributes corresponding to u and n. 

(1 = Players Strike Rate,(? = Players Average, ¢? = Players Economy, ¢* = Players attitude, 


(> = Players Fitness test 
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And respective attributes for the above-mentioned attributes are given as 
c' = Players Strike Rate(PSR) = {below 40, 40 — 60, 60 — 80,80 — 100, 100 — 150,150 above} 
c* = Players Average(PAv) = {below 30,30 — 50,50 — 70,70 above} 
c? = Players Economy(PE) = {below 3,3 — 7,7 — 13, above 13} 
c* = Players attitude(PA) = {coperative, rude, emotional, moody} 
c° = Players Fitness test(PFT) = {passed, not passed} 
Then Neutrosophic Hypersoft set is given as 
E(C XG xo Xe xo) =P) 
And F:(¢' x ¢* x ¢° x ¢* XG?) > P(m) 
Let’s assume F(a) = F(100 — 150,30 — 50, above 13, cooperative, passed) = {P', P?, P®, P®, P?} 
and 
F(C) = F(100 — 150,30 — 50, above 13, cooperative, passed) = {Test match, ODI match, T20 match} 
Now using the proposed tangent similarity measures for single-valued neutrosophic hypersoft sets, 
we will decide which player is best for which type of match. For this purpose first we will provide 
ranking between {100 — 150,30 — 50, above 13, cooperative, passed} and {P*,P*,P®,P®,P?} in 
terms of the single-valued neutrosophic hypersoft sets. In the 2™4 step we will provide ranking 
between {100 — 150, 30 — 50, above 13, cooperative, passed} and 
{Test match, ODI match,T20 match} . In the 3 step, we will find a correlation between 
{P*,P°,P®,P®,P?} and{Test match, ODI match, T20 match} using Tsyyyss. In the last step, we will 
decide by arranging the results in the descending order and selecting the highest value. 
Step 1: Determine the association between {P',P*,P®°,P®,P’} and {100—-150,30— 
50, above 13, coperative, passed}. 
The association between {100 — 150, 30 — 50, above 13, cooperative, passed} and 
{P*, P°, P®, P®, P?} is given by the below decision matrix in terms of single-valued Neutrosophic 


hypersoft sets. 


Table 13: Association between {P?, P?, P®, P®, P?} and {100 — 150,30 — 50, above 13, coperative, passed} in 
term of SVNHSS 


100—150(PSR) 30-—50(PAv) Abovei13(PE) Cooperative (PA) Passed (PFT) 


p? (0.7,0.3,0,2) (0.4, 0.5, 0.7) (0.5,0.3,0.8) (0.7, 0.6, 0.4) (0.5, 0.3, 0.7) 
p3 (0.5,0.4,0.7) (0.3, 0.6, 0.2) (0.5, 0.4,0.5) (0.3, 0.2, 0.1) (0.7, 0.3, 0.6) 
pé (0.8,0.2,0.1) (0.9, 0.4, 0.1) (0.6,0.1,0.2) (0.9, 0.5, 0.3) (0.6, 0.3, 0.2) 
pe (0.9,0.1,0.3) (0.8, 0.5, 0.2) (0.7,0.4,0.2) (0.5, 0.2, 0.1) (0.8, 0.2, 0.1) 
Pp? (0.6,0.3,0.3) (0.5, 0.4, 0.3) (0.8, 0.3, 0.2) (0.9, 0.2, 0.1) (0.4, 0.5, 0.7) 


Step 2: Determine the association between {Test match, ODI match, T20 match} and {100 — 
150,30 — 50, above 13, coperative, passed}. 

The association between {100 — 150,30 — 50, above 13, cooperative, passed} and 
{Test match, ODI match, T20 match} is given by the below decision matrix in terms of single-valued 


Neutrosophic hypersoft sets. 
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Table 14: Association between {100 — 150,30 — 50, above 13, coperative, passed} and 
{Test match, ODI match,T20 match} in term of SVNHSS 


Test match ODI match T20 match 
100 — 150(PSR) (0.7, 0.5, 0.3) (0.6, 0.4, 0.3) (0.4, 0.5, 0.3) 
30 — 50(PAv) (0.7, 0.3, 0.2) (0.8, 0.3, 0.1) (0.3, 0.5, 0.8) 
Above 13(PE) (0.6, 0.3, 0.4) (0.5, 0.7, 0.2) (0.7, 0.4, 0.3) 
Cooperative (PA) (0.5, 0.4, 0.5) (0.9, 0.2, 0.1) (0.5, 0.2, 0.1) 
Passed (PFT) (0.6, 0.4, 0.7) (0.3, 0.6, 0.4) (0.8, 0.2, 0.1) 


Step 3: 
{P1, P?, P®, P®, P?}, 


Determine the association between {Test match, ODI match,T20 match} and 


The association between {P', P?,P®,P®,P?} and{Test match, ODI match, T20 match} is determined 


with the help of tangent similarity measures for single-valued neutrosophic hypersoft numbers. 


Table 14: Association between {P', P?, P®, P®, P?} and {Test match, ODI match,T20 match} using tangent 


similarity measure for SVNHSS 


Test match ODI match T20 match 
Pe 0.8728 0.7752 0.8137 
Pe 0.8513 0.8143 0.8627 
p® 0.8786 0.8519 0.7798 
p8 0.8463 0.8402 0.8875 
p? 0.8729 0.8997 0.8289 


Step 4: Decision of best option 

The best option is decided by choosing the highest value as the highest value represents the best 
match type for the players. The table shows that player P* should be selected for a test match, player 
P? should be selected for the T20 match, player P® should be selected for a test match, player P® 
should be selected for T20 match and player P? should be selected for ODI match. 


5. Conclusions 


Decision-making is a complex issue due to vague, imprecise and indeterminate environment 
specially, when attributes are more than one, and further bifurcated. Neutrosophic softset 
environment cannot be used to tackle such type of issues. Therefore, there was a dire need to define 
a new approach to solve such type of problems. 

In this paper, we have proposed a single-valued Neutrosophic hypersoft set and multi-valued 
neutrosophic hypersoft set, then using a single-valued Neutrosophic hypersoft set we present a 
tangent similarity measure and some of its properties. We have also presented an application namely 
selection of cricket team players for any type of match based on multi-attribute decision making using 


tangent similarity measure. The concept of this paper is to make our decision more precise. 
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Abstract: Neutrosophic sets are a generalization of the crisp set, fuzzy set, and intuitionistic fuzzy 
set for representing the uncertainty, inconsistency, and incomplete knowledge about the real world 
problems. This paper aims to characterize the solution of complex programming (CP) problem with 
imprecise data instead of its prices information. The neutrosophic complex programming (NCP) 
problem is considered by incorporating single valued trapezoidal neutrosophic numbers in all the 
parameters of objective function and constraints. The score function corresponding to the 
neutrosophic number is used to transform the problem into the corresponding crisp CP. Here, 
Lexicographic order is applied for the comparison between any two complex numbers. The 
comparison is developed between the real and imaginary parts separately. Through this manner, 
the CP problem is divided into two real sub-problems. In the last, a numerical example is solved for 
the illustration that shows the applicability of the proposed approach. The advantage of this 
approach is more flexible and makes a real-world situation more realistic. 


Keywords: Complex programming; Neutrosophic numbers; Score function; Lexicographic order; 
Lingo software; Kuhn- Tucker conditions; Neutrosophic optimal solution 


1. Introduction 


In many earlier works in complex programming, the researchers considered the real part only 
of the complex objective function as the objective function. The constraints of the problem are 
considered as a cone in complex space C". Since the concept of complex fuzzy numbers was first 
introduced [17], many researchers studied the problems of the concept of fuzzy complex numbers. 
This branch subject will be widely applied in fuzzy system theory, especially in fuzzy mathematical 
programming, and in complex programming too. 

Complex programming problem was studied first by Levinson who studied the linear 
programming (LP) in complex space [39]. The duality theorem has extended to the quadratic complex 
programming by an adaption of the technique, which introduced by Dorn [27, 22]. The linear 
fractional programming in complex space has proposed [45]. Linear and nonlinear complex 


programming problems were treated by numerous authors [24, 33- 37, 41]. In applications, many 
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practical problems related to complex variables, for instance, electrical engineering, filter theory, 
statistical signal processing, etc., were studied. 

Some more general minimax fractional programming problem with complex variables was 
proposed with the establishment of the necessary and sufficient optimality conditions [36, 37]. A 
certain kind of linear programming with fuzzy complex numbers in the objective function coefficients 
also considered as complex fuzzy numbers [52]. The hyper complex neutrosophic similarity measure 
was proposed by numerous authors [29]. Also, they discussed its application in multicriteria decision 
making problem. There was proposed an interval neutrosophic multiple attribute decision-making 
method with credibility information [50]. Later, the multiple attribute group decision making based 
on interval neutrosophic uncertain linguistic variables was studied [51]. 

An extended TOPSIS for multi-attribute decision making problems with neutrosophic cubic 
information was proposed [42]. A single valued neutrosophic hesitant fuzzy computational 
algorithm was developed for multiple objective nonlinear optimization problem [9]. A computational 
algorithm was developed for the neutrosophic optimization model with an application to determine 
the optimal shale gas water management under uncertainty [10]. The interval complex neutrosophic 
set was studied by the formulation and applications in decision-making [11]. A group decision- 
making method was proposed under hesitant interval neutrosophic uncertain linguistic environment 
[40]. The neutrosophic complex topological spaces was studied, and introduced the concept of 
neutrosophic complex aw connectedness in neutrosophic complex topological spaces [30]. 

A computational algorithm based on the single-valued neutrosophic hesitant fuzzy was developed 
for multiple objective nonlinear optimization problems [9]. A neutrosophic optimization model was 
formulated and presented a computational algorithm for optimal shale gas water management under 
uncertainty [10]. A multiple objective programming approach was proposed to solve integer valued 
neutrosophic shortest path problems [32]. Some linguistic approaches were developed to study the 
interval complex neutrosophic sets in decision making applications [39]. 

Neutrosophic sets were studied to search some applications in the area of transportations and 
logistics. A multi-objective transportation model was studied under neutrosophic environment [43]. 
The multi-criteria decision making based on generalized prioritized aggregation operators was 
presented under simplified neutrosophic uncertain linguistic environment [46]. Some dynamic 
interval valued neutrosophic set were proposed by modeling decision making in dynamic 
environments [48]. A hybrid plithogenic decision-making approach was proposed with quality 
function deployment for selecting supply chain sustainability metrics [1]. Some applications of 
neutrosophic theory were studied to solve transition difficulties of IT-based enterprises [2]. 

Based on plithogenic sets, a novel model for the evaluation of hospital medical care systems was 
presented [3]. Some decision making applications of soft computing and IoT were proposed for a 
novel intelligent medical decision support model [4]. A novel neutrosophic approach was applied to 
evaluate the green supply chain management practices [5]. Numerous researchers studied the under 
type-2 neutrosophic numbers. An application of under type-2 neutrosophic number was presented 
for developing supplier selection with group decision making by using TOPSIS [6]. An application 
of hybrid neutrosophic multiple criteria group decision making approach for project selection was 
presented [7]. The Resource levelling problem was studied in construction projects under 


neutrosophic environment [8]. 
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The N-valued interval neutrosophic sets with their applications in the field of medical diagnosis was 
presented [16]. Based on the pentagonal neutrosophic numbers, the de-neutrosophication technique 
was proposed with some applications in determining the minimal spanning tree [18]. The pentagonal 
fuzzy numbers were studied with their different representations, properties, ranking, defuzzification. 
The concept of pentagonal fuzzy neutrosophic numbers was proposed with some applications in 
game and transportation models [19- 20]. Various forms of linear as well as non-linear form of 
trapezoidal neutrosophic numbers, de-neutrosophication techniques were studied. Their application 
were also presented in time cost optimization technique and sequencing problems [21]. The 
parametric divergence measure of neutrosophic sets was studied with its application in decision- 
making situations [25]. A technique for reducing dimensionality of data in decision-making utilizing 
neutrosophic soft matrices was proposed [26]. 

In this paper, we aim to characterize the solution of complex programming (NCP) neutrosophic 
numbers. The score function corresponding to the neutrosophic number is used to convert the 
problem into the corresponding crisp CP, and hence lexicographic order used for comparing between 
any two complex numbers. The comparison developed between the real and imaginary parts 
separately. Through this manner, the CP problem is divided into two real sub-problems. 

The outlay of the paper is organized as follows: In section 2; some preliminaries are presented. In 
section 3, a NCP problem is formulated. Section 4 characterizes a solution to the NCP problem to 
obtain neutrosophic optimal solution. In section 5, two numerical examples are given for 


illustration. Finally some concluding remarks are reported in section6. 


2. Preliminaries 


In order to discuss our problem conveniently, basic concepts and results related to fuzzy 
numbers, trapezoidal fuzzy numbers, intuitionistic trapezoidal fuzzy numbers, neutrosophic set, and 
complex mathematical programming are recalled. 

Definition 1. (Trapezoidal fuzzy numbers, Kaur and Kumar [31]). A fuzzy number 
A= (r,S,t,u) is a trapezoidal fuzzy numbers where r,S,t,u € IR and its membership 
function is defined as: 

x—Ir 


—_, Vr 
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s—r 
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—xX 


~~ 
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<x 
~(X) = aed 
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0, otherwise, 
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Definition 2 (Intuitionistic fuzzy set, Atanassov, [12]). A fuzzy set A is said to be an intuitionistic 


~IN ~IN 
fuzzy set A of anonempty set Xif A = {(x, HIN, PIN) ‘XE xt where HIN , and PIN are 


membership and nonmembership functions such that HIN , pxin:X > [0,1] and O S pain + 


pain <1, forall xEX. 
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~IN 
Definition 3 (Intuitionistic fuzzy number, Atanassov, [13]). An intuitionistic fuzzy set A of R is 


called an Intuitionistic fuzzy number if the following conditions hold: 
1. There exists c € R:pgin(c) = 1, and pzin(c) = 0. 
2.  ugin: R- [0,1] is continuous function such that 
O < ugin + pgin S 1, for all x € X. 


—~IN 
3. The membership and non-membership functions of B are: 


0, —-o< x<r 
h(x), r= xs 
gin (x) = 1, <= s 
I(x), s<x<t 
0, t<x < o, 
0, -o< x<a 
f(x), a<x<s 
Pgin(X) = 1, xX =S 
g(x), s<x<b 
0, b<x<o, 


Where f, g,h, 1: R-> [0,1], h and g are strictly increasing functions, | and f are strictly 
decreasing functions with the conditionsO < f(x) + f(x) < 1, and0 < I(x) + g(x) < 1. 


Definition 4 (Trapezoidal intuitionistic fuzzy number, Jianqiang and Zhong, [28]). 


~IN 
A trapezoidal intuitionistic fuzzy number is denoted byB = (I,S,t,U),(a,S,t,b), where a<rs< 


Ss <t <u <b with membership and nonmembership functions are defined as: 


—r 
a roix<s, 
s-r 
i (x) 1, s<x<t, 
pINT = 7 
E = t<x<u, 
u-t 
0, otherwise, 
s- 
eae asx<s, 
S-a 
; (x) 0, s<x<t, 
BINT = —t 
—, t<x <b; 
b-t 
1, otherwise, 


—N 
Definition 5 (Neutrosophic set, Smarandache, [44]). A neutrosophic set B of non-empty set X is 


defined as: 


B> = {(x, I,n00, JanC0, Van(x)):x € X, Ln (X), Jan, Vanco) € JO_,1*[ }, where 


[nN (x), Jan (x), and ViN (x) are truth membership function, an indeterminacy- membership 


function, and a falsity- membership function and there is no restriction on the sum of 
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[_n(X), Jan @, and Vin(x) ,so 0 < Ln (X) + Jan @) + Vin(x) <3", and jo_,17| is a 


nonstandard unit interval. 

Definition 6 (Single-valued neutrosophic set, Wang et al., [49]). A Single-valued neutrosophic set 
—SVN —SVN 

B- of anonempty set X isdefinedas: Bo = {(x, ln (x), JaN (x), ViN (x)):x € xt where 
[_w(X), Jan (x), and Vin@) € [0,1] foreach x € X and 0 < Ipn(X) + Jgn(X) + Vin (x) <3. 


Definition 7 (Single-valued neutrosophic number, Thamariselvi and Santhi, [47]). Let Tg, Pp, WE E 
[0,1] and r,s,t,u € R such thatr < s <t < u. Then a single valued trapezoidal neutrosophic 


~N 
number, b = ((r,Ss,t,U): Th Pp OF ) is a special neutrosophic set onIRX, whose truth-membership, 


indeterminacy-membership, and falsity- membership functions are 


xX—Ir 
Tp5N (=), rsx = 8 
s-r 
Tp, s<x<t 


Mg (x) = nee 
ten (=), t<x<u 


u-t 
0, otherwise, 


S—X+ Opn (X-1) 


; rxx<s 
s-r 
on N(x) 2 (5N, s<x<t 
b X—t+ pn (U-x) 
—_—_——,, t=xsu 
u-t 
1 otherwise, 
S—X+Wen(X-Tr) 
—— r<x<s 
s-r 
on (x) _ W5N, Ss £ 
b X—t+@pNn(U-X) 
—_|_——_.,, texsu 
u-t 
1, otherwise. 


Where Tj, Dp, and W,; denote the maximum truth, minimum-indeterminacy, and minimum falsity 


membership degrees, respectively. A single-valued trapezoidal neutrosophic number 
~N 
b =(@,S,t,u): T.N, PN, WN ) may express in ill- defined quantity about b , which is 


approximately equal to [s, t]. 


—~N ~N ! ! ! ! 
Definition 8. Letb = ((r,S,t,wU): TAN, Pen, WN ) andd = (r ,s,t,u iF TAN, PN, WN ) be 


—N 
two single-valued trapezoidal neutrosophic numbers and v # 0. The arithematic operations on b , 


~~ 


and dare 
bN@dN=(r+r,ststtt,utu); ten A Tq, Men V Ogn, WEN V WAN) , 


2, bNOdN=((r—-u',s—t’,t—s',u’ —r); Ten A TqN, MEN V Man, WEN V Wyn), 
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N N ((rr’, ss‘, tt’, uu’); Tpn A TaN, pn V an, WEN V Wan ),U, U’ > O 
oe ((ru’, st’, st’, ru’); T5n A TqN, pn V Pqn, WEN V Wan ),uU <0, u’ > 0 
((uu’, ss’, tt’, rr’); Tgn A TAN, Ppn V qn, WEN V Wan ),U< 0, u’ < O, 


! ! ’ 2 ene 7 - ” _ a ! 
4 BYOaNE nye at owe oe ); TaN A TAN, Ppn V PAN, WEN V Wyn), U, U 3 0, 
((u/u’, t/t’, s/s’,r/r’); TEN A TAN, PpN V Pan, Wen V Wan ),U <0, u' > O, 
((u/r’, t/s’, s/t’, r/u’); Tgn A TAN, pn V Pan, Wen V Wan ),U <0, U' < 0, 


(kr, ks, kt, k); es Os Oe ee O, 


5. kd‘ =f(x)= 
(x) (ku, kt, ks,k r); T. 5 @, , O,. kK <0, 


Definition 9 (Score function of single-valued trapezoidal neutrosophic number, Thamaraiselvi and 


Santhi [47]). A two single-valued trapezoidal neutrosophic numbers b, and dcan be compared 


based on the score function as 
Score function sc(b™ = (=) [r +s+t+ u| x [Hex +(1- Pen (x) + (1 — Opn (x) |. 


Definition 10. (Thamaraiselvi and Santhi, [47]). The order relations between bN and dN based on 


SC (6% are defined as: 
1. If SC(b%) < SC(d™) then bo 2d" 
2. If SC(b’) = SC(d™) then bX xd. and 


3. If SC(b) > SC(d% ) then bN + dN 


3. Problem definition and solution concepts 
Consider the following single -valued trapezoidal neutrosophic (NCP) problem 


(NCP) min FN (x)= Vv (x)+iw' (x) 


Subject to (1) 
= N _ N ~ ae IW i a -.- N 
xE#™* = ‘ ERD = BO) + 1G,%@) <1.” +ih, , 


as Be 2S 8 
where 


5 
5 


cN AN 
convex functions on X" ,C; ,4; , a; ,0, 4, 


are single-valued trapezoidal neutrosophic numbers. 
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Definition 11. Lexicographic order of two complex numbers Z, =@+1 b, and Z,=C +id is 


defined as Z, $2, @ASC and b<d. 


Definition 12. A neutrosophic feasible point x” is called single-valued trapezoidal neutrosophic 


optimal solution to NCP problem if: 
v (x’) <7 (x),and w (x") <w (x) foreach xc X%. 


According to the score function in Definition 9, the NCP problem is converted into the following crisp 


CP problem as 
(CP) Min Fix) = vGx) + iwtx) 
Subject to (2) 


x€X ={x €R": FO) =p) +i@¢-@)= 41th, r= 1,2.,...,;m} 


4. Characterization of neutrosophic optimal solution for NCP problem 


To characterize the neutrosophic optimal solution of NCP problem, let us divide the CP problem 


into the following two subprobems 


(,) Min (¥) 


Subject to (3) 


xE€X ={x € R": fF) = p,-(x) +i¢-@) <1.+ih,, r=1,2,...,m}, and 


(P,) Min Ww) 
Subject to (4) 


xe X={xeR" f(x) =p. (x)+ig, (x) <1, +ih.,r 12m), 
Definition 13. x ¢_X is said to be an optimal solution for CP problem if and only if v (x’ < v(x) 
and w(x ) < w(x) foreach x eX. 


Let us denote S, and Sy, be the set of solution for P and P w respectively, i.e., 


S, = {x € X: v(x ) = v(x); forall x € X}, and 
(5) 


S, =|x' eX: v(x") < v(x); for allx eX}. (6) 
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Lemma 1. For 9, 1S, # ©, the solution of the CP problem is embedded into S,S,,. 
Proof. Assume that X be a solution of CP problem this leads to v(x ) < v(x); Vx EX ie, 
Xe S,) . Similarly, w(x ) < w(x); Vx EX (ie, x € S,, ) Then, XE S, OS,. 
Lemma 2. If S, and 5, are open, S, AS, = 0, and V, Ware strictly convex functions on X then 
xX € S, is a solution of a conjugate function F(x) = v(x) —1W (x). 
Proof. Since x Es, then v(x )<v(x);vx EX . Also, 
v(x )<v(x");Vx" eS, CX (7) 
Paes < S\, which means that w(x’) < v(x: );V xX eS, CX and -iw (x ‘) >—1W (x") 
ie. 
—1W (x')<-iw (x") (8) 
From (7) and (8), we get 
v(x )-iw (x") < v(x" )-iw (x "); Vx ie eee Bare 
Xx € S, is a solution of a conjugate function F(x) = v(x) —1W (x) . Now we will prove that there 
isno X €Xand X € S, such that: 
F(£)=v(¥)—-iw(¥)<F(x )=v(x )-i w(x’). (9) 
There are two cases: 


Case 1: Assume thatx eX X €S\,x eS, and v(¥)—-iw(x) <v(x')-iw(x Jie, 
w(x )<w/(¥ ). From the strictly convexity of the function w(x) and S, is open, then 
w(x Ee (I-t)x )<rw (x )+(1-t) w(x ),0<r<1, this leads to 

w(tx + (1-t)x’ )<cw (x )+(1-t)w(x Jie, 


For certain Tsuch that TX + (1 = ) X €S, ,we have 
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w(tx +(I-1)x ) <w (x) .Which contradicts to xX ES, ie, there is no 
x EX, x €S,, X ES, such that: 

F(x) =v(x)-iw(¥)<F(x )=v(x )-iw(x ), 
Case 2: Assume that ¥ EX ,x €5,,x €S, and v(#)-iw(x)<v(x' )-iw(x Jie, 
v (x) <v (x") , and w (x") <w (2 ).Since the function v(x) is strictly convex and 5S), is open, 


then 


v(t x + (1-t)x )<cv (x')+(1-t)v(¥),0<7 <1 This leads to 
v(t x + (1-t)x ) <TV (x')+(1-t) v(x), Le., for certain T, We have 
tx +(1-r)x eS), such that TX +(1-7)x ES) ,we have 


v(t x +(1-1)x ] < v(x: ] _Contradicts thatX € S.,. 
Thus, there is no x €X such that: 


v(x )—i w(x )<v(x )=i w(x: ] 


5. Numerical examples 


Examplel1. (Illustration of Lemma!) 


Consider the following complex problem 
min (cosx +i sinx ) 
Subject to (10) 
xeX={xeR:0<x<a} 
Problem (10) is divided into the following two problems as: 
(P, ) min cosx 
Subject to (11) 


x€NX—{x € R:0 =x = mn}, and 


(Py) Min sin x 


Subject to (12) 
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xEX =f € RB:0 =x = zy}, 


The optimal solution of problem (11) is X=7E S, ,iie, S, = {70 \ Also, the 
optimal solution of problem (12) is x=0,7, i.e, S, = {0,7 \ Thus, the optimal solution of 


problem (10)is X=7E S, AS,. 


Example2. (Illustration of Lemma2) 


Consider the following NCP problem: 
Min FN (x)= (é,*x, +6,°X, ) +1 (d,x, —d,%x, 
Subject to (13) 


— WW 2 =~ NO 2), =e fx ww NN. — oN 4 ;XN 
(Pas xy + P22 xZ)+i (qi xXy + G2 ae oe +ig”.- 


Where, 

4=,™° = (5.3.10, 14;03,06,0-6). 

-=,.™ = (0,1,3,.6:0.7,0.5,0-3). 

i —%. 82-11.25;,0.6,. 03. 8:2>, 

a,” — €16, fe.22. 30:6. 0:2, o.%). 
B11 = Boo” = (0.,1,3.6: 0.7,0.5,0.3)., 
i — £8,235, 6; 06:7, 06.5;,03)— Bs. 
evn — (4,8,11,15;0.6,0.3, 0.2), 

oY = (0,1,3, 6;:0.7,0_5, 0-3). 


Using the score function of the single- valued trapezoidal neutrosophic number introduced in 
definition9, problem (13) becomes: 
Min F(x) = (3x, + X,)+i @. =i Ix, ) 
Subject to (14) 
Ki + x5 +i(x, -x,)S5+i. 


According to the Lexicographic order, the problem is divided into the following two subproblems as: 


(P ) Min v(x) =3x, ee 


Vv 


Subject to (15) 
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(450 <5, =x, 1 
X; TX, SI, Ay ~ Ay S41, and 


(P Min w(x)=5x, -L1x, 


W 
Subject to (16) 
x +x><5,.x,-x, <l 
1 poy Ap 


By applying the Kuhn- Tucker conditions [14, 22], the optimal solutions of problems (15), (16) and 


problem (9) are illustrated in the following tables. 


Table 1. The set of solution of (P,) 


; P,=—-7 
Bp,” = (-34, —23, -17, —10; 0.3, 0.6, .06) 





Table 2. The set of solution of (P,,) 


P, =—21 


Bp,” = (—60, —44, —34, —24; 0.6, 0.3, 0.4) 





Therefore, S$, AS, = @ and the solution of problem S,, is not a solution of the conjugate function 


v(x) — i w(x) , because of v(x), and w(x) are not strictly convex functions. 


6. Concluding Remarks 


In this paper, the solution of complex programming (NCP) with single valued trapezoidal 
neutrosophic numbers in all the parameters of objective function and constraints has characterized. 
Based on the score function definition, the NCP has converted into the corresponding crisp CP 
problem and hence Lexicographic order has used for comparing between any two complex numbers. 
The comparison has developed between the real and imaginary parts separately. Through this 
manner, the CP problem has divided into two real sub-problems. The main contribution of this 
approach is more flexible and makes a situation realistic to real world application. The obtained 
results are more significant to enhance the applicability of single-valued trapezoidal neutrosophic 
number in various new fields of decision-making situations. The future research scope is to apply the 
proposed approach to more complex and new applications. Another possibility is to work on the 


interval type of complex neutrosophic sets for the applications in forecasting filed. 
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Abstract. Usually, companies confront the difficulty to make the best decision about the way to invest 
their recourses in different project alternatives. The company acquires competitive advantages when 
their software development projects are well evaluated and correctly selected. Selecting projects in the 
Information Technology field presents challenges in many senses; e.g., the difficulty that entails as- 
sessing intangible benefits, projects are interdependent and companies impose self-constraints. In addi- 
tion, the framework to make the decision is generally uncertain with many unknown factors. This pa- 
per aims to propose a model that integrates methods, techniques and tools such as the Balanced Score- 
card Model, neutrosophic Analytic Hierarchy Process and zero-one linear programming. The proposed 
model is designed to select the best portfolio of Information Technology projects, it overcomes the ob- 
stacles mentioned above and can be coherently incorporated in the strategic plan process of any com- 
pany. In addition, it eases the course of experts’ decision making, because it is based on Neutrosophy 
and hence incorporates the indeterminacy term. 


Keywords: Information Technology Project, Balanced Scorecard Model, Neutrosophic Analytic Hierarchy 
Process, zero-one linear programming. 


1. Introduction 


According to the guide to the project management body of knowledge (PMBOK) [1], “project 
management is the application of knowledge, skills, tools and techniques to projects activities to meet 
project requirements”. The guide to the PMBOK also makes reference to the multiple project man- 
agement. Some authors acknowledge that sometimes exist missing or vaguely defined processes in 
any commercial corporations; some of them are the coordination in a multi-project environment and 
the strategic processes [2]. 

Later on, Project Management Institute published in detail additional standards for the Programs 
and Portfolio management [1, 3, 4]. A Program is defined as a related group of projects, which are co- 
ordinately managed to obtain benefits and controls, under the constraint that these benefits and con- 
trols would not be available, in the case they were managed individually. 

On the other hand, a Project Portfolio is a group of projects performed during a certain time span 
and which share common resources. Some kinds of relationships that can exist among the projects are 
complementariness, incompatibility and synergies, which are derived from the division of costs and 
benefits obtained from the performance of more than one project simultaneously [5]. See schematized 
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of an example in Fig. 1. 

The foundations of project portfolio management have been developing since the seventies. Its 
roots can be found in the theory of Harry Markowitz, which deserved the Nobel Prize in Economic 
Sciences. He shared this award with Merton H. Miller and William F. Sharpe, for their work in the 
field of financial economics theory. Its basic contribution is the "portfolio choice theory". He proposed 
a model for the choice of a portfolio of securities in conditions of uncertainty in which it reduced it to a 
two-dimensional dilemma: the expected income and the variance. 

Nevertheless, some authors point out that significant differences exist between the theory of pro- 
ject portfolio management and Markowitz’s theory [6, 7]. 

Four of the six responsibilities in project portfolios management, which were emphasized by Ken- 
dall and Rollins, are the following, [8]: 

e To determine a suitable combination of projects such that the company’s goal could be 
achieved. 

e To attain an adequate balance in the portfolio, where the combination of projects has an 
adequate balance between risks and rewards, research and development and so on. 

e To assess the possible existence of new opportunities for the present portfolio, taking into 
account the company’s capacity for execution. 


e To provide information and recommendations for decision makers at every level. 








= 
= 


Figure 1: Scheme of a possible Portfolio-Program-Project relationship 








The project portfolio management is inherently strategic, it is more related to efficacy (to perform 
the adequate project) than the efficiency (to execute the project correctly). It should avail a framework 
of work for assessing decisions about to invest, maintain and remove [9]. 

According to the reports of A. T. Kearney, which is an American global management consulting 
firm that focuses on strategic and operational CEO-agenda issues, the plan in investment projects have 
barely changed in enterprises since the 1920s, see [10]. The forthcoming necessities of the company are 
not forecasted, instead, decision makers assign the budget that they consider sufficient to carry out 
each project individually, no doubt this is a drawback, see [11, 12]. The second drawback is when de- 
cision makers do not identify potential synergies that could exist among the projects and therefore, 
unexpected increases in project costs could arise. 

Kaplan and Norton introduced a framework of work to measure the effectiveness of a company; 
they called it Balanced Scorecard (BSC). This model integrates four perspectives, namely, financial, 
customer, business process and learning and growth [13]. Additionally, this is a way to display the 
strategies inside the company. Particularly, BSC is useful to select measures that guarantee the balance 
in project portfolios of Information Technologies [6]. 

The relationship existing between strategy and Project Management is a subject that has consider- 
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ably evolved during the years pass. One example is project portfolio management, consisting of a 
close relationship that connects strategy with Project Management by selecting and prioritizing those 
projects which satisfy strategic objectives. Both selection and prioritization are based on criteria that 
could perfectly coincide with indicators proper of the Balanced Scorecard model designed for this 
company [5, 8]. 

The economic importance of Information Technology projects is evident. Frequently, Information 
Technology projects represent a significant portion of the set of projects inside a company [2]. In the 
present-day, the hardware is considered as a commodity, whereas software provides the major part of 
a computational system [14]. 

Information Technology (IT) management is a subject that has quickly grown since the very near 
past. Pells in [15] presented the factors which have repercussions on the growth of the IT projects 
management, they are the following: 

e The massive investment in IT all over the world. 

e The natural orientation of the project management toward the IT industry. 
e The fast change of technologies. 

e Failures in IT projects. 

e The arrival of the Information Era. 

e IT embraces every industry, company and project. 

When these factors are taken into consideration as a whole, they conduce to other important trends 
and developments in the fields of project management, project portfolio management and complex 
project management. 

In this present research, the authors used a balanced scorecard model as a tool to determine the 
coherence of the project with company’s strategy, particularly considering their perspectives. Moreo- 
ver, the criteria to determine the project feasibility have been included. The proposed model is based 
on the balanced scorecard model, neutrosophic analytic hierarchy process and zero-one linear pro- 
gramming. 

The analytic hierarchy process (AHP) was created by Aczél et al. [16]. It is a well-known mul- 
ticriteria decision-making technique founded on mathematics and cognitive psychology. This tech- 
nique has been widely applied to make decisions in complex situations. 

Buckley in [17, 18] designed a fuzzy hierarchical analysis, where the crisp decision ratio of the clas- 
sical AHP is substituted by a fuzzy ratio represented by a trapezoidal membership function. This ap- 
proach introduces uncertainty and imprecision from the fuzzy viewpoint. 

Abdel-Basset et al. in [19] designed a neutrosophic AHP-SWOT model, based on neutrosophic sets, 
where a neutrosophic set is a part of neutrosophy that studies the origin, nature and scope of neutrali- 
ties, as well as their interactions with different ideational spectra [20]. The neutrosophy included for 
the first time the notion of indeterminacy in the fuzzy set theory, which is also part of real-world sit- 
uations. Neutrosophic AHP permits that experts could express their criteria more realistically, by in- 
dicating the truthfulness, falseness and indeterminacy of the decision ratio. 

This paper aims to present a new mathematical model to select the best information technology 
projects. In the first step, a balanced scorecard model is applied to establish the criteria selection. The 
second stage consists in applying a neutrosophic AHP technique, where crisp weights of project im- 
portance are output. During this step neutrosophic triangular numbers and the operations among 
them are used for calculating. These weights of each project's importance are inputs to the third stage. 
The third stage consists of a zero-one linear programming model for selecting the best projects that 
satisfy the feasible constraints. 

Hybridizing different Multicriteria Decision-Making (MCDM) methods for creating new project 
selection models have become recurrent in the literature that is why the model proposed in this paper 
can also be of interest to researches and decision makers. In [21] the state of the art in project selection 
problem is studied for 60 papers published in the period from 1980 to 2017 and it is concluded that the 
most popular techniques to perform hybridizations are the Order of Preference by Similarity to Ideal 
Solution (TOPSIS) and the analytic hierarchy process / analytic network process followed by the VI- 
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KOR method. For example, in [22] the AHP technique is hybridized with PROMETHEE with the goal 
of urban renewal project selection. Papers in [23-30] introduce the hybridization of methods and tech- 
niques of MCDM within the framework of neutrosophy, obtaining more complete models than those 
based on fuzzy logic theory because uncertainty in decision-making also incorporates indeterminacy. 

In addition that the hybridization of MCDM methods seems to be an inexhaustible source of creat- 
ing new models for project selection, the model proposed in this paper differs from the rest of the sim- 
ilar ones. This is specifically designed to select information technology projects, which is why the Bal- 
anced Scorecard is included to guide the managers on which aspects to test in decision-making. BSC is 
so far infrequent in the published papers on hybridization. The AHP technique avoids bias in decision 
making due to the use of the consistency index. zero-one linear programming is the tool used to make 
the final decision, while neutrosophy is used to model the indeterminacy that decision makers might 
have. Another advantage of the model is that it allows decision makers to rate based on linguistic 
terms. To the best of the authors’ knowledge, this seems to be the first model for selecting information 
technology projects by using the hybridization of Balanced Scorecard, neutrosophic AHP and zero- 
one linear programming, where a scale of linguistic terms serves to evaluate. 

This paper is distributed as follows; section 2 contains the main theories used as the basis of this 
document. The proposed mathematical model is developed in section 3. In section 4 the application of 
the model is illustrated with an example. Section 5 states the conclusions. 


2 Preliminaries 


This section exposes the theories used to design the model. It is started with part of the theory of 
the project portfolio. Further, the authors summarize the AHP technique and neutrosophic set theory. 
Finally, the main concepts of zero-one linear programming are written. 


2.1 Approaches to Portfolio IT Project 


An important part of IT projects is related to software development. The difference of software de- 
velopment projects with respect to other engineerings, e.g., electronic engineering, is that the former 
one imposes additional challenges to project management, mainly due to the particular characteristics 
of software [30] and these characteristics are the following: 

e The software is an intangible product. 
e The standard software processes do not exist. 
e The uniqueness of the large scale projects of software developments. 

When a computer product will be developed, or an information system, or any other modifications, 
in that case, the elaboration of an innovative project is needed for planning and executing the intro- 
duction of this product inside the company. Technological innovation projects are elaborated to intro- 
duce scientific results obtained from scientific creation. This is related to applied researches, techno- 
logical developments; and the commercialization of novel technologies, products, systems and pro- 
cesses. This is the final stage in the cycle of science-technology-production [31]. 

Literature had paid attention to project selection, see [2, 21-34], especially for research and devel- 
opment projects (R&D), see [35, 36]. One main difference exists between IT and (R&D) projects, it is 
that projects interdependence in the former has elevated importance [1, 3, 4]. Moreover, two IT pro- 
jects can share identical code sections or hardware. 

The project selection process in general, including IT projects, is a very complex process that is in- 
fluenced by several factors. One key aspect of IT control is the prioritization of investments. Projects 
have to be assessed as an investment viewpoint, by having as a goal to analyze the project capacity for 
maximizing the company’s value [32]. 

One of the criteria to approve the start of one project would be to determine its possibility of suc- 
cess and impact; evidently, most companies cannot start simultaneously every project. The project as- 
sessment consists of gathering pertinent information in the end to facilitate the project selection pro- 
cess and to determine the value of every project [8, 37]. The closing phases assessment allows us to 
build a base of knowledge that shall be communicated during the organization’s continuous learning 


Maikel Leyva-Vazquez, Miguel A. Quiroz-Martinez, Jesus R. Hechavarria-Hernandez, and Erick Gonzalez-Caballero. A new 
model for the selection of information technology project in a neutrosophic environment 


Neutrosophic Sets and Systems, Vol. 32, 2020 348 


[6]. 

One of the goals in portfolio management is to maximize the portfolio value, by carefully assessing 
those projects and programs which could be included in the portfolio and also to opportunely exclude 
those of them which do not fulfill the portfolio strategic objectives [38]. IT portfolio management is ba- 
sically a selection process to locate resources to develop/maintain those projects that better satisfy stra- 
tegic objectives [39]. 

There exist a number of difficulties in evaluating projects. Rebaza points out, referring to computer 
projects that in most cases the projects are evaluated according to cost-benefit criteria [40]. The task of 
evaluating projects is not simple and involves many difficulties, some of them are methodological. 
These difficulties include the following: 

e Lack of information availability, 

e Lack of qualified staff for evaluation, 

e Lack of evaluation processes in the company. 
e Use of limited criteria for evaluation. 


Project selection methods are used to determine which project the organization will select. Gener- 
ally, these methods are divided into four major categories according to Bonham, see [5]: 

A. Mathematical programming—Integer programming, linear programming, nonlinear pro- 

eramming, goal programming and dynamic programming 

B. Economic models—IRR, NPV, PB period, ROI, cost-benefit analysis, option pricing theory, the 
average rate of return and profitability index; 

C. Decision analysis—Multiattribute utility theory, decision trees, risk analysis, analytic hierarchy 
process, unweighted 0-1 factor model, unweighted (1 — n) factor scoring model and weighted 
factor scoring model; 

D. Interactive comparative models—Delphi, Q-sort, behavioral decision aids and decentralized 
hierarchical modeling. 

A relatively recent trend in the information technology area is value-based software engineering 
(VBSE) [41]. VBSE is considered as part of the life cycle of software engineering management activities 
such as the development of the Business Case, project evaluation, project planning etc, which have so 
far been considered peripheral. The VBSE aims to guide proposals and solutions based on the maxi- 
mization of the value provided. 

Any decision to construct (or re-engineering) a software system should be guided by its “value” ([42]). 
Thus, a system brings more “value” to their users if it provides greater benefits, either in terms of re- 
turn on investment (ROJ), social benefits, reduced management costs, strategic advantages, or any 
other aspect. As can be assumed, the quantification of all these types of benefits is complex [42]. 
Sometimes intangible benefits, such as learning and opportunity for growth, are the fundamental 
sources of value. As a result, other indicators to be taken into consideration for investment have 
emerged. An example of this is the social return on investment [42], which seeks to capture social val- 
ues by translating social goals into financial and non-financial measures. Kendal and Rolling ([8]) 
claim that the more projects that are initiated with insufficient resources, the fewer projects that are 
completed and the longer each project takes to complete. Surveys indicate that companies with the 
highest number of project selection criteria are associated with better performance ([6]). 

Bonham [5] proposes a model for project selection based on three phases, viz., strategic analysis, 
individual project analysis (maximization) and portfolio selection (balance). He also noted the im- 
portance of analyzing the interdependence between projects. 

Bergman and Mark ([2]) present a way to issue the problem of project selection using the require- 
ment analysis to better inform each project option. As a project option develops through the selection 
process, its specification of requirements is detailed and refined. Project requirements provide a better 
technical, economic and organizational understanding of each project. 

Value Measuring Methodology (VMM) ([4]) is a methodology for evaluating and selecting initia- 
tives that offer the greatest benefits. Moreover, Rapid Economic Justification ([39]) is a framework de- 
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veloped by Microsoft to decide the value of investments in information technology. 
Wibowo notes that existing approaches present the following limitations, see [43]: 
e The inability to deal with the subjectivity and the imprecision of the evaluation processes 
and the selection of information systems projects. 
e Failure to properly manage the multidimensional nature of the problem. 
e §6Itis very cognitively demanding for the decision-maker. 
The model proposed in this paper overcomes all the difficulties specified above, as can be further 
seen. 


2.2 AHP Technique 


AHP consists first in designing a hierarchical structure, where the upper elements are more generic 
than those situated below. The layer on top contains a single leaf, representing the decision goal, the 
second layer that connected with the goal emerges as a set of leaves representing the criteria and the 
followed third layer is containing subcriteria and so on. The last bottom layer of this tree contains 
leaves representing the alternatives. See, Fig. 2. 

Consequently, square matrices represent the expert or experts’ decision, containing the pair-wise 
comparison of criteria, subcriteria or alternatives assessment. Aczél et al. in [16] proposed the scale 
that they considered is the better to evaluate decisions, as can be seen in Tab. 1. 


a 





Subcriterion | Nbloverwiisiuleyewe, oe 
Alternative 1 Alternative 2 — Alternative n 


Figure 2: Scheme of a generic tree representing an Analytic Hierarchy Process 
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Table 1: Intensity of importance according to the classical AHP 


The intensity of im- Definition 
portance on an ab- 
solute scale 


1 Equal importance 

3 Moderate importance of one over an- 
other 

S) Essential or strong importance 

i Very strong importance 

9 Extreme importance 

2,4, 6,8 Intermediate values between the two 


adjacent judgments. 


Explanation 


Two activities contribute 
equally to the objective 
Experience and judgment 
moderately favor one activity 
over another 

Experience and judgment 
strongly favor one _ activity 
over another 

Activity is strongly favored 
and its dominance demon- 
strated in practice 

The evidence favoring one ac- 
tivity over another is of the 
highest possible order of af- 
firmation 

When comprise is needed 


Reciprocals If activity 1 has one of the above numbers assigned to it when compared 
with activity j, i.e, number a € {1,2,---,9}, then j has the reciprocal val- 


ue when compared with 1, i.e., value 1/a. 


On the other hand, Aczél et al. established that the Consistency Index (CI) should depend on Amax, 


the maximum eigenvalue of the matrix. They defined the equation CI = i 


max—n 
J 
n-1 


350 


where n is the order of 


the matrix. Additionally, they defined the Consistency Ratio (CR) with equation CR = CI/RI, where the 


Random Index or RI is given in Tab. 2. 


Table 2: RI associated with every order. 


Order (n) 1 Z 3 4 5 6 


7. 8 9 10 
RI 0 0 0.52 0.89 1.11 129 


1.35 1.40 1.45 1.49 


Each RI value is an average random consistency index computed for n < 10 for very large samples. 


Randomly generated reciprocal matrices were created using the scale 1/9, 1/8, ...,1/2, ..., 8, 9 and the 
average of their eigenvalues were calculated. This average is used to form the RI. 


If CR<10% it is considered that experts’ evaluation is consistent enough and hence, proceed to use 


AHP. 


AHP aims to score criteria, subcriteria and alternatives and to rank every alternative according to 


these scores. 


AHP can also be used in group assessment. In such a case, the final value is calculated by the 


weighted geometric mean, which satisfies the inverse requirements [44], see Eq. 1 and 2. The weights 
are utilized to measure the importance of each expert’s criteria, where some factors are taken into con- 


sideration like expert’s authority, knowledge, effort, among others 


xy = n i Aya Wi 
x= (111 xj) “2 


(1) 


If Ni-1 Wi = 1, i-e., when expert’s weights sum one, Eq. 1 transforms in Eq. 2, 


n 


a Wi 
xX = X; 


i=1 


2.3 Neutrosophic sets 


(2) 
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Neutrosophic sets extend classical sets, fuzzy sets and intuitionistic fuzzy sets.. Fuzzy set models 
are based on the degree of membership of an element to a set. It has been applied in many areas of 
knowledge, including decision making. 

Fuzzy set theory was introduced by Lotfi A. Zadeh for the first time at 1965. A fuzzy set consists of 
the following manners [45, 46]: 

Given a Universe of Discourse U containing a set of objects and A being its subset, a membership 
function is a function Ty: U->[0, 1], defined for every xeU, where T, (x) is the degree of truth for which 
x belongs to A. 

The intuitionistic fuzzy set theory was introduced by Krassimir T. Atanassov at 1986. An intuition- 
istic fuzzy set is defined by two membership functions, T, meaning that x belongs to U and F, mean- 
ing that x does not belong to A. They must satisfy the restriction T, (x) + F,(x)S1, [47]. 

On the other hand, Neutrosophic set includes a third membership function Ia, meaning indetermi- 
nacy. Thus, a neutrosophic set is a triple of membership functions, Ta, Ia and Fa with no restriction. 
The inclusion of indeterminacy is a contribution made by Florentin Smarandache [20], which agreed 
that neutrality and ignorance are also part of the uncertainty. Moreover, he accepts the possibility that 
truthfulness, indeterminacy and falseness can be simultaneously maximal. Also, he uses the idea of 
non-standard analysis of Abraham Robinson and he utilizes hyperreal numbers in calculations. 

Let us define formally the concept of neutrosophic set. 

Definition 2.3.1([20]): The neutrosophic set N is characterized by three membership functions, 
which are the truth-membership function Ta, indeterminacy-membership function Ia and falsity- 
membership function Fa, where U_ is the Universe of Discourse and VxeU , 
Ta (x), In (x), Fa(x) €]~0,17[ and ~O<inf Ty(x) + inf I, (x) + inf Fa (x) <sup Ta(x) + sup I, (x) + 
sup Fy (x)<3". 

See that according to the definition, T, (x), I,4(x) and F,(x) are real standard or non-standard sub- 
sets of ]-0, 1*[ and hence, T, (x), I4(x) and F,(x) can be subintervals of [0, 1]..0 and 1* belong to the set 
of hyperreal numbers. 

Definition 2.3.2([20]): The Single Valued Neutrosophic Set (SVN) N over U is A = {< 
x, Ta (x), I, (x), Fa(x) > : xeU}, where Ta:U->[0, 1], Ia:U-[0, 1] and Fa:U->[0, 1]. 0 sT,(x) + Ig(x) + 
Fy(x) <3. 

The Single Valued Neutrosophic (SVN) number is symbolized by 

N = (t, 1, f ), such that 0 <t,i, f <1 and 0 <t+i+f<3. 

Definition 3.2.3 ([19, 48]): The single valued triangular neutrosophic number, 


a = ((a1,a2.a3); O3, Bx, Ya), is a neutrosophic set on R, whose truth, indeterminacy and falsity 
membership functions are defined as follows: 


A. x-a 
a( 1), a,SxSap 








a2—ayz 
Og, x=a2 
T(x) a “a/ ——— ees (3) 
a3z—a2 : 2 =23 
0, otherwise 
ay —X+ bs(X —-—a 
(a, Bs ( )) ~<x<a, 
dz — day 
y=d Pa oo (4) 
(x — az + Bg(a3 — x)) 
———_—_—___———_, a, <x <a, 
a3 — a2 
1, otherwise 


Maikel Leyva-Vazquez, Miguel A. Quiroz-Martinez, Jesus R. Hechavarria-Hernandez, and Erick Gonzalez-Caballero. A new 
model for the selection of information technology project in a neutrosophic environment 


Neutrosophic Sets and Systems, Vol. 32, 2020 352 


(a, —x + yq(x — a,)) a Mae 
—— ite et CUCU 1—- —_ 2 


dz — a4 
Yq xX = da? 
Fx(x) = (5) 
X — a, + ya(az —X) 
a3 — a2 
1, otherwise 


Where az, Bs, Ys; € [0,1], a1, a2,ag € Rand a, < az < az. 


Definition 2.3.4 ([19, 48]): Given 4 = ((a;,a2,a3); G3, By, Ya) and b = ((b,,b2,b3); a, Bg, yg) two sin- 
ele-valued triangular neutrosophic numbers and 4 any non-null number in the real line. Then, the fol- 
lowing operations are defined: 


Addition: 4+ b = ((a; + by,a2 + bz, a3 + bs); a3 A ag, Bs V Bs, Ya V Yo) 
Subtraction: 4 — b = ((a, — b3,a2 — b2,a3 — b,); a3 A og, Bs V Bg, Ya V Yo) 
Inversion: 4-1 = ((a3~4,a,~*,a, +); a3, Bs, Ys), Where aj, az,a3 # 0. 
Multiplication by a scalar number: 
14 = peg hap, ha3); Os, Ba, Ya) A> 0 
((Aa3, haz, haz); Os, Ba, Ya) A<0 
5. Division of two triangular neutrosophic numbers: 
dy dz 43 
(ants 
d3 dz a4 
Gas 
dz a2 a4 
(eters 
6. Multiplication of two triangular neutrosophic numbers: 
((a,b,, azbp, a3b3); Og A Op, Bs V Bs, Ya V Y5)) a3 > 0 and bs > 0 
ab = {((a,b3, a,b, a3b,); a3 A ag, Bs VB5, Ya VY5), a3 < Oandb; > 0 
((azbz, azbo, a,b,); Og A Op, Bs V Bs, Ya V Y5)) a3 <0 and bs <0 
Where A is a t-norm and V is a t-conorm. 


= lS a 


sats A a5, Ba V Bp Ya V yp), a3 > Oand b3 > 0 


ics A a5, Ba V Bora V yp),a3 < Oand b3 > 0 


Or] 


sets A a5, Ba V Bora V yp),a3 < Oand b3 < 0 


2.4 Zero-one linear programming 


A zero-one linear programming theory solves problems like the following: 
Max(Min) f(x) = CyXy + CQXq Fee +X] (6) 
Subject to: x;¢B 
Where, X = (X1,X,+.,X,)', x; €{0, 1} and c, € R,i=1, 2, ..., I; Bis the feasible set of solutions. B can 
be defined with equalities like Ax = b, inequalities like Ax < b or Ax =b, a combination of them, or 
simply an empty set. Where A is an mxI matrix and b is an m-column vector. 
This theory solves decision problems, where only two alternatives exist, 1 represents to make the 
decision and 0 to not make the decision. 
Zero-one linear programming problems are part of the Integer programming problems, when x; € 
Z. Despite their seeming simplicity, these problems are NP-complete [49, 50], thus, a good universal 
algorithm cannot be found to solve them during a rational time of execution. This subject is out of the 
scope of this paper. 


To solve the zero-one linear programming problem let us consider the following equivalent prob- 
lem: 

Max f(X) = €1%1 +. CoX% tees + CX] 

Subject to: x;¢B 

Where, x = (X1,Xz,-.,xX7)',X% €Z, x; < landc, € R,i=1,2,.., 1 


3 Neutrosophic model for IT project assessment 


The model consists of three main processes, criteria selection, assessment and project portfolio se- 
lection. These processes are integrated by means of a Balanced Scorecard Model (BSC), a Neutrosophic 
Analytic Hierarchy Process (NAHP) and zero-one linear programming, see Fig. 3. 
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Figure 3: General structure of the model 


The first step is to identify a potential group of projects. Next, a criteria selection is made. Some 
possible criteria are schematized in Fig. 4. This step is based on the BSC, which is an unusual tool for 
use in project selection. This tool could be incorporated because the proposed model is designed to 
solve the specific problem of information technology project selection. Fig. 4 can serve as a guide for 
decision makers on which aspects are the most important for evaluating information technology pro- 
jects. The second stage of the model is to apply the NAHP. The proposed linguistic scale is based on 
triangular neutrosophic numbers summarized in Tab. 3, according to the scale defined in [19]. 

The hybridization of AHP with neutrosophic set theory was used in [19]. This is a more flexible 
approach to a model of uncertainty in decision making. The indeterminacy is an essential component 
to be assumed in real-world organizational decisions. 

The neutrosophic pair-wise comparison matrix is defined in Eq. 7. 





2 1 a2 ** ain 
A= : *e : 
a + (7) 
Ant 4n2 °* 1 
A satisfies the condition 4,; = 43", according to the inversion operator defined in Def. 4. 


Abdel-Basset et al. in [19] defined two indices to convert a neutrosophic triangular number in a 
crisp number. Eqs. 8 and 9 indicate the score and the accuracy respectively as follow: 


1 
S(a) = 8 [a, + az +.a3](2 + ag—By — Ya) (3) 
AC) = Flas t az + aal(2 + a5—Bs + Ya) 9) 
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Figure 4: Example of possible project selection criteria 
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Table 3: Aczél et al.’s scale translated to a neutrosophic triangular scale. 


Original scale Definition Neutrosophic Triangular Scale 
1 Equally influential 1 = ((1,1,1); 0.50, 0.50, 0.50) 
3 Slightly influential 3 = ((2,3,4); 0.30, 0.75, 0.70) 
5 Strongly influential 5 = ((4,5, 6); 0.80, 0.15, 0.20) 
7 Very strongly influential 7 = ((6,7,8); 0.90, 0.10, 0.10) 
9 Absolutely influential 9 = ((9,9,9); 1.00, 1.00, 1.00) 
2,4, 6,8 Sporadic values between two close 2 = ((1, 2,3); 0.40, 0.65, 0.60) 
scales 4 = ((3,4,5); 0.60, 0.35, 0.40) 

6 = ((5,6, 7); 0.70, 0.25, 0.30) 

8 = ((7,8,9); 0.85, 0.10, 0.15) 


Suppose that the criteria in Fig. 4 and the neutrosophic triangular scale in Table 3 are given, then 


the steps to apply the NAHP are as follow: 


1. 


To design an AHP tree. This contains the selected criteria, subcriteria and alternatives from the 
first stage. 

To create the matrices per level from the AHP tree, according to experts’ criteria expressed in neu- 
trosophic triangular scales and respecting the matrix scheme in Eq. 7. 

To evaluate the consistency of these matrices. Abdel-Basset et al. make reference to Buckley, who 
demonstrated that if the crisp matrix A = [aj] is consistent, then the neutrosophic matrix A = [4jj| 
is consistent. 

To follow the other steps of a classical AHP. Here, operations among neutrosophic triangular 
numbers substitute equivalent operations among crisp numbers in classical AHP. 

The results obtained from step 4 are the project weights expressed in form of neutrosophic trian- 
gular numbers. Now, Eq. 8 is applied to convert, w1, w2, ...,Wn to crisp weights. 

If more than one expert make the assessment, then wi, w2, ...,Wn are replaced by Wy, W2,°::,Wn, 
which are their corresponding weighted geometric mean values, see Eq.1. and Eq. 2. 

The obtained weights are not necessarily expressed in normal form, accordingly, there exists the 


choice to calculate equivalent normalized weights wj, W3,°:+,Wy OF Wy, W5,°*,W,, Such that ii, w; = 1 


or )}j-, W; = 1. The precedent algorithm can be seen in the form of a flow chart in Fig. 5. 
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Figure 5: Flow chart of the NAHP algorithm. 


Let us remark that in Abdel-Basset’s method, A is converted in A and later they continue applying 
classical AHP to A. In contrast, in the proposed model, data is converted to numeric value only in the 
last step. This way seems to be more acceptable because imprecision is kept throughout all the calcula- 
tions. 

The third stage consists of the application of a zero-one linear programming problem defined as 
follows: 

Max f(x) = WyX1, + W2X2 $s + Wy Xp (10) 

Subject to: x;¢B 

See that the problem defined in Eq. 10 is a particular case of that appeared in Eq. 6. 

1 ,if Project i is selected 

Where, x; = 

0 , otherwise 

The purpose of this stage is to select the best projects, which optimally satisfy the constraints im- 

posed by B, considering the weights obtained from NAHP. 


and wiare the weights per project obtained from stage 2. 


4 Application of the model to an example 


This section contains an example to illustrate the application of the model to a particular case of 
project selection. The authors simplified this example significantly for the sake of facilitating readers’ 
comprehension. 

Once the BSC model and the first stage are concluded, suppose that two project assessment criteria 
have been chosen; they are financial perspectives and internal processes, see Fig. 6. 
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To apply the AHP technique in the second stage, the elements of the problem were hierarchically 
structured. The goal appears on top of the tree, criteria to evaluate the goal were situated in the inter- 
mediate level and alternatives to reach that goal are on the bottom. Where, the goal is to assess IT pro- 
jects, the intermediate level contains three criteria, viz., cost, project time span and profit and the bot- 
tom contain the three potential projects, called Project 1, Project 2 and Project 3. The tree is depicted in 
Fig. 7. 

The expert expresses its criteria by means of the linguistic terms summarized in Tab. 3. The criteria 
defined in the intermediate level are pair-wise linguistically compared to determine their relative im- 
portance to achieve the objective. 

Later, neutrosophic evaluations in the third column of Tab. 3 substitute their equivalent linguistic 
terms. Experts’ evaluations can be seen in Tab. 4. 
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Figure 6: Selected criteria for the example 
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Figure 7: AHP tree of the example 


Table 4: Reciprocal matrix corresponding to the second level 





Cost Project Time span Profit 
Cost T 7 ia 
Project time span 2 1 471 
Profit 5 4 I 
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See that evaluations contain the uncertainty and imprecision proper of neutrosophic set theory and 
hence the results are more realistic than those obtained from the classical Aczél et. al.’s AHP technique, 
now experts can include the indeterminacy term. Also, let us observe that the inverse of the single- 
valued triangular neutrosophic numbers can be calculated by using the inversion operator defined in 
Def. 4. 

In this example, Cost is assessed with a value between equally and slightly more influential than 
Project time span, Profit is strongly more influential than Cost and Profit is evaluated between slightly 
and strongly more influential than Project time span. When the last three criteria comparisons are ana- 
lyzed, let us note a certain degree of inconsistency, where it is expected that Profit is at least strongly 
more influential than the Project time span. 

To measure the neutrosophic reciprocal matrix consistency, it is sufficient to calculate the CI of the 
crisp matrix, where aj, is substituted by aj;, according to the theorem proved in [9], which says that 
given a fuzzy reciprocal matrix of fuzzy numbers a,; = (a; j/ Pi Vij /i iy when choosing aj; € [fi;, Vij], 
if the matrix (a; ies is consistent then (a; De is also consistent. 


Now on, the eg function coded in Octave 4.2.1 shall be used for estimating Amax, in this case, CI = 
9.0404%<10%, i.e., the matrix is consistent. 

The values per row are summed and the weights are calculated. The results were summarized in 
Tab. 5. 


Table 5: Sum per row and neutrosophic triangular weights in the second level criteria 


Row sum Weight 
Cost <(2.17, 3.20, 4.25); 0.40, 0.65, 0.60> <(0.12, 0.21, 0.36); 0.40, 0.65, 0.60> 
Project time <(1.53, 1.75, 2.33); 0.40, 0.65, 0.60> <(0.08 , 0.12, 0.12); 0.40, 0.65, 0.60> 
span 
Profit <(8.00, 10.0, 12.0); 0.50, 0.50, 0.50> <(0.43, 0.67, 1.03); 0.40, 0.65, 0.60> 
Total <(11.70, 14.95, 18.58); 0.40, 0.65, 0.60>  <(0.63, 1.00, 1.59); 0.40, 0.65, 0.60> 


Tabs. 6, 7 and 8 contain reciprocal matrices for the third level and their weights. Where, Tab. 6 is relat- 
ed to the Cost, Tab. 7 with Project time span and Tab. 8 with Profit. The Cls of these matrices are, 
5.1558%, 0.53269% and 0.53269%, respectively. 

Table 6: Reciprocal matrix of the third level related to Cost and their weights. 


Project 1 Project 2 Project3 Weight 
Project 1 2 5 <(0.31, 0.50, 0.79); 0.40, 0.65, 0.60> 
1 
Project ee il 5 <(0.27, 0.41, 0.63); 0.40, 0.65, 0.60> 
2 
Project 5+ i 1 <(0.07, 0.09, 0.12); 0.40, 0.65, 0.60> 
3 

Table 7: Reciprocal matrix of the third level related to Project time span and their weights. 

Project 1 Project 2 Project3 Weight 
Project T 571 2-4 <(0.09, 0.13, 0.23); 0.40, 0.65, 0.60> 
1 
Project 5 i 2 <(0.35, 0.61, 1.02); 0.40, 0.65, 0.60> 
2 
Project 2 2 1 <(0.14, 0.26, 0.51); 0.40, 0.65, 0.60> 
3 

Table 8 Reciprocal matrix of the third level related to Profit and their weights. 

Project 1 Project 2 Project3 Weight 
Project T 5 2 <( 0.35, 0.61,1.02); 0.40, 0.65, 0.60> 
1 
Project 5-t 1 o% <(0.09, 0.13, 0.23); 0.40, 0.65, 0.60> 
2 
Project 2 2 1 <(0.14, 0.26, 0.51); 0.40, 0.65, 0.60> 
3 
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Table 9: Global weight matrix 
Costs Project time span _ Profits Global Weight 
Project 1 <(0.31, 0.50, 0.79); <(0.09, 0.13, 0.23); <(0.35, 0.61, 1.02); <(0.19, 0.53, 1.36); 
0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 
Project 2 <(0.27, 0.41, 0.63); <(0.35, 0.61, 1.02); <(0.09, 0.13, 0.23); <(0.10, 0.25, 0.59); 
0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 
Project 3 <(0.07, 0.09, 0.12); <(0.14, 0.26, 0.51); <(0.14, 0.26, 0.51); <(0.08, 0.22, 0.63); 
0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 
Criterion <(0.12, 0.21, 0.36); <(0.08, 0.12, 0.12); <(0.43, 0.67, 1.03); 
Weight 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 0.40, 0.65, 0.60> 





Tab. 9 contains the global weight matrix, which is calculated similarly to the crisp case, where the 
algebra of crisp values is substituted by its equivalent neutrosophic one. 

Now, let us calculate crisp global weights of projects applying Eq. 8 to elements in Tab. 9 and nor- 
malizing, they are 0.52658 for Project 1, 0.23797 for Project 2 and 0.23545 for Project 3. 

Evidently, according to the obtained weights, the projects can be ranked in the following order, 
Project 1 > Project 2 > Project 3. 

Additionally, in the third stage, if the decision-makers have to make the choice about what projects 
should be carried out, which satisfies some constraints, the precedent weights can be used as inputs in 
the optimization problem. 

Suppose the manager counts on a total budget of $9000. In case of approval, $3000 must be spent in 
Project 1, $3500 in Project 2 and $5000 in Project 3. As well, the total possible number of man-hour is 
1100 and it is known that Project 1 needs 1000, Project 2 needs 200 and Project 3 needs 700. 

Then, none, one, two or all of the three projects can be selected, always that they satisfy the re- 
strictions imposed on the problem. Our goal is to optimize this selection, i.e., the project or projects 
which can be simultaneously carried out have to be selected and then to maximize the benefits. 

Formally, let us define three variables xi, i= 1, 2, 3 as follows: 

1___,if Project iis selected 
me [ , otherwise 

Let us divide the data by their upper bounds for calculating with dimensionless magnitudes. 
Hence, the mathematical problem is the following: 

Max f(x) = wyX1, + WoX2 + W3X3 

Subject to: 

(3000/9000)x, + (3500/9000)x, + (5000/9000)x3 < 1 (Budget constraint) 

(1000/1100)x, + (200/1100)x, + (700/1100)x3 < 1 (Man-hour constraint) 

wi = 0.52658, w2 = 0.23797 and w3 = 0.23545 are the previously calculated project weights. 

This is a problem of zero-one linear programming. The best solution is x = (1, 0, 0), i.e., the best op- 
tion is to only select Project 1. 


Conclusion 


To select appropriately an information technology project is generally a complex task and at the 
same time an unavoidable one because this kind of project is essential for many companies. One of the 
difficulties arisen by decision makers is the environmental uncertainty and limitations of the existent 
assessment systems. In this paper, the neutrosophy theory was chosen, which allows us to deal with 
uncertainty and imprecision for IT project selection. Analytic hierarchy process is the technique for 
making complex decisions. Then, the proposed model is based on a neutrosophic analytic hierarchy 
process. This technique was complemented with a balanced scorecard model for determining the IT 
selection criteria and zero-one linear programming to make the best feasible choice of projects. Finally, 
an example was used for illustrating the advantages that were obtained from integrating these four 
tools. It is necessary to emphasize that this model is unique to the set of information technology pro- 
ject selection models, as it was reviewed by the authors in the literature on that subject and it is partic- 
ularly adjusted for solving the problem of IT project selection. 
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Abstract: Human psychological behavior is always uncertain in nature with the truth, 
indeterminacy and falsity of the information and hence neutrosophic logic is able to deal with this 
kind of real world problems as it resembles human ’s attitude very closely. In this paper, age group 
analysis and time (day or night) analysis have been carried out using interval valued neutrosophic 
sets. Further, the impact of the present work is presented. 

Keywords: Neutrosophic Logic; Human Psychological Behavior; Age Group; Day; Interval Valued 
Neutrosophic Set. 


1. Introduction 


Uncertainty saturates our daily lives and period the entire range from index fluctuations of 
stock market to prediction of weather and car parking in a congested area to traffic control 
management. Hence almost all the area contains ambiguity or impression. For various real world 
problems, intelligent models with many types of mathematical designs of different logics have been 
modeled by the researchers. In the area of computational intelligence, fuzzy logic is one of the 
superior logic that provides appropriate representation of real world information and permits 
reasoning that are almost accurate in nature [1]. 

Generally the inputs conquered by the fuzzy logic are determinate and complete. Humans 
can able to take knowledgeable decisions in those situations, however it is difficult to express in 
proper terms. But fuzzy models need complete information. Due to basic non-linearity, huge 
erratic substantial disturbances, time varying nature, difficulties to find precise and predictable 
measurements, incompleteness and indeterminacy may arise in the data. All these problems can be 
dealt by neutrosophic logic proposed by Smarandache in the year 1999 [2-10]. Also this logic can 
able to represent mathematical structure of uncertainty, ambiguity, vagueness, imprecision, 
inconsistency, incompleteness and contradiction. 

Also it is efficient in characterizing various attributes of data such as incompleteness and 
inaccuracy and hence gives proper estimation about the authenticity of the information. This 


approach proposes extending the proficiencies of representation of fuzzy logic and system of 
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reasoning by introducing neutrosophic representation of the information and system of 
neutrosophic reasoning. Neutrosophic logic can exhibit various logical behaviors according to the 
nature of the problem to be solved and hence it influences its chance to be utilized and experimented 
for real world performance and simulations in human psychology [15]. 

Due to computational complexity of the neutrosophic sets, single valued neutrosophic sets 
have been introduced. It can deal with only exact numerical value of the three components truth, 
indeterminacy and falsity. While the data in the form of interval, then single valued neutrosophic 
sets unable to scope up and hence interval valued neutrosophic sets have been introduced. As it has 
lower and upper membership functions it can deal more uncertainty with less computational 
complexity than other types [25]. Neutrosophic set has been used in several areas like traffic control 
management, solving minimum spanning tree problem, analyzing failure modes and effect analysis, 
blockchain technology, resource leveling problem, medical diagnostic system, evaluating time-cost 
tradeoffs, analysis of criminal behavior, petal analysis, decision making problem etc. [26-40]. 

The major advantage of neutrosophic set and its types namely single valued neutrosophic sets 
and interval valued neutrosophic sets overrule other sets namely conventional set, fuzzy set, type-2 
fuzzy, intuitionistic fuzzy and type-2 intuinistic fuzzy by their capability of dealing with 
indeterminacy which is missing with other types of sets. Since there is a possibility of having interval 
number than the exact number we consider interval valued neutrosophic set in this study of 
analyzing age group and time. Prediction of future trend is one of the interesting areas in the 
research field. Hence, in this paper, age group analysis and time (day or night) analysis have been 
done using interval valued neutrosophic sets. The remaining part of the paper is organized as 
follows. In section 2, review of literature is given. In section 3, preliminaries are given for better 
understanding of the paper. In section 4, age group and day and night time have been analyzed 
using the concept of interval valued neutrosophic sets. In section 5, impact of the present work is 


given. In section 6, concluded the present work with the future direction. 


2. Review of Literature 


The author in, [1] analyzed uncertainty exists in the project schedule using fuzzy logic. And the 
authors of, [2] analyzed power flow using fuzzy logic. [3] Examined specific seasonal prediction 
spatially under fuzzy environment for the group of long-term daily rainfall and temperature data 
spatiotemporally. [4] examined about the prediction of temperature flow of the atmosphere based on 
fuzzy knowledge-rule base for interior cities in India. [5] proposed a novel approach for 
intuitionistic fuzzy sets and its applications in the prediction area. 

[6] proposed single-valued neutrosophic minimum spanning tree and its aggregation method. 
[7] proposed a new approach for the advisory of weather using fuzzy logic. [8] Proposed a method 
for prediction of weather under fuzzy neural network environment and Hierarchy particle swarm 
optimization algorithm. [9] Proposed various types of neutrosophic graphs and algebraic model and 


applied in the field of technology. [10] proposed single valued neutrosophic graphs (SVNGs). 
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[11] examined bipolar single valued neutrosophic graphs. [12] Proposed interval valued 
neutrosophic graphs. [13] proposed isolated SVNGs. [14] provided an introduction to the theory 
bipolar SVNG. [15] proposed the degree, size and order of SVNGs. 16] applied Dijkstra algorithm to 
solve shortest path problem under IVN environment. [17] solved minimum spanning tree problem 
under trapezoidal fuzzy neutrosophic environment. 

[18] applied minimum spanning tree algorithm for shortest path (SP) problem using bipolar 
neutrosophic numbers. [19] proposed a novel matrix algorithm for solving MST for undirected 
interval value NG. [20] solved a spanning tree problem with neutrosophic edge weights. [21] 
proposed a new algorithm to solve MST problem with undirected NGs. [22] analyzed the role of 
SVNSs and rough sets with imperfect and incomplete information systems. 

[23] Studied about neutrosophic set and its development . [24] studied about the prediction of 
long-term weather elements using adaptive neuro-fuzzy system using GIS approach in Jordan. [25] 
have done overview of neutrosophic sets. [26] proposed a methodology of traffic control 
management using triangular interval type-2 fuzzy sets and interval neutrosophic sets. [27] Solved 
MST problem using single valued trapezoidal neutrosophic numbers. 

[28] estimated risk priority number in design failure modes and effect analysis using factor 
analysis. [29] have done edge detection on DICOM image using type-2 fuzzy logic. [30] made a 
review on the applications of type-2 fuzzy in the field of biomedicine. [31] have done image 
extraction on DICOM image usingtype-2 fuzzy. [32] made a review on application of type-2 fuzzy in 
control system. [33] proposed single and interval valued neutrosophic graphs using blockchain 
technology. [34] introduced interval valued neutrosophic graphs using Dombi triangular norms. [35] 
solved resource leveling problem under neutrosophic environment. 

[36] introduced cosine similarity measures of bipolar neutrosophic sets and applied in 
diagnosis of disorder diseases. [37] introduced a methodology for petal analysis using neutrosophic 
cognitive maps. [38] analyzed criminal behavior using neutrosophic model. [39] presented 
assessments of linear time-cost tradeoffs using neutrosophic sets. [40] solved sustainable supply 
chain risk management problem using plithogenic TOPSIS-CRITIC methodology. In view of the 
literature, prediction of age group and day or night time under interval neutrosophic set are yet to be 


studied and which is the reason of the present study. 


3. Preliminaries 


In this section, preliminaries of the proposed concept are given 


3. 1. Neutrosophic Set (NS) [25] 
Consider the space X consists of universal elements characterized bye. The NS A is a 


phenomenon which has the structure 4= {(Z. ‘4 (e)s14(e), Fy (e))/eeX where the three grades of 
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memberships are from X to ]-0,1+[of the element ee X to the set A, with the criterion: 
“0<T,(e)+1,(e)+Fy(e) <3 (1) 


The functions 7,(e),/,(e) and F,(e) are the truth, indeterminate and falsity grades lies in real 


standard/non-standard subsets of | —0, 1+ [. 

Since there is a complication of applying NSs to real issues, Samarandache and Wang et al. [11-12] 
proposed the notion of SVNS, which is a specimen of NS and it is useful for realistic applications of 
all the fields. 


3.2. Single Valued Neutrosophic Set (SVNS) [25] 


For the space X of objects contains global elements ©. A SVNS is represented by degrees of 
bership grades mentioned in Def. 2.8. For all e in X, T,(e), J,(e), Fy(e) €[0, 1]. A SVNS can be 


written as 
A={(e:T,(e),14(e),Fy(e))/eeX} (2) 


3.3. Interval Valued Neutrosophic Set [12] 


Let X be a space of objects with generic elements in * denoted by e. An interval valued 


neutrosophic set (IVNS) 4 in YX is characterized by truth-membership function, 7,(e) , 
indeterminacy-membership function J/,(e) and falsity membership function F',(e) . For each 


point e in X,7,(e) , L,(e),F,(e) €[0,1],and anIVNS Ais defined by 


A= \([z (e),T7 (e)|,| 24 (e).24 (e) || Fr (¢).Fr (e)]} lee xt (3) 
Where, T,(e)=| Ti (e),T7 (e)|, 140 =| 24 (e).17 (e) and F,(e) =| Fy (e).Fy (e)| 


Fig 1 shows the Pictorial Representation of the neutrosophic set [5] 


Fig.1. Neutrosophic set 


4. Proposed Methodology 
In this section, age group and time (day or night) have been analyzed using interval valued 
neutrosophic set. 


4.1 Application of Interval Valued Neutrosophic Set in Age Group Analysis 
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As per our convenience, the age group is divided into three groups: young people, middle aged 
people and old people. Assume young people are a truth membership function, middle aged people 
are indeterminate membership function and old people are a falsity membership function. Here, the 
degree of middle aged people may provide either degree of old people or young people or both. Let 
us consider the age group is definitely young at and below 18-40, it is definitely old at and beyond 
51-100 and in between the age group is middle. i.e., the level of the young age people decreases and 
the level of old age people increases. The age group is represented pictorially for young people, 


middle aged people and old people as in Fig. 2. 


Young Age Middle Age Old 





L R 


Fig.2. The degrees of ‘young age’, ‘middle age’ and ‘old age’ people. 
Let A be the different age groups of the people and N be an interval valued neutrosophic set defined 


in the set A. Let Ty (a)be the membership degree of the age group ‘young age people’ at“, here 


@ denotes a numerical value. For example, a= 20. Similarly, indeterminate degree of ‘middle age 


people’ can be denoted by 1, (a)and the falsity degree of ‘old age people’ denoted by Fy (a) ata. 


Consider 4 ={([18,40],[41,50],[51,100])} and 
N={(%([18, 4] K([ 1sp4an(l is. 
(rol 41) B.(to(GS1.14p WE S1oRC. — BY} 


Case (i). At and below [18, 40], there is no middle age people and old age people but there exist only 


young age people. Therefore the following values are obtained. 


[Tx.T |([18.40])=[L1], | 2h.2y |([18.40])=[0.0] and 
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[Fy.Fy |([18,40]) = [0,0] 


i.e., the membership function of the interval valued neutrosophic set is ([1. 1],[0,0],[0, 0]) 
Case (ii). At age [41, 50] (at the point C) 


[TyTN |([41.50]) =[0.0], | t4-4¥ |([41.50]) =[1.1] and 
[Fy Fy |([41,50]) =[0.0] 


i.e., the membership function of the interval valued neutrosophic set is ([0, 0] sls 1],[0, 0]) 


Case (iii). At and above [51,100], there are no young age people and middle age people, but there 
exist only old age people. 


[TT |([51100}) =[0.0], | 2h.2y |([51,100]) =[0,0] and | Fy. Fy ]([51.100]) = [1.1] 


i.e., the membership function of the interval valued neutrosophic set is ([0, 0],[0,0],[1. 1]) 


Hence, N ={([1,1],[0,0],[0,0]),([0,0].[1.1],[0,0]). ([0,0].[0,0], [1.1})} 

Also, young age people decreases and middle age people increases in between L and C. 
ie, [L1]>|%y.Ty |>[0,0]and [0,0] <| 14,79 |<[L1] 

Further, middle age people decreases and old age people increases in between C and R. 

ie, [L1]>|1h.2y |>[0,0]and [0,0]<| Fy.Fy |<[L1] 


4.2 Application of Interval Valued Neutrosophic Set in Day and Night Time Analysis 

As per our convenience, time of the day is divided into three groups: day, day or night (or both) and 
night. Assume day time is a truth membership function, day or night (or both) is an indeterminate 
membership function and night time is a falsity membership function. Here, the degree of day or 
night time may provide either degree of day time or night time or both. Let us consider the time of 
the day is definitely day time at and below 7 AM to 6 PM, it is definitely night at and beyond 7 PM 
and 5 AM and in between time is day or night. i.e., the level of the day time decreases and the level 
of night time increases. The time of the day is represented pictorially for day, day or night people 
and night as in Fig. 3. 
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Brat LS Day orMight Time * Might time 


Fig.3. The degrees of time for ‘day’, ‘day or night’ and ‘night’ 


Let B be the different times of the day, M an interval valued neutrosophic set defined in the set B. Let 


Ty, (b) be the membership degree of the time ‘day’ at b, here, b denotes a numerical value. 
For example b=8 AM or PM. Similarly, the indeterminate degree of the time J, (b) and the falsity 


degree of the time F,,(b) canbe represented by 5. 


Consider two cases. 


B ={((74M.6PM \[54M.64M][7PM.SAM J} and 
M =|(Ty((74M,6PM ) ty (74M, 6PM). Fy ((74M,6PM)), 
(ty ([SaM.64m]) Jy ([54M.641)), Fy ([54M.641). 
(Ty ((7PM,SAM).1y ([7PM,SAM), Fy ([7PM,5AM |. 
Also we can consider, 8 ={([74M,6PM ][6PM,7PM |[7PM,54M )\ and 
M =| (Ty ((74M,6PM ) ty (74M, 6PM). Fy ((74M,6PM)), 


(Ty ((6 PM 7PM A 6PM7HM AF 6 PM7))} 


(Ty ((7PM,54M }),1y ((7PM,54M )), Fry ((7PM,sam)))}. 


Case (i). At and below [7AM, 6 PM], there is no hesitation of day or night time and no night time but 


there exist only day time. Therefore the following values are obtained. 


Ty.Ty |((74M.6PM ]) =[11] 


[1y.N |((74M,6PM ) =[0,0 and 
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[ Py. FN |((74M,6PM }) =[0,0] 


i.e., the membership function of the interval valued neutrosophic set is ([1. 1],[0,0],[0, 0]) 


Case (ii). At [5AM, 6AM] (at the point C) and at [6 PM, 7PM] 


Ty.Ty |(54M,64M])=[0,0]and | 1%,7y |([6PM.7PM ) =[0.0] 
[yh |((54M,64M )=[L1Jand | 7%,14 |((6P.7PM )) =[11] 
[ Fy.FN |((54M,64M))=[0,0]and | Fy,FY |((6PM,7PM]}) =[0,0) 


i.e., the membership function of the interval valued neutrosophic set is ([0, 0| Mie 1],[0, 0]) 


Case (iii). At and above [7 PM, 5 PM], there is no day time and no hesitation of day or night time, but 


there exist only night time. 


[Ty.Ty |((7PM.54M }) =[0.0] 
[1%,.1% |((7PM,54M)) =[0,0]and 
[Fy PN |(7PM.s4m) =[11] 


i.e., the membership function of the interval valued neutrosophic set is ([0, 0],[0,0],[1. 1]) 


Hence, M ={([L1],[0,0].[0,0]).({0,0]. [1,1], [0.0]),({0,0].[0,0].[1.1])} 
Also, day time decreases and day or night time increases in between L and C. 
ie, [Ll]>| Ty .Tv |>[0,0]and [0,0] <| 4,79 |<[L1] 
Further, day or night time decreases and night time increases in between C and R. 


ie, [L1]>|1N.2y ]>[0.0]and [0,0]<| Fy.FY |<[L1] 


5. Impacts of the work 


i). The proposed approach is the effective one in determining age group forecasting while the data is 
in the form of interval data with indeterminate information too. 

ii). Time (day or night) analysis under interval neutrosophic environment will be very useful as it is 
the major scientific and technical problems. 

iii). Analysing any future trend can be done easily by inferring the existing information into the 
future using interval neutrosophic sets as it has the capacity of addressing with the set of numbers in 
the real unit interval which is not just a determined number, it is efficient to deal with real world 


problems with various possible interval values 
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iv). The proposed methodology of age group analysis can be used in facial image analysis as age 


detection system. 


v). The proposed methodology of time analysis can be utilized in time series analysis. 


6. Conclusion 


Since neutrosophic logic resembles human behavior for predicting age and time (day or night), 


it is suitable for this study. According to the knowledge of human, membership values of the truth, 


indeterminacy and falsity may be exact numbers or interval numbers. In this paper, analysis of age 


eroup and time(day or night) have been done using interval valued neutrosophic set with the 


detailed description and pictorial representation. Also the impact of the present work has been 


given. In future, the proposed concept can be done based on the concept of neutrosophic rough and 


soft sets. 
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Abstract: The neutrosophic cubic averaging and Einstein averaging aggregation operators are 
presented and applied to the air pollution model of the city of Peshawar, Pakistan. Neutrosophic 
cubic set (NCS) is a more generalized version of the neutrosophic set (NS) and an interval 
neutrosophic set (INS). It is in a better position to express consistent, indeterminant and incomplete 
information, thus it is able to be applied to aggregate the air pollution model. Aggregation operators 
have a key role in science and engineering problems. Firstly, the neutrosophic cubic weighted 
averaging (NCWA) operator, neutrosophic cubic ordered weighted averaging (NCOWA) operator, 
neutrosophic cubic hybrid aggregation (NCHA) operator, neutrosophic cubic Einstine weighted 
averaging (NCEWA) operator, neutrosophic cubic Einstine ordered weighted averaging 
(NCEOWA) operator and neutrosophic cubic Einstine hybrid aggregation (NCEHA) operator are 
defined. Secondly, these operators are applied to the air pollution model of particulate matter with 
the size of less than 10 micron (PM10) in Peshawar. Subsequently, the results are compared with the 
World Health Organization (WHO) standards using score/accuracy function. The pollution of PM10 
is found to be very much higher than WHO standards. Hence, strong measures are required to 
control air pollution. 


Keywords: Air pollution; neutrosophic cubic weighted averaging; neutrosophic cubic hybrid 
averaging; neutrosophic cubic Einstein weighted averaging; neutrosophic cubic Einstein hybrid 
averaging. 


1. Introduction 


The uncertainty is a complex phenomenon that occurs in the real world. Since uncertainty is 
inevitably involved in problems, it occurs in different areas of life such that conventional methods 
have failed to cope with such problems. The big task is to deal with uncertain information. Many 
models have been introduced to incorporate uncertainty into the description of the system. The fuzzy 
set was initiated by Zadeh [1]. Henceforth, it is applied in different fields of sciences like artificial 
intelligence, information sciences, medical sciences, decision making theory and much more. Due to 
its applicability in sciences and daily life problem, fuzzy set has been extended into interval valued 
fuzzy sets (IVFS) [2,3], intuitionistic fuzzy set (IFS) [4], interval valued fuzzy set (IVIFS) [5] and cubic 
set [6] among others, besides Q-fuzzy [7-11] and vague soft set [12]. IFS consists of two components, 


membership and non-membership whereas the hesitant component is considered under the 
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condition that sum of these components is one. Smarandache presented the idea of neutrosophic sets 
(NS) [13], which provides a more general form to extend the ideas of classic theory and fuzzy set 
theory. The NS expresses three components namely truth, indeterminacy and falsity and all these 
components are independent, which makes NS more general than IFS such that NS can be seen as a 
generalization of IFS [14]. For sciences and engineering problems Wang et al. [15] presented a single 
valued neutrosophic set (SVNS), while Wang et al. [16] introduced the interval neutrosophic set (INS). 
Jun et al. [17] combined INS and NS to form a neutrosophic cubic set (NCS) which enables us to 
choose both interval value and single value membership, indeterminacy and falsehood components, 
hence presenting a more general form for uncertain and vague data. 

Aggregation operators are an imperative part of decision making. The lack of data or knowledge 
makes it difficult for decision maker to give the exact decision. This uncertain situation can be 
minimized due to the vague nature of NS and its extensions. Researchers [18-27] introduced different 
ageregation operators and multicriteria decision making methods in NS and INS. Khan et al. [28] 
presented neutrosophic cubic Einstein geometric aggregation operators. Zhan et al. [29] worked on 
multi criteria decision making on neutrosophic cubic sets. Banerjee et al. [30] used grey rational 
analysis (GRA) techniques to neutrosophic cubic sets. Lu and Ye [31] defined a cosine measure to 
neutrosophic cubic set. Pramanik et al. [32] used similarity measure to neutrosophic cubic set. Shi and 
Ji [33] defined Dombi aggregation operators on neutrosophic cubic sets. Ye [34] defined aggregation 
operators over the neutrosophic cubic numbers. Alhazaymeh et al. [35] presented a hybrid geometric 
aggregation operator with application to multiple attribute decision making method on neutrosophic 
cubic sets. 

According to WHO, air pollution causes millions of premature deaths every year globally. 90% 
of these deaths are caused by air pollution in middle and low income countries, mainly in Africa and 
Asia. Indeed it is a great threat to the environment. Inhaling polluted air may cause different types 
of diseases like lung cancer, respiratory diseases etc. In the last few years Pakistan witnessed a 
significant increased in cancer, asthma and chronic lung disease. The particulate matter (PM) is one 
of the major factors that cause such types of diseases. The data extracted from Alam et al. [36] consists 
of particulate matter with the size of less than 10 micron (PM10) in Peshawar, Pakistan. 

The collection of accurate data has always been a tough job which may cause some uncertain 
results. That is why the need was felt to analyze the data using vague set. The neutrosophic cubic set 
is one of the better choices to deal with vague and inconsistent data. For this purpose, firstly the 
neutrosophic cubic averaging and Einstein averaging operators are defined. Then these operators are 
used to analyze the air pollution of PM10 model for the city of Peshawar, Pakistan with WHO 
standards. In this paper, the NCWA, NCOWA, NCHA, NCEWA, NCEOWA and NCEHA are 
defined. Both algebraic and Einstein operators are applied to an air pollution model [36] and 
compared. The goal of this work is to analyze the PM10 in the city of Peshawar and compare it with 
WHO standards. 

The methodology to measure the aggregate value of neutrosophic cubic values is as follows. 
Firstly, the data is extracted from [36] and converted to neutrosophic cubic values so that the 
ageregated value can be measured. Secondly, the data is analyzed using the WHO standard. It is to 


be noted that the neutrosophic cubic set is the combination of both interval neutrosophic and 
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neutrosophic set, which enable us to deal with both interval-valued neutrosophic and neutrosophic 
set at the same time. 

This paper is structured as follows. In section 2, some preliminaries are reviewed. In section 3, 
the air pollution data is formed. In section 4, neutrosophic cubic averaging operators are defined and 
applied over the data of section 3. In section 5, neutrosophic cubic Einstein averaging operators are 
defined and applied over the data of section 3. The analyzing results are concluded by both 
numerically and graphically. We hope to expand the study further to numerical analysis [37-42], 
construction management [43-45], Q-neutrosophic soft environment [46], geometric programming 


[47] and binomial factorial problem [48]. 


2. Preliminaries 


This section consists of some definitions and results which provide the foundation of the work. 


Definition 2.1 [13] A structure N = {(Ty (u), Tn, (u), Fay (u)) JueU \ is neutrosophic set (NS), where 


{Ty (u).1 yO. Fy@< fo r*Tt and Ty (u),Jy(u),Fyy(u) are truth, indeterminancy and falsity 


function respectively. 


Definition 2.2 [15] A structure N = {(Ty (u), In, (u), Fy (u)) JueU \ is single value neutrosophic set 
(SVNS), where {Ty (w), Ty (u), Fry (u) € [9, 1}} respectively called truth, indeterminancy and falsity 


functions.,simply denoted by N = Ge I ete) 
Definition 2.3 [16] An interval neutrosophic set (INS) in U is astructure 


N= (Fy. iy), Fy) |e u} where 
{Fy (u),1 n (4): Fy, (u) € D[O, 1} are respectively called truth, indeterminacy an falsity function in U. 


Simply denoted by N = (oe I Nala) for convenience being actually 


eee Moe, APs ci ae «eae 
n=(Fy Saya, Me yet | Fy |) 
Definition 2.4 [17] A structure N = {(« Fy. Ty (u), Fry (ut), Try (w), Ly (U), Fy(u)) luc u} is 
. ~ LU | = LU - i A 
neutrosophic cubic set (NCS) in U in which Gere eres Peter evtealtocest }) is an 
interval neutrosophic set and (geal eg) is neutrosophic set in U, where 
ae Vitey ever graye tee over ea fi [0,0] < Ty +iy + Fy <[3,3] and 0<Ty +1y + Fy 83 


such that V” denotes the collection of neutrosophic cubic sets in U. 


Definition 2.5 [22] The t-operators are basically union and intersection in the fuzzy sets which are 


denoted by t-conorm (r*) and t-norm (r) . The role of t-operators is very important in fuzzy 


theory and its applications. 
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Definition 2.6 [22] Tr: lo, 1| x [0, 1] > |, 1| is t-conorm if the following axioms hold. 
Axiom 1 I (1,~)=1 and 1 (0,u)=0 
Axiom 2 I (u,v)=I° (v,~) for all u and v. 
Axiom3 [ (ur (v, w)) ape (r* (u,v) ; w) for all u, v and w. 
Axiom 4If w<u and v<v, then I” (u,v) <.” (u,v ) 

Definition 2.7 [22] © :[0,1]x[0,1] > [0,1] is t-norm if it the following axioms hold. 
Axiom 1 (1,u~)=" and T(0,u)=0 
Axiom 2 r(u,v) = r(y,u) for all u and v. 


Axiom 3 (wr, w)) = r(r (u,v), w) for all u, v and w. 
Axiom 4 If u< i and v< 4 then r(u,v) < r(wy 


The t-conorms and t-norms families have a vast range, which correspond to unions and 
intersections, among these Einstein sum and Einstein product are good choices since they give the 


smooth approximation like algebraic sum and algebraic product, respectively. Einstein sums © , 


and Einstein products ®, are the examples of t-conorm and t-norm respectively: 





RA u+yv uv 
es a Dp (u.v) = 


+ uv 1+(1-u)(1-v) 


Definition 2.8 [28] The sum of two neutrosophic cubic sets (NCS), 
A=(FylyFpTylgFy) and B=(Tp,ip.Fy.Tg.1p.Fp ), where 
ge SO ee ike SU [SU ce ilesee UT ee 0 PUN de Mailer 280) 

is defined as 

4o8-([rj ie 14TH 1 #1 -T17y || Ly ne Sera ve HU LL Fee Fe | Cilp alee Fy +Fp -F Fg) 
Definition 2.9 [28] The product between two neutrosophic cubic sets (NCS), 

A=(F4,i4,F4.Ty14F4) and B=(fp,ip,fy.Tp.IpeFy), where 

- jae 6 cule Le Fy. 2 P20 Se A en I AOFM tee be 
is defined as 

A@B= (a | ele || Fr + Fy -EpFp Fy +e - FY Fe |,0, +7, -TTy14 +1, -I4l,,F Fy] 
Definition 2.10 [28] The scalar multiplication on a neutrosophic cubic set (NCS) 

Enon Teen ena) and ascalar k where 


cde | er Pi SO Se 2c 
Par evaroaReeva reo 


is defined as 
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ka=([1-a-y',1-0-17)' , [1-a-2.1-0-0 (ey (er) eo 1-0-2) | 


Definition 2.11 [18] The Einstein sum between two neutrosophic cubic sets (NCS), 


A a(1 jp) ph yt lasky) end B= (Ty, Ip, Fy.Tp.1p.Fp). where 


2 ae vad ie E202 a6: 2 a ee 


is defined as 














140i Ty 1477 Ty | L+ TT 140 Te || 1+0-F))(1-Fy) 141-7) (1- Fy ) 


dep i|| Es ee FiF} FURY (we ee F,+F, 
: "1+(1-7,)(1-7,) 141-1, )(1-J,) 1+ FF, 


Definition 2.12 [28] The Einstein product between two neutrosophic cubic sets (NCS), 


A "Tpsle lyst el pF y) and B=(f9,/p,Fp.Tp.1p.Fp). where 


Z iam cage b.20 Vs oe Ao a (eee Cale ns ope a 
L, al a ie Sls lee =| Fj Fy Jand er [p= | tote (hp S|Feot | 
is defined as 


Bec iets (eis ii; nik Brak Beers tel dels EF, 
: 1+(1-T{)(I-Ty) 1+ (1-77 )(I- Ty) | | 4-2) (1-J5) 14-2) (1-Jp ) PLEA IEE? Fe P1427, 1410, 1+(1-F,)(1-F) 














Definition 2.13 [28] The Einstein scalar multiplication on a neutrosophic cubic set (NCS), 
A= (ae) and a scalar k where 


~ 


et es. Need SO) ee, ak aU 
pty | ey eee eee 
is defined as 

k,A= 


aes ie aria pel Fy (FV) 7) a(t,’ de -(-8 
| | | 


(14 T;) +(U-Te (47) 4-2)! FOALS HUE LY 02) J) (2- FE) (BE) (2- Fey +(FY) 


ats Sore a x Degee e D. 0. | 2 L WU 
Definition 2.14 [28] Let NV = (eee areca where ie [Ty;.Ty [iv = ie Ay = Gad be a 
neutrosophic cubic value. The score function is defined as 


ee ee 
Ser(w) =| Ty - Fy +Ty — Fy + Ty - Fy | (1) 


If the score function of two values are equal, the accuracy function is used to compare the 


neutrosophic cubic values. 
L 


at dere we n jae ee LU | = U 
Definition 2.15 [28] Let N = Beleiehelntn: where Ty = Ty.Ty ines = linet ity = Ayr | be a 
neutrosophic cubic vlaue. The accuracy function is defined as 
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(2) 


1 
Acu(u) = {Ty ie ie e, ae ae, + Ty, + Ly + Fy} 
9 
The following definition describes the comparison relation between two neutrosophic cubic 
values. 


Definition 2.16 [28] Let N,, N, be two neutrosophic cubic values, with score functions 


Scr (1, ) , Scr (v5) and accuracy functions <Acu (1, ) , Acu (Vv, ) . Then 


1). Ser (IN, ) > Ser(N,) > N, > N5 
2). If Scr (1, ) = Ser (v5), then 
(i). Acu (,) > Acu (15) =>N,>N5, (il). Acu (vv, ) = Acu (v5) =>N,=N5 


3. Model Formulation of Air Pollution 


Air pollution is a great threat to the environment. It causes different diseases to the human being. 
Inhaling polluted air may cause different types of disease like lung cancer and other respiratory 
diseases. According to WHO, air pollution causes 7 million premature deaths globally in 2016. 
Ambient air pollution alone caused 4.2 million deaths, while the atmospheric contamination of 
households from the kitchen with fuels and contaminating technologies led to an estimated 3.8 
million deaths in the same year. More than 90% of deaths related to air pollution occur in middle- 
and low-income countries, mainly in Africa and Asia. In the last few years Pakistan witnessed a 
significant increase in cancer, asthma and chronic lung diseases. The particulate matter (PM) cause 
such type of diseases. The PM size is categorized as PM25, PM10 and PM2.5. The recommendation 
of the WHO for air quality call the countries to reduce their annual air pollution to the annual mean 
value of 20ug/m% for PM10. In this model, the data for PM10 was considered. 

The collection of data is a hard task to do since most of the time we are unable to collect the 
correct and appropriate data. The problems may arise due to unskilled data collectors, 
inappropriate methods of collecting data and others. These obstacles can be minimized by using 
neutrosophic cubic sets which provide a vast variety to choose and decide. In this paper, a problem 
regarding PM10 in Peshawar, Pakistan is considered and their values aggregated using a 
neutrosophic cubic environment. Data is taken from [36] and converted to neutrosophic cubic form. 
To consider overall values, data aggregation operators are being proposed so that its value can be 
compared with WHO standards. According to WHO recommendation, the neutrosophic cubic 


value for PM10 is calculated as 


Nyyp70 = (0-15, 0.30],[0.10, 0.30], [0.70, 0.85], 0.20, 0.40, 0.75) (3) 


The neutrosophic cubic data for 1* , 5, 10%, 15 and 20' April 2014 are respectively shown as 


follows. 


N= ({0.82, 0.92}, { 0.39, 0.66],[0.18, 0.38], 0.88, 0.7, 0.42), Np = ((0.59, 0.78], | 0.68, 0.73] | 0.22, 0.41],, 0.68, 0.78, 0.32), 


Nc = ({0.86, 0.96], 0.8, 0.85], [0.24, 0.36], 0.17,0.8,0.4), Ny = ([0.8, 0.93],[0.11,0.41],[0.5,0.9], 0.9, 0.5, 0.4) 
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and Nj, =((0.61,0.79},[0.41, 0.53], 0.39, 0.56], 0.45, 0.30, 0.45) . 


The accuracy function is used to rank the air pollution in their relevant dates, in which day the air 


is most polluted by PM10. 
Acu(N 4) = 0.5944, Acu(N p) = 0.5766, Acu(N(~) = 0.6044, Acu(N yy) = 0.6055, and Acu(N ,) = 0.4988. 


We observe that 


Acu(Ny) > Acu(Ne)> Acu(N 4) > Acu(Np)> Acu(N ep). 


NA NB NC ND NE 


Figure 1. Pollution Graph in Peshawar City in April 2014 
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The graphical analysis can be seen in Figure 1. To analyze the overall pollution of PM10, the 
ageregation operators are needed. To fulfill this desire, the notion of neutrosophic cubic 


aggregation operators and neutrosophic cubic Einstein aggregation operators are proposed. 


4. Neutrosophic Cubic Weighted Averaging Aggregation Operator 

This section consist of some fundamental definitions of neutrosophic cubic weighted 
averaging (NCWA), neutrosophic cubic ordered weighted averaging (NCOWA) and neutrosophic 
cubic Einstein hybrid avregaing (NCEHA) aggregation operator, which are defined as follows. 


Definition 4.1 The neutrosophic cubic weighted averaging is a function, NCWA: R" + R defined 
by 

NCWAy (Ny, N55 05Ny) = Z_ENg , Where (4) 
W = (Wy. W5-9 Wy - of Nee 1,235), be the weight such that w, €[0,1]and Par =|. 
Note that in NCWA, the neutrosophic values are weighted first and then aggregated. 
Definition 4.2 The neutrosophic cubic ordered weighted averaging is a function, NCOWA:R" —> R 


defined by 


nN 
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S, denotes the ordered position of neutrosophic cubic (NC) values whereby the NC values are 

ordered in descending order, W = (Wy Wo ses Wy ‘a of N pea 152535200), be the weight such that 
nN 

w, €[0,1]and yk =] 

Note that in NCOWA, the neutrosophic cubic values are first ordered and then aggregated. The 


basic concept of NCOWA is to rearrange the neutrosophic cubic values in descending order and 


then aggregate them. 


~ ~ ~ ~ jae Le b. U: 
Theorem 4.3 Let N -(7 ae ncaa me eee o! } where fp +r <r Il + > | +: F | 
(k =1,2,...,n) bea collection of neutrosophic cubic values, then the neutrosophic cubic weighted 


average operator (NCWA) operator of N, is also a neutrosophic cubic value and 


renanye( Temas -tle-ri iefto-s Tema fs) AM? PD AP Te 


k=] k=l k=] k=l 


where W=(w,,W,,...,W,) Of N, (k =1,2,3,...,2),be the weight such that w, ¢[0,1]and >, =], 


k=1 


Proof: By mathematical induction for n = 2, 


secretes ie flr Ae 


2 2 2 2 
k=l k=l It k=l k=l k=l k=l k=l 


Assume that, the result holds for n = m. That is 


Yun (| [7 yom ry Huu, yn) ys Tle) 


k=l 


Consider n=m-+1, the following result will be proven. 


seen {theese eseotesolsr sri fisr sta 


SyN, ee rian kl kel kel kel | 
re A en ee al “ape et 1 ne, | L ie | U ae | " | i -( -| \)" 
oll ( Fa) ea Th) HO Lia) 1-( Dia) ce Pi ties ea Lait Phe 


m+ m+ m+ 


[Pes Pts) tts Ble le fe AP tes 


Hence proved. 
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Example 4.4 The NCWA operator is applied on the data as stated in section 3 with corresponding 


weight, w= (0.21,0.14, 0.25, 0.29, 0.11). This weight calculated by Xu and Yager [27] is an essential part 


of aggregation operators and will be used throughout this paper. 


The value of NCWA = ([0.7871,0.9171],[0.5311,0.7292],[ 0.2912, 0.5075], 0.5216, 0.6071,0.3995). 


Theorem 4.5 Let N -(7 eee ee ee ee } where 7 | my |e |i i, | |r A, f 


(kK =1,2,...,n) be collection of neutrosophic cubic values with weight W = (Wy, Wo. Wy ‘ 


of 


n 
N (b= 1,2, 3,250) such that w, €[0,1]and ek =1. The following properties are true. 
1. Idempotence: If for all N, = (7, ty, Fy Ly sty hy, | where ie =|Ty Ty, dn =| iol, bE =| Fr Fi | 


(k =1,2,...,2) are equal, i.e. N, =N forall k, then NCWA ,,(N,,N5,..N,) = N 


Bo” By 


2. Monotonicity: Let 8, = (Fs, Fo, Fo, 10, 7, ) where Tf, ee Sli bi =| Fy Fy | 


be the collection of neutrosophic cubic values. If Sp(u) = Sa;(u) and B,(u) 2 N,(u), where u € 


U, then 


NCWA ,,(N,,N55-5N,) S NCWA ,, (By, By, By) 
3. Boundary: N < NCWA,, (4, )-(4) (Nn )} <N’, where 


N~ =/minT” .min/~ .l1—max F’ .minT. .min/, .l—max F’ .minT.. .min/,. .l—max F 
je NE ae, k OD ames aaa gr a ee " ge IN BIg IND i Nx 


N* =/max7T” .max/* .l—min F” .maxT.. .max/. .l—min F’ .maxT. .max/. .l—minF 
i ie? ig * ee po OR eR BR Ne gt “ee po Nee oR ONR? qk k 


Proof. 


1. Idempotence: Since NV, = N so 


NCWA (v,) ~ NCWA(N) 


k=] k=] k=] k=] k=] k=] 


[fle-no-fe-ay ff a-rysa-T]o-10) fe) Ay" 1 (0) Fy yt T]-(2))" 


= (pst Net Te Tips) 


2. Monotonicity: Since neutrosophic cubic ordered weighted average operator (NCOWA) is 


strictly monotone function, hence the proof is trivial. 
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3. Boundary: Let w=minN and y=max WN’, then by the idempotent law we have 
u< NCOWA(N,) < y => N~ < NCOWA(N,) < N* 
Theorem 4.6 Let N, = te ,ty, ee Dy sty, oly, ), where [ =| Ty, Ty, bln =| Tile, bFy =| Fy Fy | 


(kK =1,2,...,n) be the collection of neutrosophic cubic values and W = (WW - Wy a is weight of 


nN 


the NCOWA with w, €[0,1] and yy, =]. The following properties will hold, where N, is 
k=l 


the largest kth of (NiN 535 N yn) 
L.If W=(1,0,...,0), then NCOWA (N,,N5,-5Ny) = max Ny, 
2.1f W=(0,0,..,1), then NCOWA (Nj, N5,--,N,_) = min N, 


3. If w, =l,w, =0, andk 47, then NCOWA (N,,.N5,..Nyn) = Ny- 


Proof: Since in NCOWA, the neutrosophic values are ordered in descending order, hence NCWA 
operator aggregates the weighted values. On the other hand NCOWA weights only the ordering 
positions. 

The idea of neutrosophic cubic hybrid aggregation operators (NCHA) is developed to not only 


weigh the values but also weigh their ordering position as well. 


Definition 4.7 NCHA: Q” > Q isa mapping of n-dimension, which has associated weight 


n 
W = (Wy, Wo seers Wy a , where w, € [0,1] and yk =1, such that 


7 wo wo ow 














N, isthe largest kth of the weighted neutrosophic cubic values Ny. The Ny can be calculated 


n 
by the following formula N? HW Neale 2,ByagMy WE (Wp. WseesW_) 5 Wy €[0,1] and yk =] 
, where nis the balancing coefficient. 
ee 7 [pl pu] 7 _[ pl ww] Bp _[ pl pu 
Theorem 4.8 Let Vg) = (Fy, IN, Fy Ty, ty, FN, ), where 7, =|Ty Ty, jel =| ly, [A =| FoF 


(k = 1,2,u.. be acollection of neutrosophic cubic values. Then the aggregated value by NCHA is 


also a neutrosophic cubic value and 
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NCHA, (N ) 


“Dts )* tae) fae) Fess ress es) Ee) 


where the weight W = (Wy Ws 5 Wy ‘a is such that w, € [0,1] and Par =] 
Proof: The proof is directly concluded by Theorem 4.3. 


Theorem 4.9 The NCWA operator is a special case of NCHA operator when all the components of 


w are equal, i.e. w, = Wy =...= Wy. 


1 1 1 
Proof. Let W =(-, y 


9 09 


non nN 





Then NCHA wW(N,.No,-5Ny) 
@O OO 
LN ON ONT 7) Borah 
er. o(1) © No) OO No ny) 7 pp No.5 Nn) 
= Ww Nj,WN55-.W_N, = NCWA(N,,N5,.-sNq)- 
Theorem 4.10 The NCOWA is a special case of NCHA when all the components of w are equal, i.e. 


WwW) = Wy =. = Wy, 





1 1 1 
Proof. Let W =(-, 2 


9 e959 


non n 

Then NCHA, W(N,,N55--Ny) 

= NGC) ® wy NG(2) ®...0w oe 

n 


Example 4.11 The NCHA is applied to the data as stated in section 3 with corresponding weight 
w = (0.21, 0.14, 0.25, 0.29, 0.11! of Xu and Yager [27]. 


Solution The weighted values are 


N‘% = (0.8384, 0.9294], [0.4049, 0.6778],[0.1652, 0.3620], 0.8744, 0.6876, 0.4355) 


Ne = ([0.4643, 0.6535], | 0.5496, 0.6001], [ 0.3465, 0.5357], 0.7635, 0.8404, 0.3 170) 
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Ne =([0.9143, 0.9821], [ 0.8662, 0.9066] [ 0.1679, 0.2788] , 0.1091, 0.7566, 0.4719) 
Noy = ([0.9030, 0.9788], [ 0.1555, 0.5347], [0.3660, 0.8583 ] , 0.8583, 0.3660, 0.5232) 
Nee = ([0.4042, 0.5761], [0.2519, 0.3398] ,[ 0.5958, 0.7269], 0.6446, 0.5157, 0.2802) 
Ser (IN 4) = 1.6759, Scr (Np) = 0.6821, Ser (Vo) = 1.0856, Ser (Vy) = 0.9926, Ser (Nj) = 0.0220., 


Here, Ser(N 4) > Ser(Ne) > Scr( Np) > Scr( Np) > Ser(Nz). 
According to their ranking, the values are 


Ne) = ([0.8384, 0.9294] ,[ 0.4049, 0.6778] ,[ 0.1652, 0.3620] , 0.8744, 0.6876, 0.4355) 
NE) = ([0.9143, 0.9821], [ 0.8662, 0.9066] ,| 0.1679, 0.2788] , 0.1091, 0.7566, 0.4719) 
NEG) = ([0.9030, 0.9788] ,[ 0.1555, 0.5347] ,[ 0.3660, 0.8583], 0.8583, 0.3660, 0.5232) 


Ne 4) = ([0.4643, 0.6535] ,[0.5496, 0.6001] ,[ 0.3465, 0.5357 | , 0.7635, 0.8404, 0.3170) 


NEO) = ([0.4042, 0.5761], | 0.2519, 0.3398] ,[ 0.5958, 0.7269 | , 0.6446, 0.5157, 0.2802) 


The new associated weight is derived by the normal distribution method [19]. Here the associated 


weight W = (0.110, 0.237, 0.303, 0.235, 0.1 15) is the weighting of the NCHA operator. 


NCHA (Ne (1y>Ne(2yNo(y Nota) No(s)? 


5 5 w. 5 wW. 
=| 


[t-te -f0-e)-TOa)-FAe ea)? Ce) Fe PT) LIC 


i=l i=l i=l i i=l 


= ([0.8165, 0.9367] ,[ 0.5533, 0.6932] ,[ 0.2911, 0.5251], 0.4966, 0.5893, 0.4322) 


In order to analyze these results with WHO standard, the scores of NCWA and NCHA operators 


are calculated and indicated as follows. 
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The graphical analysis is illustrated in Figure 2. It is observed that in both scores that Peshawar has 


highly polluted air. 


Figure 2. Comparison of aggregations with WHO standard 


5. Neutrosophic Cubic Einstein Aggregation Operators 

This section consist of some fundamental definitions of neutrosophic cubic Einstein weighted 
averaging (NCEWA), neutrosophic cubic Einstein ordered weighted averaging (NCEOWA) and 
neutrosophic cubic Einstein hybrid avregaing (NCEHA) aggregation operator, which are defined 
as follows. These are defined using the Einstein addition, Einstein multiplication and Einstein scalar 
multiplication. 


Definition 5.1 The neutrosophic cubic Einstein weighted averaging is a function, NCEWA 


-R” +R defined by 
nN 


nN 
where W = (Wy. Ws Wy - is the weight of N,(k =1,2,3,....0), wp € [0,1] and yk =, 


This implies that the neutrosophic cubic values are weighted and then aggregated using Einstein 


operations. 


Definition 5.2 Order neutrosophic cubic Einstein weighted average operator (NCEOWA) is 


nN 
defined as NCEOWA :R” > R by NCEOWA,(N}.Ny.-Nq)= &, (0% 8%), where, B, denotes 


the ordered position of neutrosophic cubic (NC) values in descending order, W = (Wy. Wo 2 Wy ‘a 


nN 
is the weight of No 1; 2535450); be such that w, €[0,1] and yk =], 


Note that, NCEOWA values are ordered and then weighted. Thereafter, the ordering values 
are aggregated using Einstein operations. The basic concept of ordered weighted operator is to 


rearrange the values in descending order. 


0.6 


0.4 


RANKING 


0.2 





NCWA NCHA WHO 
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Theorem 5.3 Let N; =(T,,14,,F'%5Ty, sly, Fy, Jowhere Ts, =|) Ty dy, =[ ly, ba, =| FF, | 
(k =1,2,...,n) be the collection of neutrosophic cubic values. Then their NCEWA operator is also a 
neutrosophic cubic value where W = (Wy, W 75. Wy ye is the weight vector of N pea 23.450), 
such that w, € [0,1] and Dar =1. 


Proof. By mathematical induction for n= 2, using Einstein’s addition and ascalar multiplication, 


we will have the following. 





(lem) -(l-m)* (lem) (my 
(147) + (1-7 |" (any +(I-7y,)” 

2( Fy, |’ 2(Fy if 2(7,, 21, )’ (+, ) -(I-Fy )’ 
fe-ri) (A) oni) RR) Jem) 410) 2h) alt)” (eR) afte) 














[y(n L174)" [1(1+n)"- II('- a [lt )*-T][-n \" [1(t+#,)°-H(i-a,)" 
2 2 Wee 2 2 w 2 2 w 2 
_— (+n, ) +E] (2, )° pay te all fend Tita) pea) sa) | 
atte atti | atta atta flores 
[2 Fi) +A) Tie-#4)" Tl)" (2-4, )"+T1(%,)° (2-4, ) ETE) T('+F,)°+TT('-F)" 














Ten) -Ht-a,)° ee) Ht) |] Tes) Ten) Ten) -TD (=, 
[Mlren)*+T0(-a,)° Teen) L032) TTT 8,) 
“ne ae, a(R.) | a", a4)" [os Tea) 
le-a) TN) 1-8)" Les) T=, "1106, Me-4,)'+Tls,)" Teer) 


The result is proven for n= m-+1, since 
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(I+ 7 J" s(l-n )" (I+; yh s(i-n) (I+; yh (len a + yu 


1{F, : iP 2 | i af, | \" (1, | P t 4 F | " x ‘s a F. | a 


mt m+] 


2 Z Fy \" : Fy f : Fi i ‘ Fy 2 7 ty \" ty [2 7 ty r . ty t : Fy.) 
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k=] A k= l] "k I] k=] i k=] k=] ‘ k=] i 
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flew.) EM)" e-%, oD 
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[] (+2: +] (I-79 |" [I+7) ) + (ah (I+) 4 (I= |" [] [+4 + [1-1 i 
k=l t k=l : k=l ; k=l k=l : k=l k=l : k=l 
m+l My m+ My m+l My m+] Wy m+ F 
21](F, aT] | T1(2, TTA, [tr [I-A 
k=l k=l k=l k=l = 
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file-ri)* Elles) fea) EM)" | fen) Tle, Ee-2,) Tila, )* Tees" Toa 


Hence proved. 


Example 5.4 The NCEWA is applied to data in section 3 with corresponding weight of Xu and Yager 


[27], w= (0.21,0.14,0.25,0.29, 0.11)" . 


Then NCEWA = ([0.7848, 0.9163], [0.5058, 0.6650], [0.2957, 0.5241], 0.5652, 0.6187, 0.3990) 


Note that the NCEWA operator aggregates the weighted value whereas the NCEOWA operator 
weight the ordering position and then aggregates the values. The idea of NCEHA is developed to 


overcome to not only weight the neutrosophic cubic values but their order positioning as well. 
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In order to analyze these results with WHO standard, the score of NCEWA and NCEHA operators 


are compared in terms of the accuracy functions as follows as illustrated in Figure 3. 


Ac(N ycpy4) = 95861, ACN ycpppz4) = 90-6099 and Ac(Nyr) = 0.4166. 


0.8 
w 0.6 
= 
~ 04 
<< 
x 02 
0 fe 


NCEWA NCEHA WHO 


Figure 3. The comparison of Einstein aggregation with WHO 
Observe that using both operators NCEWA and NCEHA, Peshawar has highly polluted air as 
shown in Figure 3. The overall graphical presentation is illustrated in Figure 4. Hence we conclude 


that serious measures by the relevant government agencies are needed to overcome the situation. 
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Figure 4. Comparison of neutrosophic cubic aggregation operators with WHO 


6. Conclusions 

In this research, NCWA, NCHA, NCEWA, NCEHA operators are compared with WHO 
standards. The aggregation operators are applied to the numerical data of PM10. These aggregation 
operators enabled us to analyze the air pollution model in the city of Peshawar, Pakistan. We 
computed the accuracy functions of all of these aggregation operators and WHO standard. The 
analysis is then presented graphically to illustrate the comparison. It is observed that in the month of 
April 2014, the pollution of PM10 is very much higher than WHO standards. Strong measures are 
thus required to control air pollution. Our future research will be to apply further the NCWA, NCHA, 


M. Khan, M. Gulistan, N. Hassan and A.M. Nasruddin, Air pollution model using neutrosophic cubic Einstein averaging 
operators 


Neutrosophic Sets and Systems, Vol. 32, 2020 388 


NCEWA, NCEHA operators to construction management, geometric programming, binomial 


factorial problem, and numerical convergence of polynomial roots [49-50]. 
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1. Introduction 
C.L. Chang [3] was introduced fuzzy topological space by using .Zadeh’s L.A [18] (uncertain) 

fuzzy sets. Further Coker [4] was developed the notion of Intuitionistic fuzzy topological spaces by 
using Atanassov’s[1] Intuitionistic fuzzy set. Neutrality the degree of indeterminacy, as an 
independent concept was introduced by Smarandache [7]. He also defined the Neutrosophic set of 
three component Neutrosophic topological spaces (t, f, i) =(Truth, Falsehood, Indeterminacy),The 
Neutrosophic crisp set concept converted to Neutrosophic topological spaces by A.A.Salama [13]. 
..Arokiarani.[2] et al, introduced Neutrosophic a -closed sets. T Rajesh kannan[10] et.al 
introduced and investigated a new class of continuous multivalued function is called 
Neutrosophic a- continuous multivalued function in Neutrosophic topological spaces. 

Aim of this present paper is, we define some new type of irresolute multifunction between the 
two spaces. we obtain some characterization and some properties between such as Lower & 
Upper @- irresolute multifunction. 


2. PRELIMINARIES 


In this section, we introduce the basic definition for Neutrosophic sets and its operations. 
Throughout this presentation, (R°,,T,c,) is namely as_ classical topological spaces on R°, 
1 


(represent as CTSR°,) , (R”5.,T Now ) is namely as an Neutrosophic topological spaces on 
2: 


R™ (represent as NUTSR",,,),The family of all open set in R°, (@ —Open inR°, , semi-openin R°, 
and pre-open in R“, respectively ) is denoted by O(CTSR‘“,)( @O(CTSR‘,) , SO(CTSR*,) and 
PO(CTSR‘°,) respectively). The family of all Neutrosophic open set in R” .,(@ —Open in R”},, semi- 
open in R”,, and pre-open in R",, respectively ) is denoted by O(NUTSR",,).( @O(NUTSR",,) , 
SO(NUTSR",,) and PO(NUTSR’,,) respectively). The family of all closed set in R°, (@ —closed 
inR©, , semi-closed in R°, and pre-Closed in R°, respectively ) is denoted by 
C(CTSR‘,).( @C(CTSR*,) , SC(CTSR*,) and PS(CTSR*,) respectively). The family of all 
Neutrosophic Closed in R”,(@ —closed in R",, , semi-closed in R”,, and pre-closed in R™,, 
respectively ) is denoted by C(NUTSR",,).( @C(NUTSR”,) , SC(NUTSR™,,) and PC(NUTSR",,) 
respectively) 
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Definition 2.1 [7] 

Let R*, bea non-empty fixed set. A Neutrosophic set A RN, is an object having the formA RN, = {<& ; 
Haw (E:Fayn (EVA > 2 & € RM Where  pgv,(&):R", > [0,1 Lagu, (&):8", > [0,1] 
Vagn 6 )):R", > [0,1], are represent Neutrosophic of the degree of membership function, the 


degree indeterminacy and the degree of non membership function respectively of each element € € 
R°, to the set Apc withO <p, (5)+04 (5)*Va 0 (€) <1.This is called standard form 
R™4 1 1 


generalized fuzzy sets. But also Neutrsophic set may be 0 < 4, (€)+0 Ann (€ Va aw (€) <3 
1 1 1 
Remark 2.2[7] 
we denoteA pn = {<€, Ul Aww. 1A w. VA. > } for the Neutrosophic set 
1 1 1 
ARN = {<€, Hal, (5) Fa, (5),Yapw, (5 )> : CER 4h 


Example 2.3 [7] 
Each Intuitionistic fuzzy set Apn, is a non-empty set in R™, is obviously on Neutrosophic set 


having the form Agw,={<E, Hayy (EL — Magn, + Yagn, )) Vayu, (E>? FER a] 


Definition 2.4 [7] 
We must introduce the Neutrosophic set 0, and 1, in R™, as follows: : 


Ov= {<é, 0, 0, 1>: € € RN} & 1n= {< €, 1,0, O>: FE R%,} 

Definition 2.5 [7] 
Let R“, be a non-empty set and Neutrosophic sets Apn, and Bpw, in the form NS Agn = {<€, 
Haw, (S)FAn, (S)Vagw (S)) SER }&Bpw = {<g, Hew (SF nw (S)Ven (5) : €ER“,} defined as: 
(1)Apn,S Ban, © My y &) S Hew (S), Faw (Sy = Onn (Sd, and Yeu, (5) 2 Yeaw, (S) 
(2)Agu,© =F 1 Yay (8), Fay (stan, (E>: § ER} 

(3)Agn Bgw, (E, Magy SMB aw (E) Fay ENA Gagne (EVAgw, EV You (E> FER 
(A)Agw UBRM, “EX Hay, EV by y (6), ay, EV gy, Vagn,(E) Magy, E>: FER] 

(5) NAjp cag, AV Hajgn ($)) Aj Tajgn ($): Vj Vajpn (6) + ERM J 

(6) UAjpn = {<g, V; HAj an (), Vj CAj RN, (S), Aj YAign, (€)>: €ER™,} forall ER, 


Proposition 2.6 [9] 
For all Apw, andBpn_ are two Neutrosophic sets then the following condition are true: 


(1) (Apn, N Bpn,)°= (Apn, )°U(Bpn, )° 
(2) (Apn, U Bpn,)°= (Apn,)° N (Baw )” 
Definition 2.7 [10] 
A Neutrosophic topology is a non -empty set R”, is a family Ty RN, of Neutrosophic subsets in 
R™, satisfying the following axioms: 
(i) On, ly E TNRN, 
(ii) Gav HRN, © Tyan, for any Gan ,Hpn, © Tupn, 
(ili) Uj Gign, € Ty pn, for every Gign,€ Ti RN 7 Te J 
The pair (R™ 1 Typ n, ) is called a Neutrosophic topological space. 
The element Neutrosophic topological spaces of Ty pare called Neutrosophic open sets. 
A Neutrosophic set Apw, is closed if and only if A aN” is Neutrosophic open. 
Definition 2.8[10] 
Let (R™ 4, Ty RN) be Neutrosophic topological spaces. 
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Apn = {<S Ma (5)/O4 (5)/Ya (€))>: €ER™,} be a Neutrosophic set in R™, 
1 1 1 

1.Neu-Cl(Apn_) = K 4, :K 4, is aNeutrosophic closed set in R™ and Apn. GK y sal 

: R™4 R™4 ‘ R™4 
2.Neu-Int(Apn,) = UiGa aw, Gann, is a Neutrosophic open set in R”, and Gan, CA RN, I 
3.Neutrosophic Semi-open if Apw, S& Neu-Cl(Neu-Int(Apw_ )). 
4.The complement of Neutrosophic Semi-open set is called Neutrosophic semi-closed. 
5.Neu-sCl(Agw,)=1{K 4, :K 4, isa Neutrosophic Semi closed set in R™, and Apw EK, ,, } 

1 R™4 R41 1 Re'1 
6.Neu-sInt(A pw, ) = UG wv Gy 

1 

7.Neutrosophic a-open set if Apw, © Neu-Int(Neu-Cl(Neu-Int(Apw_ ))). 


8.The complement of Neutrosophic a-open set is called Neutrosophic a-closed. 
9.Neua- Cl(Apw) = K apn, -K Apn 18 a Neutrosophic a - closed set in R", and Ann, SK ay J 


° ° ° ° C 
av, 8a Neutrosophic Semi open set in R“, and Gan SA RN, I. 


10.Neu a -Int(Apn,) =U (Gann. Gann, is a Neutrosophic a - open set in R™, and Gan, CA pn I: 
11.Neutrosophicpre open set if Apw, © Neu-Int(Neu-ClApw_ )). 
12.The complement of Neutrosophic Pre-open set is called Neutrosophic pre-closed. 
13.Neu- pCl(Apn,) =n K ARN, K Apn 18 a Neutrosophic P- closed set in R™, and Apn, Sk Aan, } 
14.Neu- pInt(Apw,) = UiGa aw, G4 
Remark:2.9[11] 

Let Apn, be an Neutrosophic topological space (Rea by pc, J: Then 

(i) Neu a-Cl(Apn,) = Apn, U Neu-Cl(Neu-Int(Neu-Cl(A pn, ))). 

(ii) Neu a-Int(Apn,) = Apn, NNeu-Int(Neu-Cl(Neu-Int(A pw, ))). 
Definition 2.10[9] 
Take ¢,,§5,6, are belongs to real numbers 0 to 1 such that 0sg,+§,+§,<1 .An Neutrosophic point 
(g, »&25 E, )is Neutrosophic set defined by 

(E883) “(Ep sys) § = @ 

(0,0,1)if § + 9 

Take (é, O95 E,) =<, 9z,.z,> Where (9, z,.¢,are represent Neutrosophic the degree of 

membership function, the degree indeterminacy and the degree of non-membership function 


RN, is a Neutrosophic P - open set in R%, and Gan S Apn,}. 


respectively of each element € €R™, to the set A RN, 
Definition:2.11 
A Neutrosophic set Ap, in R™, is said to be quasi-coincident (q-coincident) with a 


Neutrosophic set Brn, denoted by Apn qBpn, if and only if there exists €ER™, such that A RN, (€) + 
Brn, (€) >1. 
Remark: 2.12 
Apn,q Brn, © Apn, £ Baw,“ 
Definition 2.13[9] 
letR”, and R%., be two finite sets. Define w,:R",—R" >. 
IfAp = 1<8, Haw (9),O4 (9),Va ow (0))> : @ER*,}.is an NS in R%,, then the inverse image( pre 
2 2 2 
image) Apw, under w, is an NS defined by Ww, '(A pn. J=< 6, Wi Ua. (2), 01 On. (©) Wi Vs 
Z 1 2 RN, RN. RN, 
(£) :€ER” >. Also define image NS U=<é, LL, (5), Ful), Vy (S) FE R™ >> under w, is an NS defined 
by By (U)=<8, by (Hy y (9)), By (ay, (9), Py Vagy, (8): OE RM >> 
2 
where 
Yi Uy y O)=l supHy , 3) ifdr” (4h, FE Yr" (6) 
2 2 
0, elsewhere 


P,(F4,y (Ht supGay (S) if wi (0) 4b, Fey. (8) 
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0, elsewhere 
PLM yy Rt int Wary, 0S) if Wi’ (0) 4, FE Yr (8) 
2 
0, Elsewhere 

Definition 2.14[2] 
A mapping W,:(R"1Tvpn,) >(R™2-, Ty pw.) is called a 
(1) Neutrosophic continuous(Neu-continuous ) if Aaa (A a, ) € C(CTSR°,)whenever A Rv, € 
C(NUTSR",) 
(2) Neutrosophic a-continuous(Neu a - continuous) if py, (A a”, E aC(CTSR®, ) 
wheneverA,v, € C(NUTSR",) 
(3) Neutrosophic Semi-continuous(Neu Semi - continuous ) if w _ (A a”, E SC(CTSR*, ) 
wheneverA,v, € C(NUTSR",) 
Definition 2.15. 
Let (R°,,Ty Re) be a topological space in the classical sense and (R™>.,Ty pn, be an Neutrosophic 
topological space. Y : (R°,,T Re) > (RX ,.,Ty RN) is called a Neutrosophic multifunction if and only if 
for each — € R°,, ¥ (€) is a Neutrosophic set in R™ 9. 
Definition 2.16 
For a Neutrosophicmultifunction : ¥ : (R°1,T pC.) — (R%,.,Ty pv, the upper inverse¥* (I) and lower 
inverse ¥~ (I) of a Neutrosophic set Ipw, in R", are defined as follows: 

*(Tpv,)=(F ER, \ ¥ (§)< Thu, } and 

Y-( Pav, ={€ ERS \ ¥(E)q Tan, } 
Lemma 2.17. 
For a Neutrosophicmultifunction ¥: (R°1,Tgc,) > (RY 2.,Ty aN) 
we have Y~(1- [pn,) = R°1- P*(T'pn, ), for any Neutrosophic set Ipn, in R™9. 
Lemma:2.18 

Let [pv be a subset of Neutrosophic topology Ty pv, then 

1.[ pv, isa-closed inR™ ,iffNeu-SInt (Neu-Cl([pv,) C Fan, 

2.Neu- SInt(Neu-Cl(/pv,) = Neu — Cl(Neu — Int(Neu — Cl([pn,)) 
Lemma:2.19 
Let [pn be a subset of Neutrosophic topology Ty RN, .then below are equivalent 

1[ pv, isNeua@-open inR™ , 

2.Upn, © Ipn, © Neu — Int(Neu — Cl(Upn, )) for some Upn of R™ 5. 

3.Upn, © Ipn, C Neu — S(Cl(U pn, )) for some Upn of R™, 

4.0 pn, c Neu — SCI( Neu = Int (pv, )) 
Definition 2.19[6] 
A Neutrosophicmultifunction :¥ : (R°1,Tgc,) > (R"2,tn pN,) 18 said to be 1.Neutrosophic upper semi 
continuous at a point €€R®, if for any Ipw,€ O(NUTSR™,), I'pv,. containing¥(§) ,there exist § € 
Upc, € O(CTSR®,) such that ¥ (Ugc,) € Ipn,. 
2.Neutrosophic lower semi continuous at a point €ER°, if for anyI RN, E O(NUTSR*,), with 
Y (S)qlpn, , there existx € Upc, € O(CTSR‘,) such that P(Upc, qian, 
3.Neutrosophic upper semi continuous (Neutrosophic lower semi continuous) if it is Neutrosophic 
upper semi continuous (Neutrosophic lower semi continuous) at each point € ER®,. 


4.Neutrosophic upper pre -continuous at a point €ER°, if for any I, RN, = O(NUTSR®,), T containing 
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Y(g) ,there exist € € Upc, EPO(CTSR*,) such that ¥ (Upc,) € [pn, 
5.Neutrosophic lower pre- continuous at a point €ER°, if for anyl’ RN,E O(NUTSR*,), 
with¥ ()qlpn, , there exist § € Upc, EPO(CTSR‘,) such that P(Upc, qian, 
6.Neutrosophic upper pre-continuous (Neutrosophic lower pre-continuous) if it is Neutrosophic 
upper pre-continuous (Neutrosophic lower pre-continuous) at each point €ER*,. 
7.Neutrosophic upper a -continuous at a point €€R°, if for any [; RN, = O(NUTSR™*,), T containing 
Y(§) (that is, F (¢) CT), there exist € € Upc, Ea O(CTSR‘,) such that Y (Upc,) © Tpn, 
8.Neutrosophic lower a - continuous at a point ER°, if for anyl” RN, E O(NUTSR*,), 
with¥ (¢)ql'pv, , there existx € Upc, € a O(CTSR‘,) such that PUpc arp, 
9.Neutrosophic upper a -continuous (Neutrosophic lower a@ -continuous) if it is Neutrosophic 
upper @ -continuous (Neutrosophic lower a -continuous) at each point ER". 
10.Neutrosophic upper quasi-continuous at a point ER, if for any I, RN, = 
O(NUTSR™,),I’pv, containing Y (¢) there exist ¢ € Upc, € S O(CTSR°,) such that V (Upc, ) 
C [pn, 
11.Neutrosophic lower quasi semi continuous at a point €ER°, if for anyl” RN, E O(NUTSR",), with 
Y (S)qlpv, , there exist € € Upc, €5 O(CTSR‘,) such that P(Upc, qian, 
12.Neutrosophic upper quasi semi continuous (Neutrosophic lower quasi semi continuous) if it is 
Neutrosophic upper quasi semi continuous (Neutrosophic lower quasi semi continuous) at each 
point €ER“,. 
III. Lower Q-Irresolute Neutrosophic Multifunctions 
In this section, we introduce the Definition for Neutrosophic Lower ad- irresolute 
multifunction and its properties 
Definition 3.1. 
An Neutrosophic multifunction ¥ : (R°1,T pC.) Sih 55 by RN) is said to be 
(1) Neutrosophic lower a-irresolute at a point x) € R°,, if for any Ipw, € @O(NUTSR™,) such 
that Y (x9 )q py, there exists Upc, € aO(CTSR®“,) containing x9 such that ¥ (g)qI'pv,, VE € Urge, 
(2) Neutrosophic lower @-irresolute if it is Neutrosophic lower q@-irresolute at each point of R“,. 
Theorem 3.2 
Every Neutrosophic  lowera-irresolute multifunction is Neutrosophic lower a-continuous 
multifunction. 
Proof: 
Lettingxy € R°,, PA(R°1,Tpc,) > (R"2-Tw pw.) and Inn, € O(NUTSR",) 
such that ¥ (x, )q lpn. But we know that , Everylpw, ,Ipn, € O(NUTSR™,) is 
pn, € @O(NUTSR™,),.Therefore Izv, € @O(NUTSR™,).By our assumption ,Neutrosophic 
lowera@ —irresolute multifunction, there exists Upc, € aO(CTSR®°,) containing x) such that 
W(e)qr RN,» VE € Upc -HenceY is Neutrosophic lower a-continuous multifunction at 9. 
Theorem 3.3 
Every Neutrosophic lowera — irresolute multifunction is Neutrosophic lower Pre continuous 
multifunction. 
Proof: 
Letting x» ER ,, MW : (R%y,TRe,) > (RY 2-Twpw,) and In, € O(NUTSR™,) such that 
V(x) 4q 'pn,. But we know that, Everylpn, ,Tpn, € O(NUTSR® ,)is 
pn, € @O(NUTSR™,).Therefore Ipw, € @O(NUTSR™,).By our assumption ,Neutrosophic lower 
a-irresolute multifunction, there exists Upc, € aO(CTSR°,) containing x) such that 
Y (xo )qrpn,, Vx € Upc .everyUpc, ,Upc, € aO(NUTSR™,) isUgc, € PO(CTTSR",). 
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There — existsUpc, € PO(CTSR‘,) containing x) such that W(e)qr RN,» WS € Upc Hence is 
Neutrosophic lower Pre-continuous multifunction at Xp. 
Theorem 3.4 
Every Neutrosophic  lowera-irresolute multifunction is Neutrosophic lower quasi semi 
continuous multifunction. 
Proof: 

Dettinger eR. 2 Rte) (RY 2-Tw pw.) and Ipv, € O(NUTSR™,) such that 
V(x) 4q PRN, But we know that, Everylpn, TN, E€ O(NUTSR®,)is 
pn, € @O(NUTSR™,),Thereforel,v, € aO(NUTSR™,).By our assumption ,Neutrosophic lower 
a@-— irresolute multifunction, There exists Upc, € aO(CTSR°,) containing x) such that 
Y(E)qrpn,, VE € Upc Here every Upc, ,Upc, € aO(NUTSR",) isUpc, € SO(CTTSR",). Finally 
we get, There exists Upc, € SO(CTSR‘,) containing X) such that Y(é)qr RN,» WS € Upc hence ¥ is 


Neutrosophic lower quasi semi continuous multifunction at x9. 


Theorem 3.5 

Let V: (R°1, Tae, ) 5 (Rot RN) be an Neutrosophic multifunction and letting x) € R°%;. 
Then the following statements are equivalent: 

(a) V is Neutrosophic lower a-irresolute at Xp. 

(b) For any Iw, Ipv, € @O(NUTSR",) with (x9) qIgn, , > Xp € sCl(Int(W~ (Iw,)))- 

(c) For any Ugc,, Upc, € SO(CTSUgc,) ,Xo€Ugc, and for each [pn In, € aO(NUTSR*.) with 
Y (xo)ql py, there exists aVpc_ € O(CTSR®,) , Vac, © Upc, such that Y(S)qVvac.V § € Vac, 
Proof. 
(a) => (b). Let x) € R°, andIzw, € @O(NUTSR";) such that V(x Jqr rv, Then by our assumption 
(a) , we get there exists Upc, € aO(CTSR*,) such that x, € Upc, and F(¢)qIpn,, VEE Upc, -Thus 
Xo € Upc, © Y~ (Ipw,) ome (1) Here Upc, € @O(CTSR*,) .we know that for any set Apc, Apc, € 
aO(CTSR‘,)= Arc, © sCl (Int(Agc, )). Therefore, Upc, © sCl (Int(U,c,)) ... (2). from(1) and(2), 
we get Xp € sCl (Int¥~ (Iw, ))-Hence (b). 
(b) => (c). Let IRN, € aO(NUTSR",) such that (xo )al pn, , then Xp € sCl (Int¥-(Ihw,)). Let Upc, € 
sO(CTSR®,) and x9 € Upc,-Then Upc, M Int (¥- (Rw,)) # gy and Upc, N Int (v-(Tpw,)) is semi- 
open in R°,. Put Vac, = Int(Upc, NInt(Y (pw, )), Then Vac, is an open set of R°4,Vpc, C 
Unc, Vac, # pand Y(v)qrpn, »VWv € Vpc.. (c) = (a).Let {Uz} be the system of the sO(CTSR‘,) 
containing €. 
Let Upc, € SO(CTSR*,) and x9 € Upc, and Any IRN, € aO(NUTSY) such that Y (xo al py, , there 
exists a nonempty open set By C Upc Such that Y(v)qlpn, Vv € By. Let Wec, =UBy: U € 
(Ueke then Wac, €O(CTSR‘,),and x € sCl(W zc, ) and Y(v)qlpn, Wo € Wace Put Spc = 
Wc, U{xo}, then Wac, C Spc, © sCl(Wac,). Thus Spc € aO(CTSR®,)),xX9 € Spc, and 
W(v)qI RN,» Vv ES pc. Hence Wis Neutrosophic lower a-irresolute at Xp. 
Theorem 3.6 

Let¥ : (R"s,Tp0,) > (R",.,Ty RN») be an Neutrosophic multifunction. Then the following 


statements are equivalent: 
(a) V is Neutrosophic lower a-irresolute. 
(b)¥" (Apgn, ) € aO(CTS R“,),for every Neutrosophic a-open set ARN, of R™ 5. 
(c) YW (Bpw,) € aC(CTSR‘,),for every Neutrosophic a-closed set Bpv, of R™ >. 
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(d) sInt(Cl(Y* Ten, ))) c Y*(Neu — acl(TIpn, )), for each Neutrosophic set! pw, of R's 
(ec) Y (sim (ci(vee,))) Cc Neu — acl(¥(V zc, )),for each subsetV pc, of Roe. 


(f) Y (act(v,,)) c Neu — aCl(¥ (Vac, )),for each subset Vac, of R“1, 
(g) acl(Y* (I'pn, yy c ¥*(Neu — acl(l'pn, )),for each Neutrosophic set [pn of Rees 


(h) Y (« (ine (ci(4x,)))) c Neu — acl(V(Agc_)),for each subset Apc, of ae 


Proof. 
(a)=(b). LetApn, € aO(NUTSR*,) and x9 € Y~ (Apw, )such that¥(x))qapn,, since WY is 


vi 
Neutrosophic lower a-irresolute, Applying previous theorem, it follows that x) € 
sCl(Int(¥~ (Apw,))). AS Xo is chosen arbitray in ¥ (Apn,), we have ¥ (Apn,) © sClUInt¥~ (Apn,)) 
and thus YW (Apn,) € aO(CTSR®,).Hence P (Agn,) is an a —open in R“,.(b)={a). Let x9 € R°, and 
ARN, € aO(NUTSR",)such that P(x) qAp,, so thatxy € VY (pn,). By hypothesis YW (Apn,) E 
aO(CTSR°,). We have x) € Y~ (Apn,) © sClUnt(¥" (Apn,))) and we get Y is Neutrosophic lower 


a-irresolute at x9. As x9 was arbitrarily chosen, V is Neutrosophic lower a-irresolute. 
(b)<(c). From the definition, both are equivalent. 


(c)=> (d).Let [pv € (W UTST av, taking closure , Neu- aCl(J; RN, ) is Neutrosophic a-closed set in 
R".,. By our assumption, Y* (Neu _ aCl(Fgu,)) € aC(CTSR‘,). 

We know that sIntCl(Agc ) © Age, iff Agc, € aC(CTSR‘,). 

we obtain Y* (Neu = aCl(Igu,)) > sInt (c ee (Neu = ci(fyv,)))) > sInt (ct (v*(rx,))} 


(d) = (e) Suppose that (d) is satisfied and let Vpc, be an arbitrary subset of R°,. Let us Takel pv, = 
PVpc, ), ThenVac, © ¥*(Upw,). Therefore, by hypothesis, we have 
sInt(Cl(Vac, )) © sInt(Cl* (Ipn,))) © *(Neu — aCl (Ign, )). 


Therefore, Y (sim (ci(vee,))) ay (wv (eu = aci(',,))) Cc Neu — aCl(Tpv, ) = Neu — 


acl (¥(Vec,)). 

(e) =(c).Suppose that (e) is true. and let pv, € aC(NUTSR*,). Put Vac, = ¥*(P),Then P(Vpc ) 
rpn,. Therefore, by our hypothesis, we have P (sine (ci(vse,))) Cc Neu—- acl (¥(Vec,)) Cc 
Neu— aCl(pnv,) = Tpn,.And W* (W(sInt(Cl( Vac, )))) © Y* (Ipn,). Since we always have 
W* (W(sInt(Cl(Vgc,)))) > sInt(Cl(Vgc,)), Then must verify ¥*(fw,) > sint (cl (v* (Tax,))) We 
know that sIntClVc, C Vac, iff Vgc, € aC(CTSR‘,),Finally we get F*(In,) € a@C(CTSR“,). 

(c)=> (f). Here Vpc Cc Y*(Y(Vpc)), we have Vac Cc ¥*(Neu—Cl(Y(Vpc,))). NowNeu- 
acl(Y(Vpc,)) is an Neutrosophic a-closed set in R™, and so by our assumption, ¥” (Neu — 
CLV (Vac, ))) € aC (CTSR,).Thusacl( Vpc, ) c YW* (Neu — acl(Y(Vpc, ))). 


Consequently, Y (act(v»e,)) am Ga (ew — acl (¥(%e:)))) c Neu— aCl(¥ (Vee, )). 

(f)=> (c).Let Ipv, € aCO(NUTSR",). Replacing Vac, by W*we get by/(f), Y (aCl(Y" (Ppn,))) C 
Neu — all(Y(Y* (Ppn,))) Cc Neu— acl([pn,) = Fpv,.Consequently, aCl(¥* (Ipw,)) © Y*(Ipn,). 
But Y" (Iw) © aCl(Y*(Ign,)) and so, aCl(¥* (Ipn,)) = Y*(Ipn,). 

Thus ¥"(I,w,) € a@C(CTSR°,). 
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(f) > (g). Letlpw, be any Neutrosophic set of R™,. Replacing Vac, by Wr rN,) we get by 


(f),W (ect (wt (r.v,))) Cc NEU — acl(Y(Y* (Ppn,))) Cc Neu— acl(I’pn, ). Therefore we eet 
acl(Y* (Ipn,)) C PT (Neu — aCl(Tpn, )). 
(g)=> (f). Replacing [py, by P( Vpc,), where Vpc, is a subset of R°,, we get by our result 
(g),aCl(Vac ) C acl(Y*(Y(Vac_))) = aCl(Y* Tpn,)) = Y*(allpn,)) = P*(aCl(Y (Vac, ))).Thus 
P(acl(V pc )) Y(P* (aCl(Y(V gc, ))) Cc Neu acl(Y(V zc )). 
(e)=> (h).Clearly is true from the above result. 
(h)=(a). Let € € R° and [pv € aO(NUTSR*.)such that (é )qIgn, . Then € Y~ (Ipw, ).We shall 
show that Y (Ipw,) € @O(CTSR®,). By the hypothesis, We have Y(clUInt(Cl* (Pav, °))))) C 
Neu — all(Y(Y* (Pan, ))) Cc (pv,*),Which implies Clint (Cl * (pw, *))))) cw" hw") c 
(Y~ (Ipw,))°.Therefore, we obtain YW (I,w,) c Int(Cl(Int(¥~(Ipn,)))). Hence YW (Ipw,) € 
aO(CTSR®,). Put Upc, = Y(Ipn,). Then€ € Uge, € @O(CTSR®,) and P(u)ql'pn, for every u € 
Upc. Therefore ¥ is Neutrosophic lower a-irresolute. 
IV. Upper a-Irresolute Neutrosophic Multifunctions 

In this section, we introduce the Definition for Neutrosophic upper @- irresolute multifunction 
and its properties 
Definition 4.1. 

An Neutrosophicmultifunction ¥: (R°1,Tgc,) > (RY 2.,Ty aN is called 
(a) Neutrosophic upper a-irresolute at a point x9 € R°, , if for any [pv pn, € @O(NUTSR™,.) 
such that P(x) © pw, there exists Upc, € aO(CTSR®,) containing x gsuch that ¥(Ugc,) C Tpn,. 
(b) Neutrosophic upper a-irresolute if it is satisfied that property at each point of R“,. 
Theorem 4.2 
Every Neutrosophic uppera-irresolute multifunction is Neutrosophic uppera-continuous 
multifunction. 
Proof: 
Lettingxy € R°,, P :(R°y,Tpe,) > (RY 2-Tw pw.) and Ipw, € O(NUTSR™,) such that W(x) Pp, 
But we know that , everylpw, ,Tpw, € O(NUTSR™,) is pw, € AO(NUTSR™,), Therefore I,n, € 
aO(NUTSR™.),By our assumption ,Neutrosophic lower a — irresolute multifunction, There exists 
Upc, € aO(CTSR®,) containing x) such that Y(é) c Ppv,,V§& € Upc Hence Vis Neutrosophic 
lower qa-continuous multifunction at Xo. 
Theorem 4.3 
Every Neutrosophic upper a-irresolute multifunction is Neutrosophic upper Pre-continuous 
multifunction. 
Proof: 
Letting x9 € R°,, Y : (R%1,Tpe,) > (RY 2-,Tw pw.) and Ipw, € O(NUTSR™,) such that W(x) 
Ppn,But we know that , Everylpw, ,[pw, € O(NUTSR® ,)is Ipn, € aO(NUTSR™ ).Therefore 
Inn, € aO(NUTS R™.).By our assumption ,Neutrosophic uppera —irresolute multifunction, There 
exists Upc, € @O(CTSR®,) containing x9 such that Y(Z) CTpv,, WE € Upc, ,everyUgc, ,URc, € 
aO(NUTSR",) is U re, © PO(CTTSR*,).There exists U rc, © PO(CTSR‘,) containing x9 such that 
WE) cr RN,» VE € Upc hence Y is Neutrosophic upperPre-continuous multifunction at x9. 


Theorem 4.4 

Every Neutrosophic upper a-irresolute multifunction is Neutrosophic upper quasi semi 
continuous multifunction. 

Proof: 
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Letting XE R°;, BW: (R%y,TRe,) > (RY 2..Ty pn.) and I,n, € O(NUTSR™,) such that ¥(x,) ¢ 
Pn, ,.But we know that, Everylpn, ,Tpw, € O(NUTSR®,)is rn, € aO(NUTSR*,), 
Therefore Inv, € aO(N UTSR".,), By our assumption ,Neutrosophic uppera -irresolute 
multifunction, there exists Upc, € aO(CTSR*,) containing xy such that Y(é) cr RN» VEE 
Upc,.EveryU pc, ,Upc, € aO(NUTSR",) isUpc, € SO(CTTSR",). Their exists Upc, € 
SO(CTSR‘,) containing x) such that Y(E) c Ppv,,V§ € Upc Hence Wis Neutrosophic upper 
quasi semi continuous multifunction at xp. 
Theorem 4.5 
Let : (R°1,T pC.) — (R*,.,Ty RN, be an Neutrosophic multifunction and let € € R°,. Then the 
following statements are equivalent: 
(a) Wis Neutrosophic Upper a-irresolute at €. 
(b) For each Izv, € @O(NUTSR™,) with (€) © Ipw, ,Implies€ € sCl(Int(¥~ (F))). 
(c) For any €,€ € Upc, € SO(CTSR®,) and for any Ipv, € aO(NUTSR",) with (€) In, , 
there exists anonempty open set Vac C Upc, such that P( Vac) Cp, . 
Proof. 
(a)=>(b) Let € € R°, and IRN, € aO(NUTSR*,) Such that Y(é) c P'px, Then by our assumption 
(a), we get there exists Upc, € @O(CTSR®,) such that § € Upc, and F(Ugc,) C Ipnw,, Thus § € 
Upc, CW*(Ipn,). here Upc, € aO(CTSR“) ‘We know that for any set Agc,, Age, © 
a@O(CTSR® 1) Apc, © sCl(Int(Agc,)). Therefore, Upc, © sCl(Int(Upc_)). Finally we get § € 
sCl(Int¥* (I'pn,))-hence(b). 
(b)= (c). Let [pv € aO(NUTSR*,) such that Y(é) c pn, then € € sCl(Int¥~ (Ipn,)). Let Upc, € 
SO(CTSR£,) and € € Upc, -ThenUgc, N Int(¥" Upn,)) # p and Upc, N Int(¥ Upn,)) is semi- 
open in R°,.Put Vac, = Int(Ugc, N Int(Y~(Ipn,)), Then Vac, is an open set of R°,, Vgc © 
Upc Vac, #pand P(Vpc_) C Fan, 
(c) >(a).Let {Uz} be the system of the SO(CTSR°,) containings. Let Upc, € SO(CTSR®;) and ¢ € 
Upc, and Let Ipv, € aO(N UTSR",) such that Y(&) C [px, , there exists a nonempty open set 
By C Upc, Such that W(v) CT pn,,VWv € By. Let Wac, =UBy: Upc, € {Uz}, then 
Wace, €O(CTSR®;) and § € sCl(Wac) and Y(v) CTpn,, Wo € Wace Put Spc, = Wac, U 
E.Then Wac, © Spc, © sCl(Wac,). Thus Spc € @O(CTSR,)),€ € Spc, and W(v)c 
rpn,,Vv € S. Hence ¥ is Neutrosophic Upper a-irresolute at é. 


Theorem 4.6 

For an Neutrosophicmultifunction : (R°,,T Re,) > (R*,,Tx pv, the following statements are 
equivalent: 

(a) V is Neutrosophic upper a-irresolute. 

(b) Wt CUpv,) € a0(CTS R‘,),for every Neutrosophic a-open set [pn 0 la ae 

(c) ¥ (Agn,) € aC(CTSR‘,),for each Neutrosophic a-closed set Ann, of R™>. 

(d) For each point € € R°, and for each a-neighborhood Van, of P(E) in Ry (Vpw,) is an 
a-neighborhood of €. 

(e) For each point € € R°, and for each a-neighborhood Van, of W (é) in R™,., there is an a- 
neighborhood Upc, of § such that ¥(Ugc,) © Van, . 

(f) aCl(V™ Apn,)) © PB (Neu — aCl(Apn, )) for each Neutrosophic set Aan, of Reo: 

(g) sInt(ClY” Apn, ))) © YP Weu — acl(Apn, ))for any Neutrosophic set A of R™>.. 
Proof. 
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(a)=> (b). Let TR € aO(N UTSRN >.) and é Ee wt (Tw, )-Applying previous theorem, we get é E 
sClUnte* (I'v, ))-Therefore, we obtain We (Tp, ) Cc sCl (Int?* (pw, )) Finally we get We Urn) € 
aO(CTSR‘,). 

(b)=> (a). Let be arbitrarily point in R°, and I,v,eaO(NUTSR",.) such that P(€) cIpv,so € 
¥*(I,n,) . By hypothesis Ww (Ipn,) € aO(CTSR®,), we geté € Y*(Fpn,) © sCl(Int(¥* (Fpn,))) 
and hence F is Neutrosophic upper a-irresolute at €.As € is arbitrarily chosen, Y is Neutrosophic 
upper a-irresolute. 

(b)=>(c). This implies easily get from that [VW (J; ey) = pw) J-where [px €aO(NUTSY) 
(c)=>(f).Let Apw, ewO(NUTSR™.) .Then by our assumption (c), ¥ (Neu — aCl(Agn,)) is an a- 
closed set in R°,.We have P (Neu — a@Cl(Agn,)) > sInt(Cl(W~ (Neu — Cl(Agn,)))) > 
sInt(ClY” Apn, ))) 2 YA) U sint(ClY” Apn, ))) 2 acl” Apn, ))-Hence the result. 
(f)=(g).Let Agn, €aO(NUTSR™.). we have aCl(W" pn, )) = PB Apn,.) U sint(Cl¥ Apn, ))) 
YP (Neu — aCl(Apn, )). Hence (g). 

(g)=(c).Let Agni, aC(NUTSR" 5. )Then by (g) we have, 


sInt (cl (Y- Caw,,°))) C W-(Apw, ©) U sint (ct (¥- Cew,,°))) C W-(aCl(Apn,°) = ¥~Apw,°). 
Hence By our result, Y~ (apn, “) E aC(CTSR‘,). 
(b)=(d).Let € € R°, and Vpn, be an a-neighborhood of W(é) in R%,.Then there is an 
An, €@O(NUTSR™,.) such that P(E) CApv, C Vpw,. Hence, § € Y*(Apv,) © Y*(Ven,). Now 
by hypothesis Y (Apn,) € @O(CTSR®,), and Thus Wt (Vpn) is an a-neighborhood of c 
(d)=(e). Let € € R°,and Vpn, be an a-neighborhood of ¥(€) in R%,.Put Upc, = Y*(Vpw,).Then 
Upc is an a-neighborhood of § and ¥(U) C Van, 
(e)=(a).LetE € R°, andV,w be an Neutrosophic set in R™, such that Y(&) c Vv, Vpn, being an 
Neutrosophic a-open set in R%,. , is an a-neighborhood of ¥(€) and according to the hypothesis 
there is an a-neighborhood Upc, of € such that W(U xe) C Vpn, Therefore Van, € @O(CTSR“,) 


such that € € Arc, © Upc, and hence W(A) c v(U ¢,) Cc Vpn, .Hence Y is Neutrosophic 


upper a-irresolute at €. 
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Abstract: In this article, we study neutrosophic fuzzy set and define the subtraction and 
multiplication of two rectangular and square neutrosophic fuzzy matrices. Some properties of 
subtraction, addition and multiplication of these matrices and commutative property, distributive 
property have been examined. 

Keywords: Neutrosophic fuzzy matrix, Neutrosophic set. Commutativity, Distributive, Subtraction 


of neutrosophic matrices. 


1. Introduction 


Neutrosophic set was introduced by Florentin Smarandache [1] in 1998, where each element had 
three associated defining functions, namely the membership function (T), the non-membership (F) 
function and the indeterminacy function (/) defined on the universe of discourse X, the three 
functions are completely independent. Relative to the natural problems sometimes one may not be 
able to decide. After the development of the Neutrosophic set theory, one can easily take decision 
and indeterminacy function of the set is the nondeterministic part of the situation. The applications 
of the theory has been found in various field for dealing with indeterminate and inconsistent 
information in real world one may refer to [2,3,4]. Neutrosophic set is a part of neutrosophy which 
studied the origin, nature and scope of neutralities, as well as their interactions with ideational 
spectra. The neutrosophic set generalizes the concept of classical fuzzy set [10, 11], interval valued 
fuzzy set, intuitionistic fuzzy set and so on. In the recent years, the concept of neutrosophic set has 
been applied successfully by Broumi et al. [12, 13, 14] and Abdel-Basset et al. [15, 16, 17, 18] 

The single-valued neutrosophic number which is a generalization of fuzzy numbers and 
intuitionistic fuzzy numbers. A single-valued neutrosophic number is simply an ordinary number 
whose precise value is somewhat uncertain from a philosophical point of view. There are two special 
forms of single-valued neutrosophic numbers such as single-valued trapezoidal neutrosophic 
numbers and single-valued triangular neutrosophic numbers. 

The neutrosophic interval matrices have been defined by Vasantha Kandasamy and Florentin 


Smarandache in their book “Fuzzy interval matrices, Neutrosophic interval matrices, and 
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applications”. A neutrosophic fuzzy matrix [dij]~m, whose entries are of the form a + Ib 
(neutrosophic number), where a, b are the elements of the interval [0,1] and I is an indeterminate 
such that I"= I, n being a positive integer. 

So the difference between the neutrosophic number of the form a + Ib and the single-valued 
neutrosophic numbers is that the generalization of fuzzy number and the single-valued 
neutrosophic components <T, I, F> is the generalization of fuzzy numbers and intuitionistic fuzzy 
numbers. Since fuzzy number lies between 0 to 1 so the component neutrosophic fuzzy number a 
and b lies in [0,1]. In the case of single-valued neutrosophic matrix components will be the true value, 
indeterminacy and fails value with three components in each element of a matrix [3, 4, 8]. 

We know the important role of matrices in science and technology. However, the classical 
matrix theory sometimes fails to solve the problems involving uncertainties, occurring in an 
imprecise environment. Kandasamy and Smarandache [7] introduced fuzzy relational maps and 
neutrosophic relational maps. Thomason [8], introduced the fuzzy matrices to represent fuzzy 
relation in a system based on fuzzy set theory and discussed about the convergence of powers of 
fuzzy matrix. Dhar, Broumi and Smarandache [2] define Square Neutrosophic Fuzzy Matrices 
whose entries are of the form a+Ib, where a and b are fuzzy number from [0, 1] gives the definition of 
Neutrosophic Fuzzy Matrices multiplication. 

In this paper our ambition is to define the subtraction of fuzzy neutrosophic matrices, 
rectangular fuzzy neutrosophic matrices and study some algebraic properties. We shall focus on all 
types of neutrosophic fuzzy matrices. The paper unfolds as follows. The next section briefly 
introduces some definitions related to neutrosophic set, neutrosophic matrices, Fuzzy integral 
neutrosophic matices and fuzzy matrix. Section 3 presents a new type of fuzzy neutrosophic 
matrices and investigated some properties such as subtraction, commutative property and 


distributive property. 
2. Materials and Methods (proposed work with more details) 


In this section we recall some concepts of neutrosophic set, neutrosophic matrices and fuzzy 
neutrosophic matrices proposed by Kandasamy and Smarandache in their monograph [3], and also 
the concept of fuzzy matrix (One may refer to [2]) 


Definition 2.1 (Smarandache [1]). Let U be an universe of discourse then the neutrosophic set A is an 
object having the form A = {< x:Ta(x), Ia(x), Fa(x)>, x © U}, where the functions T, I, F : U— ]J-0, 1+[ 
define respectively the degree of membership (or Truthness), the degree of indeterminacy, and the 
degree of non-membership (or Falsehood) of the element x © U to the set A with the condition. 


0 < Ta(x) + TA(x) + Fa(x) < 3°. 
From philosophical point of view, the neutrosophic set takes the value from real standard or 
non-standard subsets of ]-0, 1*[. So instead of ]-0, 1*[ we need to take the interval [0, 1] for technical 
applications, because ]-0, 1*[will be difficult to apply in the real applications such as in scientific and 


engineering problems. 


Definition 2.2 (Dhar et al. [3]). Let Mimxn= {(aij) : aj = K(D)}, where K(I), is a 
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neutrosophic field. We call Minxn to be the neutrosophic matrix. 


Example 2.1: Let R(/) = (R UI )be the neutrosophic field 





,5 O24 
fac7 = « 
Mes=| 7 ap  Q 
. eer 4 


Mas denotes the neutrosophic matrix, with entries from real and the indeterminacy. 


Definition 2.3 (Kandasamy and Smarandache [5]) 
Let N =[0, 1]/! I where I is the indeterminacy. The mxn matrices Mmxn = {(aij) : aj ©[0, 1] UT} is called 


the fuzzy integral neutrosophic matrices. Clearly the class of mxn matrices is contained in the class of 
fuzzy integral neutrosophic matrices. 
The row vector 1xn and column vector mx1 are the fuzzy neutrosophic row matrices and fuzzy 


neutrosophic column matrices respectively. 


‘0.5 0 O.1/% 


Example 2.2: Let Mas = be a 4 x3 integral fuzzy neutrosophic matrix 


I ; 
| O./ O.4/ 0 
0.8 0.5] I 





Definition 2.5 (Kandasamy and Smarandache [5]). 


Let Ns = [0, 1] U {bI : bE [0, 1]}; we call the set Ns to be the fuzzy neutrosophic set. Let Ns be the fuzzy 


neutrosophic set. Minn = {(aij): aj=Ns = 1 to m and j = 1 to n} we call the matrices with entries from Ns 
to be the fuzzy neutrosophic matrices. 
Example 2.3: Let Ns = [0,1] U{bI: bE[0,1]} be the fuzzy neutrosophic set and 


fO5 0 O17, 
P=| 7 O03 O35 
0 TF 0.01/ 





be a3 x3 fuzzy neutrosophic matrix. 

Definition 2.6 (Thomas [9]). A fuzzy matrix is a matrix which has its elements from the interval [0, 
1], called the unit fuzzy interval. Amn fuzzy matrix for which m = n (i.e. the number of rows is equal 
to the number of columns) and whose elements belong to the unit interval [0, 1] is called a fuzzy 


square matrix of order n. A fuzzy square matrix of order two is expressed in the following way 


_(* ») 
A= (7 =F” 


where the entries x, y, t, z all belongs to the interval [0,1]. 
Definition 2.7 (Kandasamy and Smarandache [5]). Let A be a neutrosophic fuzzy matrix, whose 
entries is of the form a + Ib (neutrosophic number), where a, b are the elements of [0,1] and J is an 


indeterminate such that I= I, n being a positive integer. 
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xy +Iyy,  X_ +Ty2) 
S t+Iy, X4t+Iy 
Definition 2.8 Multiplication Operation of two Neutrosophic Fuzzy Matrices 
Consider two neutrosophic fuzzy matrices, whose entries are of the form a + Ib (neutrosophic num- 
ber), where a, b are the elements of [0,1] and J is an indeterminate such that I" = I, n being a positive 
integer, given by 
i +Iy, x,4+1 of (™ +in, m,+ ) 
Xgtly, Xgtly,  —B m,+in,g m,+Iny,, 
The Multiplication Operation of two Neutrosophic Fuzzy Matrices is given by 
AB= (* tly, x,t! é (7™ +in, m,+ ig 
Xgtly, *gtTlIyg/\m,+iIng m,+ In,/ 


Du =[max{ min(x,, my), min(Xz, ™3)} +1 max{ min{(¥,, 7), min(V2, 73)}] 
D2 = [max {min(*x4, 15), min (Xs, M14)}+ Imax {min(¥ 1, M2), min(Vs, TMs)}] 
Dai = [max {min{(*3, M74), min (4, M3)} + max {min{(¥3,77,), min (V4, M3)}] 


D2 = [max {min{(*X3, M+), min (X4, M14)} +] max{ min{(¥3, 1+), min (¥4, M,)}] 


‘Dy, Dy\ 
nt Wag 


3. Results (examples / case studies related to the proposed work) 


In this section we define the subtraction and distributive property of neutrosophic fuzzy matrices 


along with some properties associated with such matrices. 


3.1 Subtraction Operation of two Neutrosophic Fuzzy Matrices 
Consider two neutrosophic fuzzy matrices given by 

(Xy tly, xX, Ty2\ 

A= |XgtIy, Xt Ty, | 

xetly, xetly,/ 

ft, tiz, t,+ Iz. 

and B= |t, +/lz, t,t Iz, |. 

.f. tiz. t, + fz,/ 





Addition and multiplication between two neutrosophic fuzzy matrices have been defined in 
Smarandache [2]. We would like to define the subtraction of these two matrices as follows. 
A-B=C, 
where ci are as follows 
cu =min{x1, ti} + I min{y1, z1} 
c12 = min{x2, t2} + ] mint{y2, Z2} 
c21 = min{xs, ts} + J minty, z3} 


cai = min{xa, ta} + I minty, Za} 
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c31 = min{xs, ts} + I mintys, z5} 
c32 = min{xo, to} + I minty, Zo} 
Since min{a, b} = min{b, a} so based on this we have the following properties. 
Proposition 3.1. The following properties hold in the case of neutrosophic fuzzy matrix for 
subtraction 
(i) A-B =B-A 
(i) (A- B)-C=A-(B-C)=(B- C)-A=(C-B)-A. 
Proof. Consider three neutrosophic fuzzy matrices A, B and C as follows. 


(Ay, TOT ayy TAI (Cy, Fayyl Cyy ty! 
A=|(@y, +By2 @g, + Bgl | B=[ 2, tdyyl C22 + dy21 
Q3, tb3l ag, + byt C3, Tdgyl C32 + dgql/ 


Ly tmyyl by + myl 
fay TMgy! 135 T M321 
Ay, 7 Bylo ayy + byl fj, tay! ey tdyly 
A-B=| Gy, tT By,2 0 gy + BggI | - | Cn, + adyyl Cy + dyz1 | =D (say), 
@z, 1 Bgl ayy T Dgy! C3, 1 d3,I Cy + dg] 


where, 


Du= min{@yy, €yy}+Imin{)y,, 444} = Xyy + Iy¥y 
Dr =min{@y2, Cy2}+Imin{942, 4y2}= X42 + LV, 
Du = min{@z1, €24}+Imin{921, G24 }= X2y + 1y2, 

Dx = min{@22, €22}+Imin{h22, 422} = X22 T1¥22 
Dai = min{@31, €3}+Imin{b3,, d3,} = X31 +1 y3y 


Dx = min{@32, €32}+Imin{)g2, dg2} = X32 +1 ¥32 


(Nyy TlLVyy  Xyg TLV Hyp TLV yy XK yg TLV 


Xgy tly¥3, 0 Xgo + Ly 92. qa t Lg, Xgq TLV 92 
[-"= min(a, c) = min(c, a)] 


Hence, A-B=B-A. 
Now we have, 
D-C=(A-B)-C 
(:: TlV¥y, Xyg tl vs (1: tml by + my 


Xqy TLVgy  Xqq TLV 22 lay FmMyF log + Mp1 
Kay, tIyqy Xap t Tyee. f., +m! [ya +tmayl 


= F (say), 
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where, 


Fu =min{%q1, !44}+Imin{¥y1, My} = min{4yz, C4, '44}+Imin{)y,, 441, My} = Myy T IK, 
Fi2=min{%y2, !42}+Imin{¥y2, ™y2} = min{@y2, Cy2, [42}+Imin{by,, dy2, My} = My2 T IKy, 
Fa =min{%21, £54}+Imin{¥21, M21} = min{@21, C2, foy}+Imin{B2,, d2,, My}= Nyy T IK, 
Fr = min{X 22, ly2}+Imin{¥22, ™M22}= min{@z2, Cz2, [y2}+Imin{By2, 22, Mz2}= Mgqg + 1K2y 


F32 = min{*3>, [.5}+Imin{¥32, 


1,, + Ik,, 
(A-B)-C=F= (ms + Ik, 
Ny, + Ik, 


M35} = min{@3,, C31, £5,}+Imin{b4,, dg, M,}= Mgz + Ik, 


Nog + IK 


Ny +! ks) 
Ngy + Ik 


Next we have, 


Cy, + dyyl 
B-C= (< + dy,1 


Cg, + d3,1 


fz, + dz] oy + My! 


Cy2 + dygl (i: T My 
Caz + dy! fg, + May] 


Lig FMyl 
Lop + M21 = E (say), 
Lao + Mgol 


where 


Eu=min{€y1, ly4}+Imin{@y,, My} = Pyy + Igy, 
Ei.=min{€y2, £y9}+Imin{dy2, My} = Py + 144. 
Ea =min{€21, !53}+Imin{@2,, M4} = P2y +142, 
Ex =min{€22, !52}+Imin{d22, 1M22)= Poy + 1q22 
Es = min{€31, !3,}+Imin{@3,, 173} = P3, +1q31 


Ex =min{€32, [32}+Imin{@32, M32} = Pg. +1q 32. 


We have 
Pyy tT14Qy,) Pao Tlay2 
B-C=E=| Psy tls, Pag T1422 
Pay tlq3,) Pao t1qq2 
Qyy t+ byl ayy t+ byl Pay tT14Qy,)) Pao T1ay2 
A-(B-C)=| @yy + Bgl Ag, + Bg21 }- | Poy t1q2y P22 +1422 |, 
Mg, + 53,1 a3, + B31 P33 t1q3, P32 T1432 
where 


min{@44, Pyy}+Imin{Py,, G41} = min{4y,, Cy, byy}+Imin{by,, dy, M44} 
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min{@42, Py2}+Imin{by2, G42} =min{A@y2, Cy2, [y2}+Imin{by,, dy2, My} 
min{@j1, P21 }+Imin{}21,, G24} = min{@21, C24, [44}+Imin{b2,, dz, M4} 


min{@3, P22}+Imin{h2, G22}= min{@22, C22, [42}+Imin{b22, dz, M3} 


uta 7 
min{@31, P31}+Imin{)3,, 931} = min{@31, C31, !31}+Imin{b3,, d3,, ™ 34} 


min{@32, P32}+Imin{P32, G32} = min{@31, C31, £31 }+Imin{b3,, 431, ™3,} 


Myy t1Ry, My + Tky, 
F= |My t1kz, M2 + Tk22 
My, tiky, Maz + Ika, 


Therefore, A —-(B-C)=F=(A-B)-C. 


3.2 Identity element for subtraction 


MAI 


In the group theory under the operation 
*A=A*IN=A. 


the identity element Iv of a set is an element such that In 


Specially the identity element of neutrosophic set is In = {[aij +biil]mxn: aij= 1 =Dij for all 1, 7}. 
Result 3.1. For a neutrosophic fuzzy matrix, IN is the identity matrix for subtraction. 


(Ay, F Dyyl ayy + byl fl+io1i+Tf 
Let A= | @., +3,,] ay, +6,,1 ], and In = (3 +I itil be the neutrosophic identity 
GQ, 1+ b,,f dy + Ba] 1+!F 1+7 


matrix of order 3x2. 


Then we have the following 


Gy, byl ayy t Byl\ f1+I 147 
Wy, + b,2 ag, + bd 1+/i itil 


(Ay, + Dyl ayy + by! \ 
=| @gy + Bgl @g2 + Bgyl | =In-A=A, 
Q3, tT bal aay + B32] 


where 


min{@41, 1}+Imin{Py,,1} = 44, + By] 
min{@ 4, 1}+Imin{by2,1}= @yz + By] 
min{@2,, 1}+Imin{b21,1} = Ay + B,1 
min{@z2, 1}+Imin{B 7,1} = @22 + Bool 


min{@31, 1}+Imin{)3;,1} = G3, + D341 
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min{@32, 1}+Imin{b32,1} = 432 + 4321 


3.3 Identity element for addition 
In neutrosophic matrix addition we can define a identity element In such that In = {[aij +bi[]Jmn:  aij= 0 
= bj for all 1, 7} 
(Ay TOyl ay + Oy,1 fO+O0! O+07 

Ay, + 55,1 Gg_ + Bg5! |, and In = (0 +Ol 0+ 0! be the neutrosophic identity 
Mig, + D3)f Agy + gol ‘Or OL O+ Of 


Let A= 





matrix of order 3x2. 


Then we have the following 


‘a,, +6! a. + 5,1 (1 +i i+ . 





A -In=|[a,, + 4,,! a+ 5! iti iti 
Gq, +6] ag, + B,,1/ T+) 14+ 
aq,, + b,,f a,+ 6,1 
=[@,, 153] az, + B31 
Nag, + Oy,] azz + Bgo] 
=In-A=A, 
where 


max{@44, 0}+Imax{2,4,0}= 44, + Dy 

max{@4, 0}+Imax{b43,0}= @y + by 

max{@z, 0}+Imax{Bz1,0}= Ay + By 
max{@33, 0}+Imax{bz3,0} = @22 + Bo, 
max{34, O}+Imax{)3, ,0} = Moy + Das 
max{@37, 0}+Imax{D37,0} = @g2 + Dgol. 


of 
af 
+f 
I 
Result 3.2. The neutrosophic set forms a groupoid, semigroup, monaid and is commutative under 
the neutrosophic matrix operation of subtraction. The distributive law also holds for subtraction, i.e. 
A(B -C)=AB-AC. 

Result 3.3. The neutrosophic set forms a groupoid, semigroup, monaid and commutative under 


the operation of addition. The distributive law also holds for addition, i.e. 
A(B + C)=AB+ AC. 


Thus we have, A(B = C)=AB = AC. 


4. Applications 
The formation of neutrosophic group structure, neutrosophic matrix set and algebraic structure 
on this set, the results are applicable 


5. Conclusions 

In this paper we have established some neutrosophic algebraic property, and subtraction operation 
addition and multiplication of these matrices and commutative property, distributive property had 
been examine. This result can be applied further application of neutrosophic fuzzy matric theory. 
For the development of neutrosophic group and its algebraic property the results of this paper 
would be helpful. 
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Abstract: In this paper we study the concept of neutrosophic bipolar vague soft sets and some of its 
operations. It is the combination of neutrosophic bipolar vague sets and soft sets. Further we 
develop a decision making method based on neutrosophic bipolar vague soft set. A numerical 
example has been shown. Some new operations on neutrosophic bipolar vague soft set have also 


been designed. 


Keywords: Neutrosophic set, Neutrosophic bipolar vague set, Soft set, vague set, Neutrosophic 


bipolar vague soft set. 


1. Introduction 


Most real life problems involve data with a high level of uncertainty and imprecision. Traditionally, 
classical mathematical theories such as fuzzy mathematics, probability theories and interval 
mathematics are used to deal with uncertain and fuzziness. However all these theories have their 
difficulties and weakness as pointed out by Molodtsov. This led to the introduction of the theory of 
soft sets by Molodtsov [ 18 ] in 1999. Among the significant milestones in the development of the 
theory of soft sets and its generalizations in the introduction of the possibility value which indicates 
the degree of possibility of belongingness of the elements in the universal set as well as the elements 
of each sets which enables the users to know the opinion of the experts in one model without the 
need for any operation. However, in order to handle the indeterminate and inconsistent information, 
neutrosophic set is defined [23,24 ] as anew mathematical tool for dealing with problems involving 
incomplete, indeterminacy and inconsistent knowledge. The theory of vague set was first proposed 
by Gau and Buehrer [13 ] as an extension of fuzzy set theory[29] and vague sets are regarded as a 
special case of content-dependent fuzzy sets. 

In, [23 ] ,SSamerandeche talked about neutrosophic set theory, one of the most important new 
mathematical tools for handling problems involving imprecise, indeterminacy and inconsistent data. 
Neutrosophic vague set was defined by 5S. Allehezaleh [2 ] in 2015. Lee [17] introduced 
bipolar-valued fuzzy sets and their operations in 2000. It an extension of fuzzy set [ 29]. Ali et al.[ 
1] introduced the notion of bipolar neutrosophic soft set in 2017. | Hassain et al. [16] introduced the 
concept of neutrosophic bipolar vague set and its application to neutrosophic bipolar vague graphs. 
For real life problems see the following ([3] to [12],[14],[15],[19]to[22],[25]to[28],[30]to[32]). 
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In this paper, we first introduce the concept of neutrosophic bipolar vague soft set and some of its 
operations. It is the combination of neutrosophic bipolar vague set and soft set. We develop a 
decision making method based on neutrosophic bipolar vague soft set. A numerical example has 
been shown. Some new operations on neutrosophic bipolar vague soft set have been designed. 


Finally we present an application of this concept in solving a decision making problem. 


2. Materials and Methods (proposed work with more details) 


In this section we recall some definitions and results for our future work. 

Definition2.1:[ 8 ] Let U be an initial universal set and let E be a set of parameters. Let P(U) denote 
the power set of all subsets of U and let ACE. A collection of pairs (f, A) is called a soft set over U, 
where f is a mapping given by f: A > P(U). 

Definition2.2:[ 17 | Let U be the universe. Then a bipolar fuzzy set A on U is defined by 


A={< x,uy(x),ug(x) >; x € U}. 
Here Wat U — [0,1] the positive membership function. 


fa: > [—1, 0]the negative membership function. 


Definition2.3:[ 17 ] If A and B be two bipolar fuzzy sets then their union, intersection and 


complement are defined as follows: 


(i) Maye (e) = max{uz (x), ug (x)} 
(i) Maug (Ge) = max{ug (x), mg Go} 
(ii) Hang (x) = min{u4(x), 45 )} 
(iv) Haug (x) = max {ug (x), ug (%)} 
(v) pie(x) =1—pi(x) and wye(x) = —1 — wz (x), Vx € U, 


Definition2.4: [13 | A vague set A in the universe of discourse U is a pair 


(ta, fa) where ta, Fa: U— [0 1] such that ta + fa 1 for all U. The function t, and f4 are called the 


true membership function and the false membership function respectively. The interval 


[t,, 1 — fs] is called the value of u in A and is denoted by Wy = it..1 =f, . 


Definition2.5:[ 13 ] Let X be a non-empty set. Let A and B be two vague sets in the form 


i) ACBifandonlyift, = tg, and 1—f,=1-— fp. 
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BO 
(ji) AUB ={< x,max(t,(x),t,(x)),max(1 — f,(x«),1 — f,(x)) >: x € X} 
(ii) ANB = {< x,min(t,(x),t,(x)), min(1— f,(x),1 — fg()) >:x © X} 
(iv) A® = {< x, f,,1—t, >: x © X}. 


Definition2.6: [ 23,24 ] A neutrosophic set A on the universe of discourse U is defined as 


A=\(x, 4, (x),7,(x).6, (x)):xeul, where 11,,7,,0,:U >] 0,1°[ are functions such that the 
condition: VxeU, O<mu,(x)+y7,(x)+6,(x)<3° is satisfied. 


Here UW, (x),7 yj (x),6 y i) represent the truth-membership, indeterminacy-membership and 
falsity-membership respectively of the element x €U .From philosophical point of view, the 
neutrosophic set takes the value from real standard or non-standard subsets of |°0,17[. But in real 
life application in scientific and engineering problems it is difficult to use neutrosophic set with 


value from real standard or non-standard subset of | 0,1°[ . Hence we consider the neutrosophic set 


which takes the value from the subset of 10, 1| , 


Definition2.7: [ 2 ] A neutrosophic vague set Anv on the universe of discourse U written as Anv = {<x; 


a 


TAnne(x); PAnge(x); FAny(x)>; xeU } whose truth- -membership, indeterminacy-membership, and 


falsity-membership functions is defined as T Aggy (x) = [T;, T*], LAggr(x) = [L, 5] and FAgg-(x) = [F, 


F*], where (1) T*=1-F-, (2) Fe=1-T-and (3) 0<sT+P+F <2. 
Definition2.8:[ 16 | Let U be the universe of discourse. The neutrosophic bipolar vague set defined 


as Ansv where 
Here 


(x) =[ YQ), (YG) 


a 


(x) = [C7 )?(@), G7 POD), 


ae 


FP ey ©) = [CF D(x), (F*)? (x)] Where (77)? (x) = 1— (FP (x), 


(FT)? (x) =1-(T P(x) 


The condition is 0 = (T” )?(x) + (7)? (x) + (F7)? Cx) < 2. 
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Also, Tf... (x) = [(T7)"(x), (T*)"(@)], 

Diya 4) = [GC U")"* OD), 

Fayay (%) = [((F "GO, TYG) 

where (T*)"(x) = —1— (F7)"(x), (F*)"(@) = -1- (T7)"() 

The condition is 0 = (T7)"(x) + U7 )"(x) + (F)"(x) = —-2. 


Example 2.9: Let U = {t,,U>, U3} be a set of universe then the NBV set Ansv as follows: 


Uy 


ANBV = See ao =o UP en ee a a ee ee 
as 0.5] 7,[0.5,0.5]?,[0.5,0.7]",[—0.3,—0.4]", [—0.4,-—0.4]", [—0.6,—0. 77" 


le 


[0.3,0. 7]? ,[0.4,0.6]7,[0.3,0.7]? [—0.3,-0.3]",[—0.4,-0.4]",[-0.7,-0.7]" 


ug 
[0.4,0. 7]? ,[0.4,0.6]" ,[0.3,0.6]? ,[—0.2,—0.6]",[—0.5,-0.6]",[- aoe 


Definition 2.10: [16] The compliment Aygpy of Aygy is as 


CAP 
(Tayev 


(x))? ={(1— T*(x))?,(1- T(x), 
(Fé... (x))" =((-1 — T*(x))", (1 -T-(@))", 


fre 
lay 


(x))? =(44 — 17 (x))?, 1 - F(x), 
(Fe ay (2))" = (1-1 @)Y.(-1-F (x), 
(Fey)? = (4 — F*G@)Y.G—F (@)F, 


faa Peay AP 


Example 2.11: Considering the example 2.9, we have 


iy 


NEV Fae P [o.5,0.5]?,[0.5,0.3]7,[—0.7,-0.6]", [—0.6,—0.6]", [—0.4,-0.3])"" 


ly 
[0.7,0.3)" [0.6.0.4]? [0.7.0.3]? [—0.7,-0.7]",[-—0.6,-0.6]7,[-0.3,-0.3]" 
ig ) 
[0.6.0.3]? [0.6,0.4]?,[0.7,0.4]? [—0.8,-0.4]",[-0.5,-0.4]" [-0.6,-0.2]"*" 
Definition 2.12: [16 ] Two NBV sets Aygy and Sag of the universe U are said to be equal if for 


alu, EU, 
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(Tayay) 4) = Fayay) > Cayay) G4) = Layay ) Hd: 
(Fayay) Ha) = (Faygy) Cs) and (Tay gy) He) = (Taygy) (Hd, 
Cayay) i) = Cayay) Mad (Faygy) 4) = (Fayey ) 4): 
Where 1 = i = m(say). 
Definition 2.13 [16 ] If in the universe U, two NBV sets Aygy and Byzy be given as 
(Tayey) Ct) S (Taygy) Cd, Caygy) 4) = Cayay ) Cad, 
(Fayey) (i) = (Fayyy ) i) and (Taygy ) ts) = (Taypy) Had, 
Cayey) (He) S layer) (Mi (Faygy) Hd S Fayey ) Cd 
Then (Aygy)? © (Bypy)?,and (Aygy)" © (Bygy)” for 1Sism 
Definition 2.14: [16 ] The union and intersection of two NBV sets Aypy and Bypy are given as 
(i) Aye» U Bae, = Cxey where 
(Peay) @) = {((Fixay) COV (Taper) CD (Piey) CY (Tar) CO) 
(leyay) @) = €( Fiyav)” CDA (Svar) CD» (Beer) CD 4 (Bray) CO) 
(Fopay) (2) = {((Fagay)” CDA (Payay) 2). ((Fxiay OA (Fey ay )” @)))} and 
(Tovey) 2) = (Bina) A (Pape )” (Fier) COA (Fay )"CO))3 
(leyay)” @) = (Livav)" @ V Cayey)” 2): Bivav)” @ V (Hyer) 2) 
(Fovey) 2) = {((Figey)” OY (Fipay)” G2) (Figy)" OV (Fiigy)” GO) 
(ji) Aygy O Bygy = Dypy is given by 
(Tovey) CO) = (Taga) A (Tray CO (Thay) OA (They)? O)3 
(loyay ) 2) = (((ligay) COV Fiyay) 2 (Bay) OV yay) G3 
(Poway) 2) = {((Faey)” COV (Bayey )” CD, (Expy) GO V (Fi. gy)’ GD} and 
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(Poway) = {((Binav)" OV (Fagey)” CD: (Bhgy)" CY (Fear) CO)B 
(lovey) CD = (ipa "A Ciyay )" CD (yay) OA (Bev) @))3 
(Foyay)” @) = C((Fagay)” CA (Fixer) > (Figy)" GOA (Fae) 3 


3. Neutrosophic Bipolar Vague Soft Set. 


In this section we study the concept of Neutrosophic bipolar vague soft set. It is a combination 


of neutrosophic vague set & the soft set. Further we study some of its operation and properties. 


Definition 3.1: Let LU be a universal set. E be a set of parameters and A & E. Let NBVset(U) denotes 
the set of all neutrosophic bipolar vague set of U. Then the pair (fA) is called an neutrosophic 
bipolar vague soft set (NBVS set in short) over U. Here f isa mapping f:A ~ NBV set(t). The 
collection of all neutrosophic bipolar vague soft sets over U’ is denoted by NBVS set(U). 
Example 3.2: Let U = {tty,Uz,U,}, E = {e,,€,}. Then neutrosophic bipolar vague soft sets A, 
and A» over U are as follows: 


Ay 
= [(e,,{(u,,[0.3,0.5]”, [0.5,0.5]”, [0.5,0.7]”, [—0.3, —0.4]", [—0.4, —0.4]", [—0.6, —0.7]"), 


(u,,[0.2, 0.6]”,[0.6, 0.7], [0.4, 0.8]”, [—0.2, —0.5]", [—0.3, —0.5]", [—0.5, —0.8]"), 
(u,,[0.4, 0.6], [0.3, 0.4]”, [0.4, 0.6]”, [—0.3, —0.5]”, [—0.4, —0.5]”, [—0.5, —0.7]”) }), 
(e,,{(u,,[0.5, 0.6]”, [0.3, 0.4]”, [0.4, 0.5]”, [—0.4, —0.5]”, [—0.6, —0.7]”, [—0.5, —0.6]"), 
(u,,[0.3, 0.4]”, [0.6, 0.8]”, [0.6, 0.7]”, [—0.4, —0.7]", [—0.6, —0.8]", [—0.3, —0.6]"), 
(u,,[0.5, 0.6], [0.7, 0.8], [0.4, 0.5]”, [—0.2, —0.4]”, [—0.5, —0.6]", [—0.6, —0.8]”) ] 


Ay 
= [(e,,{(,,[0.4,0.5]”, [0.3,0.4]?, [0.5,0.6]”, [—0.4,—0.5]", [—0.3, —0.4]",[—0.5, —0.6]"), 


(uw5,[0.3, 0.7]”,[0.5, 0.6)”, [0.3, 0.7]?,[—0.3, —0.6]”, [—0.2, —0.4]”, [—0.4,—0.7]"), 


(u,,[0.5, 0.7], [0.2, 0.3], [0.3, 0.5]°, [—0.4, —0.6]”, [—0.3, —0.4]", [—0.4, —0.6]") }), 
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(e,,{(u,,[0.6, 0.7], [0.2, 0.4]”, [0.3, 0.4]”, [—0.5, —0.6]", [—0.5, —0.6]”, [—0.4, —0.5]”), 
(w,,[0.4, 0.5]”, [0.5, 0.7], [0.5, 0.6]”, [—0.5, —0.8]”, [—0.5, —0.7]", [—0.2, —0.5]”), 


(u,,[0.6, 0.7], [0.5, 0.7], [0.3, 0.4]”, [—0.3, —0.5]”, [—0.4, —0.5]", [—0.5,—0.7]") ]. 


Definition 3.3: An empty neutrosophic bipolar vague soft set @ in U is defined as 
@ = {(e, {(u, [0, 0]?,[0,0]”, [1,1]”, [—1,-1]", [0,0]", [0,0]")}:e € FE and u € UY}. 
Definition 3.4: An absolute neutrosophic bipolar vague soft set J in U is defined as 
I = {(e,{(u, [1,1]”, [1,1], [0, oJ”, [0, 0)", [—1, —1]*,[—1,-1]")}: e € F andu € U}. 
Example 3.5: Let U = {uy ,U>,U3},E = {e,,e>} then 

© = {(e,,(u,,[0,0]?,[0, o]”,[1, 1]”,[—1,—1]", [0,0]", [0,0]”), 

(uz,[0,0]”, [0,0]”,[1,1]?,[—1, —1]",[0, 0]”,[0, 0]”"), 

(uz,[0,0]”, [0,0]”,[1, 1]?,[—1, —1]”,[0, 0]”,[0, 0]") 

(e2,(u,,[0,0]?, [0,0]”,[1, 1]”,[—1, —1]”,[0, 0]", [0, 0]”), 

(uz,[0,0]”, [0,0]”,[1,1]”,[—1, —1]”, [0, 0]”,[0, 0]"), 

(uz,[0,0]”, [0,0]”,[1,1]?,[—1, —1]”,[0, 0]”,[0, 0]") 


(a) Absolute neutrosophic bipolar vague soft set J in U is defined as 


i= {(e,, (uy, [1, ij’, [1, 1] ar [0, o]?, [0, 0] "i = 1, al - i=1, 4] i | 
(up, [1, ij’, [1, 1] z [0, o]?, [0, 0] ~ i= 1, —s) 7 [—1, =a) a 
(us, [1, if, [1, 1] Cs [0, o]?, LO, 0] " = 1, =) rs I1, ee Hl ") 


(22, (u 1 ia iy; [1, iF: LO, o]”, LO, 0] a i= 1, —1] "; [—1, =A ") 
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(uw ,[1,1]?, [1,1]? [0, 0]?, [0,0]",[—1, —1]",[—1, -1]") 
(w3,[1,1]”,[1,1]?,[0, 0]”,[0,0]”,[—1, -1]",[—1, -1]")} 
Definition 3.6: C' = {(e, (u, cat m2 (12), (i a 2 (uw), (Fe or (2), 
(Te ayo) kts (ee) Fee) >:u€U,e€ E}. Where i = 1, 2 be two 


neutrosophic bipolar vague soft set over U. then C+ is neutrosophic bipolar vague soft subset of ce 


is denoted by C* & C° if 


(Fog)? U) < (Fog ay<)? (w, And (Tea_.)"(u) = (Fea) (w), 
(ican)? Cu) = Leggy)? (), (etn) () < Leggy)". 
Fogo)? (= Feagy.)? (Fopays)) S Fogg)": 


Example 3.7: Consider the example 3.2. In this case Ay & Az as per our definition 3.6. 
Definition 3.8: Let A be a neutrosophic bipolar vague soft set over’. Then the complement of a 
neutrosophic bipolar vague soft set A is denoted by A” is defined as 

AN = i(e, (u, iia )? (a), Cae ?(u), i oo (uw), 

(Taiavs) “(w), Cagsys "Ga, (Fatsys) "(u)}. 

(Tatays)” (uw) — {(4 — T*(u)})’. (1 a T~(u))"} 

Cag ays)” ee ee (u))", (1-I- (u))"}; 

(F ASays)’ (4) = {(1 —F* (u))”, (1-F7 (u))"} and 

(Tac yg)" Ce) = {(-1 -T*(u))", (-1- Tw)", 

(Lye. <)"(u) = {((-1 — *(u))", (-1- 1 @))}. 

(Fat gys) (4) = {(-1 —F *(u)), (-1 —F ~(u))"}. 
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Example 3.9: Let U = {u,,Us} E= {2,25} then the neutrosophic bipolar vague soft set A is 


A 
= [(e,,{(u,,[0-1,0.3]?, [0.2,0.4]?, [0.7,0.9]?, [—0.5, —0.2]", [—0.6, —0.4]", [—0.8, —0.5]")}, 


{(u,,[0.7, 0.9], [0.2, 0.4], [0.1, 0.3]?, [—0.6, —0.2]”, [—0.7, —0.3]”, [—0.8, —0.4]"), 
(e,,{(u,,[0.7, 0.9]”, [0.2, 0.5], (0.1, 0.3]?, [—0.9, —0.8]", [—0.4, —0.2]", [—0.2, —0.1]*)}, 
{(u,,[0.8, 0.9], (0.5, 0.6]”, [0.1, 0.2)”, [—0.7, —0.5]”, [—0.7,—0.4]", [—0.5,—0.3]") 

Then the complement of A is A* is as 


A*® 
= [(e,,{(u,,[0.7,0.9]?, [0.6,0.8]?, [0.1,0.3]?, [—0.8, -0.5]", [—0.6, —0.4]", [—0.5, —0.2]")}, 


{(u,,[0.1, 0.3]”,[0.6, 0.8]”, [0.7, 0.9]”, [—0.8, —0.4]”, [—0.7, —0.3]", [—0.6, —0.2]"), 
(e,,{(u,,[0.1, 0.3]?, (0.5, 0.8]”, [0.7, 0.9]”, [—0.2, —0.1]", [—0.8, —0.6]”, [—0.9, —0.8]”)}, 


{(u,, [0.1, 0.2]? p [0.4, 0.5]? : [0.8, 0.9] Ps [-0.5, —0.3] a [—0.6, —0.3] Oe [—0.7, —0.5] ae 
Definition 3.10: Let 


A= {(0, (14 (Ty gpg)? Ds Ci gpg)? OO: Pag g)? OD: 


( ae a (u), (1, - oe (u),(F —_ y"(a)}e€ E,u€ U,i=1,2. Then the union and 


intersection of A* and A* of two neutrosophic bipolar vague soft set are defined as follows: 


(a) A’ UA* - 


= {(6. (ts (Tap og)? (> (Lat ppg)? 0» (Fas yg)? (0): 
( Takevs) (u), ( Lakeys) (e): - Pahevs) (u)} 


Where 
(7 Tae avs) (uw) = 


(Tiare? OY (Toye) CO) (Bigs) MV (Bigy.) DI 
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Cag yd?) = (Pw a(ig.) @) (i_.) Wali.) CO} 


o Paavs) (u) = (Caieys)” (u) a( Fitovs) (u)), ( Favs) (u) 
a( Favs) (u))} 


And 


(Taz yg)" GO = (Fy, )"@O A(T.) Co), (FH 


ANRYS 


a( Pe avs) (u))} 


y@) 


Ayarys 


itace? (u) = (Chars) "(u) Vv ( Feovs) (u)), ( Fiovs) (u) V ( evs) (u))} 


i Paavs). (u) = (Eager) (u) v( Favs) (u)), ( Favs) (u) 


v( Po avs) (ut) )} 


(b) A> NA* = A* 


= {(6,(u, (Tag py)? (0); (Lat gg)? CO)» (Fatioys)? Cw: 


(Tatavs) “(w), Cateys) “(w), (Fatevs) “(u)} 


Where 
(7 ANevS Y (u) = (Cakes) (u) A ( Tavs) (u)), ( Pays) (u) A ( Te as) (u))} 
C ANBVS Y (u) = {(Catevs)” (u}v ( laeovs) (1), ( lievs) (u) V ( evs) (u))} 


LY: Patavs) (4) = {(Fgays)  V( Faevs) (tt), ( Fis) (u) v( Pe avs) (u))} 


And 
(7. Tatevs)” (u) = (Catevs) (u) Vv ( Tavs) (u)), ( Tis) (u) V ( Te avs) (u))} 
C ANavs ) (u) = (Caters) 4) ° ( Tiers) (u)), ( Tiers) (u) A ( evs) (u))} 


- Paevs)” (u) = {((Faggys) "© a( Pezavs) (u)), ( Pies) (ut) a( Favs) (u))} 
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Example 3.11. Consider the example 3.2 then 


A, UA, = 
[(e,, {(1,, [0.4,0.5]”,[0.3, 0.4]?,[0.5, 0.6]", [—0.5, —0.4]", [—0.4, -0.3]", [—0.6,—0.5]"), 


(u,,[0.3, 0.7)”, 0.5, 0.6)”, [0.3, 0.7]", [—0.6, —0.3]", [—0.1, —0.2]", [—0.7,—0.4]"), 
(w,[0.5, 0.7]”, [0.2, 0.3]?, [0.3, 0.5]?,[—0.6, —0.4]", [—0.4, —0.3]", |—0.6,—0.4]”) }), 
(e,,{(u,,[0.6, 0.7], (0.2, 0.4], [0.3, 0.4]?,[—0.6, —0.5]", [—0.6, —0.5]”, [—0.6, —0.4]”), 
(u,,[0.4, 0.5]”, 0.5, 0.7)”, [0.5, 0.6)”, [—0.8, —0.5]", [—0.7, —0.5]", [—0.5, —0.2]"), 

(uw 3,[0.6, 0.7]”,[0.5, 0.7]?, [0.3, 0.4]?,[—0.5, —0.3]”, [—0.5, —0.4]", [—0.7,—0.5]") ] = A, 
Similarly A; NA, = Ay. 

Definition 3.12 Let A = {(e, {((Te ay .) Cu), (Fe ay : y’ (u), (Foo wre y (wu), (Teo oy s yu), 
Covey Z ya), (Fou ay ~) (ud): :u € U ande € E} beaneutrosophic bipolar vague soft set over 
U. then aggregation neutrosophic bipolar vague soft operator denoted by Azg, is defined as 


Where [uy (u), Ha (u)] 
1 ’ Sires sce =~ 4p. + uw ype - 
rer xe 1] — (7)? (@), L(T.)° @) — (6)! 


+ (4) [(7.)° 9 -— (FY @O)] 
Where 
(7,)?(u) = (UF)? @) - UF)? @)] 
(7.)°@) = (0)? @) - CP) 
(A) @ = (AY @- (Pw) 
(7,)"(w) = [UF)"@) — G7)" 0) 
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(7,)"@) = [@F)"@) - TF)" GO) 
(A) @ = [EY @ - YO] 
Where |E X U| is the cardinality of E x U. 
4. Application of neutrosophic bipolar vague soft set. 
We develop an algorithm based on neutrosophic bipolar vague soft sets and give numerical example 


to show the fossibility and effectiveness of the approaches in definition 3.12. 
Algorithm 


1. First we construct the neutrosophic bipolar vague soft set on U’. 
2. Then we compute the neutrosophic bipolar vague soft set aggregation operator. 


3. Average of each intervals and find |A, nis |. 


4. Find the optimum value on U. 


Assume that a farm wants to fill a position in the office. There are three candidates for the post. The 


selection committee use the neutrosophic bipolar vague soft decision making method. Assume that 


the set of candidate U = {u,,Uz,U3} which may be characterized by a set of parameters 
E = {@,,€2,€3}. Where €4= “experience”, 2 = “technical knowledge”, @3= “age”. 


(a) The selection committee construct a neutrosophic bipolar vague soft set A over the set U’ as 


A, 


Pa 


= ie. {(u,,[0.8, 0.9]”, [0.5, 0.7]?,[0.1, 0.2]”, [—0.5, —0.3]", [—0.7, —0.5]”, [—0.7,—0.5]"), 
(u>,[0.5, 0.7]”,[0.4, 0.6]”, [0.3, 0.5]”,[—0.5, —0.4]", [—0.7, —0.5]", [—0.6, —0.5]”), 
(u5,[0.5, 0.7]”,[0.5, 0.6], [0.3, 0.5]”, [—0.8, —0.6]”, [—0.5, —0.3]", [—0.4, —0.2]”) }), 
(e,,{(u,,[0.5, 0.7], [0.4, 0.6], [0.3, 0.5]”, [—0.4, —0.2]", [—0.2, —0.1]”, [—0.8, —0.6]”), 
(u>,[0.7, 0.9]”,[0.4, 0.6]”, [0.1, 0.3]”, [—0.6, —0.4]", [—0.3, —0.2]", [—0.6, —0.4]"), 

(uw, [0.2, 0.4]”, [0.8, 0.9], [0.6, 0.8]”, [—0.3, —0.1]”, [—0.5, —0.3]", [—0.9, —0.7]”) } 
(e,,{(u,,[0.7, 0.9], [0.2, 0.4]?, [0.1, 0.3], [—0.3, —0.2]", [—0.5, —0.3]", [—0.8, —0.7]"), 


(u,[0.6, 0.8], [0.4, 0.6], [0.2, 0.4]?,[—0.4, —0.2]",[—0.5, —0.4]”, [—0.8,—0.6]”), 
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(u,,[0.3, 0.5]”, (0.5, 0.7], [0.5, 0.7]?, [—0.3, —0.2]", [—0.6, —0.4]", [—0.8,—0.7]") }. 
(b) Then we find the neutrosophic vague soft set aggregation operator A,,, of Azas 
For Uy, 


— [[1,1] — [0.5,0.7]([0.8, 0.9] — [0.1,0.2]) + [—0.7,—0.5]([—0.5, —0.3] — 


[—0.7, —0.5]) + [1,1] — [0.4,0.6]([0.5, 0.7] — [0.3,0.5]) + 
[—0.2, —0.1]([—0.4, —0.2] — [—0.8,—0.6]) 


+(1,1]— [0.2,0.4]([0.7,0.9] — [0.1,0.3]}+ 
[—0.5, —0.3]([—0.3, —0.2] — [—0.8, —0.7])] 
For U3, 


— [[1,1] — [0.4,0.6]([0.5, 0.7] — [0.3,0.5]) + [—0.7, 0.5] ([—0.5, —0.4] — 


[—0.6, —0.5]) + [1,1] — [0.4,0.6]([0.7,0.9] — [0.1,0.3]) + 
[—0.3, —0.2]([—0.6, —0.4] — [—0.6,—0.4]) 


+(1,1]— [0.4,0.6]([0.6, 0.8] — [0.2, 0.4])+ 
[—0.5, —0.4]([—0.4, 0.2] — [—0.8, —0.6])] 
For U3, 


— [[1,1] — [0.5,0.6]([0.5, 0.7] — [0.3,0.5]) + [—0.7,—0.5]([—0.8, —0.6] — 


[—0.4, —0.2]) + [1,1] — [0.8,0.9]([0.2, 0.4] — [0.6,0.8]) + 
[—0.5, —0.3]([—0.3,—0.1] — [-0.9,—0.7]) 


+{1,1]— [0.5, 0.7] ([0.3, 0.5] — [0.5, 0.7]}+ 


[—0.6, —0.4]([—0.3, —0.2] — [—0.8, —0.7])] 


(c 


—_— 


We take the average of each interval. 
i.e. [1,1]=1, 


(7) Gd) = (CTF)? OO). (72)? (X)] 
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(1.)? (x) = [U2)? @), U5)? @)] 


(FY @) = (CP), (AYP OO] 


(7.)"@) = [7° (TF) 


(7.)"e) = [G5)" ee), G2)" )] 


(F.)"@) = ((E)"@.(E)"(0] 
_ 0.1006 GZ1311 0.1455 
(d) The |A,,,| = 7 


ml 











e) Finally the selection committee choose WU, for the post since |. | has the maximum 
a 3 P 


“agg 


degree 0.1455 among them. 


5. Conclusion 
In this paper, we introduce the neutrosophic bipolar vague soft set. It is a combination of soft set and 
the neutrosophic bipolar vague set. We develop a decision making method based on neutrosophic 
bipolar vague soft set. A numerical example has beengiven. Some new operations on neutrosophic 
bipolar vague soft set have been designed. For further study, it may be applied to real world 
problems with realistic data and extend proposed algorithm to other decision making problem with 
vagueness and uncertainty. Here we require less calculations and few steps to get our result. 
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Abstract: In this article, we presented eight different types of neutrosophic topological groups, each 
of which depends on the conceptions of neutrosophic a-open sets and neutrosophic a-continuous 
functions. Also, we found the relation between these types, and we gave some properties on the 
other side. 

Keywords: Neutrosophic a -open sets, neutrosophic a -continuous functions, neutrosophic 
topological groups, and neutrosophic topological groups of type (R), R = 1,2,3,...,8. 


1. Introduction 


Smarandache [1,2] originally handed the theory of “neutrosophic set”. Recently, Abdel-Basset 
et al. discussed a novel neutrosophic approach [3-6]. Salama et al. [7] gave the clue of neutrosophic 
topological space. Arokiarani et al. [8] added the view of neutrosophic a-open subsets of 
neutrosophic topological spaces. Dhavaseelan et al. [9] presented the idea of neutrosophic 
a™-continuity. Banupriya et al. [10] investigated the notion of neutrosophic ags continuity and 
neutrosophic ags irresolute maps. Nandhini et al. [11] presented Nag#w-open map, Nag#w-closed 
map, and Nag#w-homomorphism in neutrosophic topological spaces. Sumathi et al. [12] submitted 
the perception of neutrosophic topological groups. The target of this article is to perform eight 
different types of neutrosophic topological groups, each of which depends on the notions of 
neutrosophic a-open sets and neutrosophic a-continuous functions and also we found the relation 
between these types. 


2. Preliminaries 


In all this paper, (G,t) and (H,o) (or briefly G and H) frequently refer to neutrosophic 
topological spaces (or shortly NTSs). Suppose A be a neutrosophic open subset (or shortly Ne-OS) 
of G, then its complement A‘ is closed (or shortly Ne-CS). In addition, its interior and closure are 
denoted by Nint(A)and Ncl(A), correspondingly. 


Definition 2.1 [8]: Let A be a Ne-OS in NTS G, then it is said that a neutrosophic a-open subset (or 
briefly Ne-aOS) if A & Nint(Ncl(Nint(A))). Then A® is the so-called a neutrosophic a-closed (or 
briefly Ne-aCS). The collection of all such these Ne-aOSs (resp. Ne-aCSs) of G is denoted by 
NaO(G) (resp. NaC(G)). 


Definition 2.2 [8]: Let A be a neurrosophic set in NTS G. Then the union of all such these Ne-aOSs 
involved in A( symbolized by aNint(A)) is said to be the neutrosophic a-interior of A. 
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Definition 2.3 [8]: Let A be a neurrosophic set in NTS G. Then the intersection of all such these 
Ne-aCSs that contain A (symbolized by aNcl(A)) is said to be the neutrosophic a-closure of A. 
Proposition 2.4 [13]: Let A be a neutrosophic set in NTS G. Then A € NaO(B) iff there exists a Ne- 


aOS B where B C A € Nint(Ncl(B)). 


Proposition 2.5 [8]: In any NTS, the following claims hold, and not vice versa: 
(i) For each, Ne-OS is a Ne-aOS. 
(ii) For each, Ne-CS is a Ne-aCsS. 


Definition 2.6: Let 2:(G,tT) — (H,a) bea function, then # is called: 

(i) a neutrosophic continuous (in short Ne-continuous) iff foreach A Ne-OS in H, then A7*(A) is 
a Ne-OS in G [14]. 

(ii) a neutrosophic a-continuous (in short Ne-a-continuous) iff for each A Ne-OS in H, then 
A +*(A) isa Ne-aOS in G [8]. 

(iii) a neutrosophic a-irresolute (in short Ne-«a-irresolute) iff for each A Ne-aOS in H, then 
A *(A) isa Ne-aOS in G. 


Proposition 2.7 [8]: Every Ne-continuous function is a Ne-a-continuous, but the opposite is not valid 


in general. 


Proposition 2.8: Every Ne-a-irresolute function is a Ne-a-continuous, but the opposite is not exact in 
eeneral. 

Proof: Let A:(G,t) — (H,a) be a Ne-a-irresolute function and let A be any Ne-OS in H. From 
proposition 2.5, we get A is a Ne-aOS in H. Since # is a Ne-a-irresolute, then A7~*(A) is a 


Ne-aOS in G. Therefore # is a Ne-a-continuous. @ 


Example 2.9: Let G = {p,q}. Suppose the neutrosophic sets A,B,C and D bein G as follows: 


A= (Sd) (Ed (Ere B= (Se) ee) 


_ oP oN PY ee = ED a ee |, es 
C= (x, (2, “) : (2, “): (2, <) and D = (x, (je <), Ge “) : (2, “)) 
Then the families tT = {0y,A,1y)} and o = {0y,D,1,y} are neutrosophic topologies on G. 
Thus, (G,t) and (G,a) are NTSs. Define £:(G,T) — (G,0) as (p) =p, A(q) =q. Hence A is a 


Ne-a-continuous function, but not Ne-a-irresolute. 


Definition 2.10: A function A:(G,t) — (H,a) is said to be M-function iff A~*(N int(Ncl(B))) Cc 
Nint(Ncl(A~*(B) )), for every Ne-aOS B of H. 


Theorem 2.11: If A:(G,t) — (H,o@) is a Ne-a-continuous function and M-function, then A is a 
Ne-a-irresolute. 

Proof: Let A be any Ne-aOS of H, there exists a Ne-OS B of H where B © A € Nint(Ncl(B)). 
Since A is M-function, we have A7-1(B) GA 1(A) © A 1(Nint(Ncl(B)) ) S Nint(Ncl(A1(B) )). 
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By proposition 2.4, we have A7*(A) is a Ne-aOS. Hence, # is a Ne-a-irresolute. & 


Definition 2.12 [8]: A function £:(G,t) — (H,a) is called a neutrosophic a -open (resp. 
neutrosophic a -closed) iff for each AENaO(G) (resp. AENAC(G) ), ACA) € NaO(#) 
(resp. A(A) € NaC(#)). 


Definition 2.13 [15]: A _ bijective function 4:(G,t) ~(H,o) is called a _neutrosophic 


homeomorphism iff #4 and £7* are Ne-continuous. 


Definition 2.14 [12]: A neutrosophic topological group (briefly NTG) is a set G which carries a 
group structure and a neutrosophic topology with the following two postulates: 
(i) The operation function u:G x G > G, givenas u(g,h) = g-h isa Ne-continuous. 


-1 is a Ne-continuous. 


(ii) The inversion function /:G > G, given as I(g) =g 
Remark 2.15 [12]: 

(i) The function y:G x G > G, given as y(g,h) = g-h is a Ne-continuous iff for each Ne-OS C and 
g:he€C, there exist Ne-OS A,B suchthat gE A,AEB, and A-BECC. 

(ii) The function inv:G > G is a Ne-continuous iff for each Ne-OS A and g™' € A, there exists a 
Ne-OS B and g €B where BIC A. 


Definition 2.16 [16]: A group G is nice iff its operation is nice. 


3. Different Types of Neutrosophic Topological Groups 


In this section, we introduce eight types of neutrosophic topological groups, each of which 
depends on the notions of neutrosophic a-open sets and neutrosophic a-continuous functions. 


Definition 3.1: Let G be a set that equips with a group structure and a neutrosophic topology. Then 
G is called: 

(i) NTG of type (1) iff the operation function u:G xX G > G and the inversion function I:G > G are 
both Ne-a-continuous. 

(ii) NTG of type (2) iff the operation function u:G x G > G and the inversion function I:G > G are 
both Ne-a-irresolute. 

(iii) NTG of type (3) iff the operation function u:G x G > G is Ne-a-continuous and the inversion 
function I1:G —- G is Ne-continuous. 

(iv) NTG of type (4) iff the operation function u:G x G > G is Ne-a-irresolute and the inversion 
function I:G — G is Ne-continuous. 

(v) NTG of type (5) iff the operation function u:G x G > G is Ne-a-irresolute and the inversion 
function I:G — G is Ne-a-continuous. 

(vi) NTG of type (6) iff the operation function u:G x G > G is Ne-a-continuous and the inversion 
function I:G — G is Ne-a-irresolute. 

(vii) NTG of type (7) iff the operation function w:G x G > gG is Ne-continuous, and the inversion 


function I:G — G is Ne-a-continuous. 
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(viii) NTG of type (8) iff the operation function u:G x G > G is Ne-continuous, and the inversion 


function I:G — G is Ne-a-irresolute. 


Proposition 3.2: 

(i) Every NTG is a NTG of type (R), where R = 1,3,7. 

(ii) Every NTG of type (2) isa NTG of type (5). 

(iii) Every NTG of type (2) isa NTG of type (6). 

(iv) Every NTG of type (4) isa NTG of type (3). 

(v) Every NTG of type (4) isa NTG of type (5). 

(vi) Every NTG of type (R) isa NTG of type (1), where R = 2,3,...,8. 

Proof: 

(i) Let G be a NTG, then the operation function mw and the inversion function J are both 
Ne-continuous. By proposition 2.7, we have that the operation function and the inversion 
function I are both Ne-a-continuous. Hence, G isa NTG of type (R), where R = 1,3,7. 

(ii) Let G be aNTG of type (2), then the operation function m and the inversion function J are both 
Ne-a-irresolute. By proposition 2.8, we have that the inversion function I is a Ne-a-continuous. 
Hence, G isa NTG of type (5). 

(iii) Let G be a NTG of type (2), then the operation function p and the inversion function / are 
both Ne- a -irresolute. By proposition 2.8, we have that the operation function w is a 
Ne-a-continuous. Hence, G isa NTG of type (6). 

(iv) Let G be a NIG of type (4), then the operation function p is a Ne-a-irresolute and the 
inversion function I is a Ne-continuous. By proposition 2.8, we have that the operation function p 
is a Ne-a-continuous. Hence, G isa NTG of type (3). 

(v) Let G bea NTG of type (4), then the operation function pz is a Ne-a-irresolute and the inversion 
function J is a Ne-continuous. By proposition 2.7, we have that the inversion function | is a 
Ne-a-continuous. Hence, G isa NTG of type (5). 

(vi) Let G be a NTG of type (R), where R = 2,3,...,8. By proposition 2.7 and proposition 2.8, we 
have that the operation function and the inversion function J are both Ne-a-continuous. Hence, G 
is a NTG of type (1). 


Proposition 3.3: 

(i) A NTG of type (3) with M-function operation u isa NTG of type (4). 

(ii) A NTG of type (1) with M-function inversion J] and M-function operation p isa NTG of type 
(2). 

(iii) A NTG of type (1) with M-function operation wu isa NTG of type (5). 

(iv) A NTG of type (1) with M-function inversion I isa NTG of type (6). 

(v) ANTG of type (5) with M-function inversion I isa NTG of type (2). 

(vi) A NTG of type (6) with M-function operation uw isa NTG of type (2). 

(vii) A NTG of type (7) with M-function inversion I isa NTG of type (8). 

Proof: 

(i) Let G bea NTG of type (3), then the operation function p is a Ne-a-continuous and the inversion 


function J is a Ne-continuous. Since u is M-function. So by Theorem 2.11, we get that operation pu 
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is a Ne-a-irresolute. Hence, G isa NTG of type (4). 

(ii) Let G bea NTG of type (1), then the operation function w and the inversion function J are both 
Ne-a-continuous. Since p,/ are M-function. So by Theorem 2.11, we get that the operation function 
uw and the inversion function J are both Ne-a-irresolute. Hence, G isa NTG of type (2). The proof is 


evident for others. 


Remark 3.4: The next illustration displays relationship among different kinds of neutrosophic 


topological groups mentioned in this section and the neutrosophic topological group: 


neutrosophic topological group 








neutrosophic topological group 
of type (7) 


neutrosophic topological group 
of type (3) 
neutrosophic topological group 4 
of type (1) 


neutrosophic topological group neutrosophic topological group 

of type (8) of type (4) 
neutrosophic topological group 

of type (6) 

‘i [ 
neutrosophic topological group neutrosophic topological group 
Ee 
of type (2) of type (5) 


* — | is M — function; # > wis M — function; & > y,/] are M — function 







Fig. 3.1 


Definition 3.5: A bijective function A: (G,T) — (H,a) is said to be: 
(i) Neutrosophic a-homeomorphism iff A and A~* are Ne-a-continuous. 


ii) Neutrosophic a-irresolute - homeomorphism iff A and A?! are Ne-a-irresolute. 
(i1) Pp P 


Definition 3.6: Let (G,t) be a NIS, then G is called neutrosophic a-homogeneous (resp. 
neutrosophic a-irresolute — homogeneous) iff for any two elements g,hEG, there exists a 
neutrosophic a-homeomorphism (resp. neutrosophic a-irresolute - homeomorphism) from G onto 


G which transforms g into h. 


Proposition 3.7: The inversion function J in a NTG of type (R), where R = 1,2,...... yo is a 


neutrosophic a-homeomorphism. 
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Proof: Let G be a NTG of type (1). Since G is a group, I(G) = G~* =G which implies I is onto, 
also for any g €G, there exists a unique inverse which is equal to I(g) which implies, J is 
one-to-one. Now; we have | is a Ne-a-continuous and I7!:G >G such that I~'(g) =g, i.e 
I~-*(g) =I(g) for each g€G, so, I~* is a Ne-a-continuous. Thus, / is a neutrosophic 


a-homeomorphism. In the case of type (R), we have a similar proof, where R = 2,3,...,8. 


Corollary 3.8: Let G be aNTG of type (1) and ACG. If A €t, then A~* € NaO(G). 
Proof: Since the inversion function / is a neutrosophic a-homeomorphism, then I(A) = A™* is a 
Ne-aOS in G foreach A €T. 


Proposition 3.9: The inversion function J in a NTG of type (3) [and type (4)] is a neutrosophic 
homeomorphism. 

Proof: Suppose G be a NTG of type (3). SinceG is a group, I(G) =G~* =G which implies / is 
onto, also for any g €G, there exists a unique inverse which is equal to I(g) which implies, I is 
one-to-one. Now; we have / is a Ne-continuous and I7':G > G such that I~*(g) = g, i.e I~*(g) = 
I(g) for each g €G,so, I~* is a Ne-continuous. Thus, I is a neutrosophic homeomorphism. In the 


case of type (4), we have similar proof. 


Proposition 3.10: The inversion function / ina NTG of type (R), where R = 2,6,8 is a neutrosophic 
a-irresolute —- homeomorphism. 
Proof: Suppose G be a NTG of type (2). SinceG is a group, 1(G) = G~* =G which implies I is 


onto, also for any g €G, there exists a unique inverse which is equal to I[(g) which implies, I i 


WN 


one-to-one. Now; we have / is a Ne-a-irresolute and 1~1:G > G such that 1~*(g) = g, i.e I~*(g) 


I(g) for each g €G, so, I~™* is a Ne-a-irresolute. Thus, J is a neutrosophic a-irresolute 


homeomorphism. In the case of type (6) and type (8), we have a similar proof. 


Proposition 3.11: Let G be a set which carries a group structure and a neutrosophic topology, let 
k,,k2 €G. Then foreach g €G if one of the following functions: 

(i) kg) =a -g 

(ii) K(Q=9-ky 

(iti) Axx, (GQ) =k gk 

is a neutrosophic a-homeomorphism (resp. neutrosophic a-irresolute - homeomorphism), then so 
the others. 

Proof: Since k,and k, are arbitrary elements in G, clear that l,,and ™,come from fx,,, by taking 
kK. =e or k, =e respectively. Hence, when fx,,, is a neutrosophic a-homeomorphism, both 
l,, and 1, are neutrosophic a -homeomorphisms. Now; when I,, is a neutrosophic 
a-homeomorphism. Since G is a group, G-k =G for eachk €G then G-k, =G. Hence, for each 
hEG-ky, ik, (h) =k, +h, k, is aneutrosophic a-homeomorphism. But h = g-k, for some g €G, 
then for each gEG, kh) =k, (g-k2) =ki-g-k2 =Ax,xn,(9) » Ax,x, iS a neutrosophic 
a-homeomorphism. Then by the first part of the proof, 7,,. And we have a similar proof if we are 
beginning with r,, is aneutrosophic a-homeomorphism. In the case of neutrosophic a-irresolute — 


homeomorphism, we have a similar proof. 
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Theorem 3.12: LetG be a nice NTG of type (R), where R = 1,2,3,...,8 and let k,,k, €G. Then for 
each g €G the following functions: 

(i) kk, @) = ag 

(ii) K(=9-ky 

(ili) Axx, (Q) =k gk 

are neutrosophic a-homeomorphisms. 

Proof: Let G be a nice NTG of type (1). It is clear that each of the functions l;,,,7%,and Ax,,, iS a 
bijective function. Let A be the operation of G, then # is a Ne-a-continuous. Since G is a nice, so 
Le, = A/{ki} XG is a Ne-a-continuous. Similarly, l; _(g) =k eg. 1, oe is a Ne-a-continuous. 
Hence, [,, is a neutrosophic a-homeomorphism. Thus, because of the preceding proposition, 7, 
and fAx,~, are neutrosophic a-homeomorphisms. The case of type (R) has a similar proof, 
where R = 2,3,...,8. 


Theorem 3.13: LetG be a nice NTG of type (R), where R = 2,4,5 and let k,,k2 € G. Then for each 
g €G the following functions: 
(i) kk, g) = kag 
(ii) n= 9°, 
(iii) Axi. (9) = ki g ke 
are neutrosophic a-irresolute - homeomorphisms. 
Proof: Let G be a nice NTG of type (2). It is clear that each of the functions l;,,,7%,and Ax,,, iS a 
bijective function. Let # be the operation of G, then # is a Ne-a-irresolute. Since G is a nice, so 


af 3g ‘ 
is a Ne-a-irresolute. 


Le, =A/{ki} XG is a Ne-a-irresolute. Similarly, in @) =ia Ag, lk, 
Hence, [,, is a neutrosophic a -irresolute — homeomorphism. Thus, given the preceding 
proposition, 7%, and Ax,,, are neutrosophic a-irresolute —-homeomorphisms. The case of type (R) 


has a similar proof, where R = 4,5. 


Corollary 3.14: Let A,B and C be subsets of anice NTG G of type (1) (resp. of type (4)) such that 
A is a Ne-CS (resp. Ne-aCS), and B is a Ne-OS (resp. Ne-aOS). Then for each k €G,k-A and A: 
k are Ne-a-CSs also k-B,B-k,C-B and B-C are Ne-aOSs. 

Proof: Since A is a Ne-CS so in view of the theorem 3.12, |,(A) =k-A and 1n(A)=A-k are 
Ne-aCSs. 

Similarly, since B is a Ne-OS so in view of the theorem 3.12, |,(B) =k-B and r,(B) =B-k are 
Ne-aOSs. Also, C:B= Uceec:B but c:B is a Ne-aOS for each c € C. Hence, C:B is a Ne-aOS. 
Similarly, B-C is a Ne-aOS. In the case of type (4), we have a similar proof. 


Corollary 3.15: A nice NTG of type (R), where R = 1,2,3,...,8 is neutrosophic a-homogeneous. 

Proof: Let G be a nice NTG of type (1) and a,b €G. Then for any fixed element k €G,nr, is a 
neutrosophic a-homeomorphism, therefore, it is true when k = a~* - b. Thus, r,-1,(g) =g:a™*-b 
is aneutrosophic a-homeomorphism we need because r,-1,(a) = b. Therefore, G is a neutrosophic 


a-homogeneous. In the case of type (R), we have a similar proof, where R = 2,3,...,8. 
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Corollary 3.16: A nice NTG of type (R), where R=2,4,5 is neutrosophic a -irresolute — 
homogeneous. 

Proof: Let G be a nice NTG of type (2) and a,b €G. Then for any fixed element k €G,r, is a 
neutrosophic a -irresolute — homeomorphism, therefore, it is true when k=a™*-b. Thus, 
Ya-tp(g) = g:a-'-b isaneutrosophic a-irresolute — homeomorphism. But 1,-1,(a) = b, therefore 
G is aneutrosophic a-irresolute — homogeneous. In the case of type (R), we have a similar proof, 
where R = 4,5. 


Definition 3.17: Let G be a NTG of type (2), (5), and F be a fundamental system of neutrosophic 
a-open nhds of the identity element e. Then for any fixed element k €G,r, is a neutrosophic 
a-irresolute — homeomorphism. So F(k) = {n,(A) =A-k:A€F} is a fundamental system of 


neutrosophic a-open nhds of k. 


Proposition 3.18: Let G be a NTG of type (2),(5). Any fundamental system F of neutrosophic 
a-open nhds of e in G has the below postulates: 

(i) If A,B EF, then AC € F such that C © ANB. 

(ii) If g © AEF, then 3B EF suchthat B-g CA. 

(iii) If A € F, then AB EF suchthat B4-BCA. 

(iv) If AE F,k €G, then JIB EF suchthat k"!-B-k CA. 

(v) VA €F,AB EF suchthat BIC A. 

(vi) VA € F,AC EF suchthat C* CA. 

Proof: 

(i) Let A,B € F, then ANB €EF,so AC € F such that C € ANB. 

(ii) Let AEF and g€A implies A- gt € F, then 3B € F such that BC A-g™". Thus, B-gC 
A. 

(iii) The function u:G x G > G, given by u(g,h) = g™*-h is a Ne-a-irresolute because G is a NTG 
of type (2),(5). Thus w~*(A) is a neutrosophic a-open nhd in G XG contains (e,e) and hence 
includes a set of the from U x V, where U,V are neutrosophic a-open and provide e. But UNV is 
a neutrosophic a-open contains e, so JB € F such that BOE UNV then BECU and BC V. Thus 
BxBGCUXV Cy }(A), then p(BxB)CA but un(BxB)=B1-BEA. 

(iv) The function 4:G >G given by A(g)=k~*-g-k is a Ne-a-irresolute. Since l,-1,7% is 
Ne-a-irresolute. So l,-1°7 is a Ne-a-irresolute from G to G put A=1,-1°7%,A(g) = (-1 ° 
Te) (9) = b-1(re(g)) = alg kb) = kot g -k. 


rk 
G ———_—_——__» 


A l)-1 


CQ +-—- 


So, A7-1(A) is a neutrosophic a-open nhd and contains e, hence IBEF, BEA *(A) then 
A(B) © A. Thus, A(B) =k '-B-kK CA. 
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(v) Since I the inverse function in a NTG of type (2) is a Ne-a-irresolute, then I~*(A) is a 
neutrosophic a-open contains e so 3B € F such that BC I~'(A) then 1(B) CA. Thus, I(B) = 
BlCA. 

(vi) Since uw in a NTG of type (5) is a Ne-a-irresolute. So u~'(A) is a neutrosophic a-open 
contains (e,e) and thus contains a neutrosophic set of the from U x V, where U, V are neutrosophic 
a-open and contain e then UNV is a neutrosophic a-open and contain e 4C € F such that C © 
UNV, then CXC GUXV Cy (A). Thus, w(C x C) =C-C=C* CA. 


Definition 3.19: A neutrosophic a-opennhd € of g is called symmetric if C~* = €. 


Proposition 3.20: Let G be a NTG of type (R), where R = 1,2,...,8, and let B be any neutrosophic 
a-open nhd of a point g € G. Then BUB™ is symmetric neutrosophic a-open nhd of g. 
Proof: Let B is a neutrosophic a-open nhd of g, then BUB™ is a neutrosophic a-open nhd of g; 
BUB 1={b:be€BorbeB t}={b:b tEeBorb'tEeB 4} 

= {b:b71 € BUB +} = {b:b € (BUB“") 1} = (BUB™") 1. 


That is, BUB~* is symmetric neutrosophic a-open nhd of g. 


Proposition 3.21: Let B be any neutrosophic a-open nhd of e in a nice NTG of type (R), where 
R = 1,2,.....,8. Then B-B~* is symmetric neutrosophic a-open nhd of e. 

Proof: Let B be aneutrosophic a-open nhd of e and since G is anice, then B- B~* is neutrosophic 
a-open nhd of e; 

BB aiyey xy € BY Sate) ey Gye Blab) BSH BB): 


That is, B-B~* is symmetric neutrosophic a-open nhd of e. 


4. Conclusion 


In this work, we examined the conceptions of eight different types of neutrosophic topological 
eroups, each of which, depending on the notions of neutrosophic a-open sets and neutrosophic 
a-continuous function. In the future, we plan to rsearch the ideas of neutrosophic topological 
subgroups and the neutrosophic topological quotient groups as well as defining the perception of 
neutrosophic topological product groups with some results. 
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Abstract: In this article, we implement a new notion of sets namely neutrosophic nano j-closed set, 
neutrosophic nano generalized closed set, neutrosophic nano generalized j-closed set and 
neutrosophic nano generalized j*-closed set in neutrosophic nano topological spaces. We also provide 
some appropriate examples to study the properties of these sets. The existing relations between some 


of these sets in neutrosophic nano topological space have been investigated. 


Keywords: Neutrosophic nano j-closed set, neutrosophic nano generalized closed set, neutrosophic 


nano generalized j-closed set, neutrosophic nano generalized j*-closed set. 


I. Introduction 

In recent years, Topology plays a vast role in research area. In particular, the concept of 
neutrosophy is a trending tool in topology. We use fuzzy concept where we consider only the 
membership value. The intuitionistic fuzzy concept is used where the membership and the non- 
membership values are considered. But, more real life problems deal with indeterminacy. The 
suitable concept for the situation where the indeterminacy occurs is neutrosophy which is 
represented by the degree of membership (truth value), the degree of non-membership (falsity value) 
and the degree of indeterminacy. 

The fuzzy concept was initially proposed by Zadeh [22] in 1965 and Chang [7] introduced Fuzzy 
topological spaces in 1968. Atanasov [6] defined intuitionistic fuzzy set and Coker [8] developed 
intuitionistic fuzzy topology. In 2005, Smarandache [17] introduced neutrosophic set and many 
researchers used this concept in engineering, medicine and many fields where the situation of 
indeterminacy arises. Abdel-Basset et.al, [1 - 5] working with many practical problems by using 
neutrosophy concept in the recent days. Salama et.al, [14] introduced the generalization of 
neutrosophic sets, neutrosophic closed sets and neutrosophic crisp sets in neutrosophic topological 
spaces. 

The nano topology which has the maximum of five elements was introduced by Lellis Thivagar 
[9]. He applied nano topology for nutrition modelling [11] and medical diagnosis [12]. Zhang et.al 
[23], worked on neutrosophic rough sets over two universes. Lellis Thivagar initiated [10] 
neutrosophic nano topology and some closed sets on neutrosophic nano topological spaces were 


derived by recent researchers. 


D. Sasikala and K.C. Radhamani, A Contemporary Approach on Neutrosophic Nano Topological Spaces 


Neutrosophic Sets and Systems, Vol. 32, 2020 436 


Sasikala and Arockiarani [15] introduced generalized j-closed set. Sasikala and Radhamani [16] 
introduced nano j-closed set in nano topological spaces. In this paper, we present a new set called 
neutrosophic nano j-closed set and work with some interesting examples. Also we investigate some 


of the properties of the introduced sets. 


II. Preliminaries 
Definition 2.1[9] Let U be a nonempty finite set of objects called the universe and R be an 
equivalence relation on U , called the indiscernibility relation. The pair (U,R) is said to be the 
approximation space. Let xX CU. 

(i) The lower approximation of X with respect to the relation R is the set of all objects, 


which can be for certain classified as xX and it is denoted by Lp(X). ie, 


Lp(X)= U R(x): R(x) GU }, where R(x) denotes the equivalence class determined 
x€ U 


by x. 
(ii) The upper approximation of X with respect to the relation R is the set of all objects, 


which can be possibly classified as X and it is denoted by U,(X) jie, 
Upn(X)= U ER(x): R(X) (1X F } 
x€ U 


(iii) The boundary region of X with respect to the relation R& is the set of all objects, which 
can be classified neither as X nor as not X and it is denoted by Bp(X) .ie., 
Bp(X)=Up(X )-Lp(X) 

Remark 2.2[9] If (U,R) isan approximation space and X,Y CU, then 

(Oi mexer sr 

(ii) Le(p)=UpR(p)=@ and La(U)=UR(U)=U 

(iii) Up(X UY) =UR(X)UUR(Y) 

(iv) Up(XMY)SUR(X )[M1UR(Y) 

(v) Le(XUYI2BLR(X)ULR(Y) 

(vi) Lp(XY)=Lpa(X)NLR(V) 

(vii) Lp(X)ELp(Y) and Up(X)GUp(Y) whenever X CY 


(viii) Up(X° J=[Lg(X)]° and Le(X°)=[Up(X)]* 
(ix) UpUR(X)= LRUR(X)=UR(X) 
(x) LeLe(X)=Uplha(X)=Le(X) 
Definition 2.3[9] Let U be an universe, R be an equivalence relation on U_ and 


TeR(X) = £U,9,L p(X), Up(X),Bp(X)} where X GU. Then by the properties mentioned in remark 


2.2, Tr(X) satisfies the following axioms: 


(i) U and  arein tp(X) 
(ii) The union of the elements of any sub collection of tp(X) isin tp(X) 
(iii) The intersection of the elements of any finite sub collection of tp(X) isin tp(X) 


Then tp(X) forms a topology on U called the nano topology with respect to X . We call 
(U,tp(X )) as the nano topological space. The elements of tp(X) are called nano open sets. The 


complement of nano open sets are called nano closed sets. 
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Definition 2.4[9] Let (U,tp(X )) be anano topological space. A subset A is called nano generalized 
closed (briefly Ng-closed) set if NCI(A)GV where AGV and V isnanoopenin U. 

Definition 2.5[16] A subset A of a nano topological space (U,tp(X )) is called a nano j-open set if 
AEN Int[ NPCI(A)].The complement of nano j-open set is called a nano j-closed (briefly Nj-closed) 
set. 

i.e., if Ais Nj-closed, then NCI/N Pint(A)/GA. 

Definition 2.6[16] A subset A of a nano topological space (U,tp(X)) is called a nano generalized 
j-closed (briefly Ngj-closed) set if NJCI(A)GV where AGV and V isnanoopenin U. 
Definition 2.7[17] Let X be an universe of discourse with a general element x, the neutrosophic 
set is an object having the form A={<x,u,(X),0,(X ),y4(X) > xE X} where wo, and yeach 
take the values from 0 to 1 and called as the degree of membership, degree of indeterminacy, and the 
degree of non-membership of the element x€X to the set A _ with the condition 
OS wyg(xX) +o 4(x)ta4(x) S83. 

Definition 2.8[10] Let U be anonempty set and R be an equivalence relationon U.Let F bea 
neutrosophic set in U with the membership function w,, the indeterminacy functiono,, and the 
non-membership function y,; . The neutrosophic nano lower, neutrosophic nano upper 


approximations and neutrosophic nano boundary of F' in the approximation(U,R), denoted by 


N,N and BN(F) are respectively defined as follows: 
(1) N(P) = £5 x, Mey 4) (X),0 p74) (4) YR 4)(X) > / VE [x]p.x€ U} 
(ii) NESS le 5a (eg) ye [x],,.x€ U; 
(iii) BN(F)=N-N 
Where Up 4)(*) =Nye [xp HAV)» Ores) =Nye[elpFaA(W)>  VreA) OD =Vye [x]p VAC)» 


Definition 2.9[10] Let U be an universe, R be an equivalence relation on U and F bea 
neutrosophic set in U. If the collection ty(F')={0n ly,N(F ),N( F),BN(F)} forms a topology, 


then it is said to be a neutrosophic nano topology. We call (U,t,(F')) as the neutrosophic nano 
topological space. The elements of t,(F') are called neutrosophic nano open sets. 
Definition 2.10[17] Let U be a nonempty set and the neutrosophic sets A and B are in the form 
A={Kx5Uy(X),04(X), yy(X)>—xEU}, B=£KXxX: Up(X),0p(X), yp(x)>—xEU}. Then the following 
statements hold: 

(i) Oy ={<x0,0,.>:xEU} and ly ={<x,110>:xEU} 


(i1) ASB iff U4(X) S Up(X),0 4(X) S$ Op(X ora 4(X)203(X),y4(X) 2 Y_(X) forallxE U 
(iii) A=Biff ACBandBCA 


(iv) 9 AW ={<x, 9 4(x),1-0 4(X), uy(X) >, xEU} 
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(v) ANN B={x, Uy (X)A Ug (X), 6 4(X)NOR(X), 7 4(X)V ¥3(X) forall x€ U } 
(vi) AUB=£x, Uy(X)V Mg (X), 6 4(X)VOp(X), Y4(X)AYR(x) forallxE U} 
(vii) A-B=f% wy(X)N¥B(X), 0 4(X)AL-0p(X), 9 4(X)V Up(x) forallx€ U } 


Definition 2.11[10] /t,y(F)/© is called the dual neutrosophic nano topology of ty(F). The 


elements of /t\(F')/ © are called neutrosophic nano closed (Nn closed) sets. Thus, a neutrosophic 


set N(G) of U isneutrosophic nano closed iff U-N(G) is neutrosophic nano openin 1t,(F'). 
Definition 2.12[10] Let (U,t,(A)) be a _neutrosophic nano topological space and 
A={<x,u,(X),0 4(x),y4(x)>:xEU} be a neutrosophic set in X . Then the neutrosophic closure 
and neutrosophic interior of A are defined by NCI(A)= intersection of all closed sets which 
contains A and NJ/nt(A)=union of all open sets which is contained in 4. 

A isaneutrosophic open set iff A= NInt(A) and A isaneutrosophic closed set iff A= NCI(A) 
III. NEUTROSOPHIC NANO j-CLOSED SETS 


Definition 3.1 Let (U,t,(A)) be aneutrosophic nano topological space. Then a neutrosophic nano 
subset A in (U,t,(A)) is said to be neutrosophic nano j-closed (briefly Nyj-closed) set if 
NyCl(NyPInt( ASA. 

Theorem 3.2 Every neutrosophic nano closed set is a neutrosophic nano j-closed set. 

Proof. Let A be a neutrosophic nano closed set. ie., NvyCl(A)=A. We know that N,Jnt(A)& 
NyPInt(A)S A which implies NyCl(N, Plnt(A))S NxCI(A) = A. Hence every neutrosophic nano 
closed set is neutrosophic nano j-closed. 

Remark 3.3 The converse part of the above theorem need not be true as seen from the following 
example. 

Example 3.4 Let (U,t,(A)) be a neutrosophic nano topological space with U ={ pl, p2, p3;, the 
universe of discourse and R,, ={{ pl, p2},f p3}}, the equivalence relation on U. 

Let A = {~ p1,(0.5,0.4,0.3) >< p2,(0.5,0.6,0.4) >,< p3,(0.2,0.5,0.2) >} be the neutrosophic nano subset 
of U. 

Now, NwyLp(A)=f< pl (0.5,0.4,0.4) > < p2,(0.5,0.4,0.4) >< p3,(0.2,0.5,0.2) >} ; 
NnUpR(A) =< pl (0.5,0.6,0.3) >, < p2,(0.5,0.6,0.3) >< p3,(0.2,0.5,0.2) >} : 
NyBp(A) =f pl(0.4,0.6,0.5) >< p2,(0.4,0.6,0.5) >, ~ p3,(0.2,0.5,0.2) >} and the neutrosophic nano 
topology formed by the subset 4 is ty(A)={0y ly, NyLp(A),NnUpR(A) Ny Bp(A)}. 


Here the subsets are called neutrosophic nano open sets and the neutrosophic nano closed sets are 


On Ly. NyLp( A), [NnyUp(A)]® and [ NyBp(A)]© where 
[NyLp(A)]© =f pL, (0.4,0.6,0.5) >.< p2,(0.4,0.6,0.5) >< p3,(0.2,0.5,0.2) >}, 
[NyUp(A)]© =f pL, (0.3,0.4,0.5) >.< p2,(0.3,0.4,0.5) >< p3,(0.2,0.5,0.2) >} and 


[NyBp(A)]© =f pL,(0.5,0.4,0.4) >< p2,(0.5,0.4,0.4) >< p3,(0.2,0.5,0.2) =}. 


Now, NyInt( A) ={< p1,(0.5,0.6,0.3) >< p2,(0.5,0.6,0.3) -,~< p3,(0.2,0.5,0.2) >} and 
NyPInt( A) = {% p1,(0.5,0.6,0.3) >.< p2,(0.5,0.6,0.3) =< p3,(0.2,0.5,0.2) >} . 
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Let us take aclosed setin ty(A) and letitbe B. 
Le, B={K pl,(0.5,0.4,0.4) >< p2,(0.5,0.4,0.4) >< p3,(0.2,0.5,0.2) >}. 


Clearly N,Cl(N,Pint(B))= B°CB >Bis Nyj-closed. 


Let us take an another Nnj-closed set 
C={< p1,(0.6,0.4,0.2) >< p2,(0.6,0.5,0.3) >< p3,(0.3,0.5,0.1) >}. But C is not a neutrosophic nano 
closed set. Hence a Nnj-closed set need not be a Nnclosed set. 

Theorem 3.5 The union (intersection) of two Nnj-closed (open) sets need not be a Nnj-closed (open) 
set as seen in the following example. 

Example 3.6 Let (U,t,(A)) be a neutrosophic nano topological space with U ={ pl, p2, p3;, the 
universe of discourse and R,, ={{ pl, p2},f p3}}, the equivalence relationon U. 

Let A = {~ p1,(0.5,0.4,0.3) >< p2,(0.5,0.6,0.4) >< p3,(0.2,0.5,0.2) >} be the neutrosophic nano subset 
of U  . The - sets {< pl,(0.4,0.6,0.5) >< p2,(0.4,0.6,0.5) > < p3,(0.2,0.5,0.2) >} and 
{< p1,(0.5,0.4,0.4) >, ~< p2,(0.5,0.4,0.4) >, < p3,(0.2,0.5,0.2) >} are Nnj-closed sets. But 
{~< p1,(0.5,0.6,0.4) > ~ p2,(0.5,0.6,0.4) >< p3,(0.2,0.5,0.2) >; which is the intersection of the above 
two sets is not a Nnj-closed sets. 

Theorem 3.7 Every neutrosophic nano j-closed set is a neutrosophic nano pre closed set. 

Proof. Let A be a neutrosophic nano j-closed set. i.e., NyCl(N,PiInt(A))G A. We know that 
Nylnt(A)S NyPInt(A) which implies N,,Cl( Ny Int(A)) SNxyCl(NyPiInt(A))G A. Therefore A isa 
neutrosophic nano pre closed set. Hence every Nnj-closed set is Nn pre closed. 

Remark 3.8 The converse part of the above theorem need not be true as seen from the following 
example. 

Example 3.9 Let U=f{pl,p2,p3} be the universe with the equivalence relation 
Ry =f pl p33é p23} and let the  neutrosophic nano subset’ on U be 


A={< pl(0.3,0.4,0.2) >.< p2,(0.4,0.5,0.1) >< p3,(0.5,0.2,0.3) >} | Here 
NyLp(A) =f pL (0.3,0.2,0.3) >< p2,(0.4,0.5,0.1) - =< p3,(0.3,0.2,0.3) =} 
NyU p(A)={< p1,(0.5,0.4,0.2) >< p2,(0.4,0.5,0.1) >< p3,(0.5,0.4,0.2) >} and 


NyBp(A)=£R pL (0.3,0.4,0.3) > ~ p2,(0.1,0.5,0.4) >< p3,(0.3,0.4,0.3) >} . Then the neutrosophic 
nano topology formed by 4 is t\y(A)={0y,ly,NyLp(A),NyUpR(A),NyBr(A)}. 


The subsets of t,(A) are called neutrosophic nano open sets and the neutrosophic nano closed sets 


are On Lyf NyLp(A)] ©. NyU p(A)]© and [Ny Bp(A)]© where 
[NyLp(A)]° =f p1,(0.3,0.8,0.3) >.< p2,(0.1,0.5,0.4) >,< p3,(0.3,0.8,0.3) >} ; 
[NyUp(A)]© =f pL, (0.2,0.6,0.5) >< p2,(0.1,0.5,0.4) >< p3,(0.2,0.6,0.5) >} and 
[Ny Br(A)]© =£ pL, (0.3,0.6,0.3) >< p2,(0.4,0.5,0.1) >< p3,(0.3,0.6,0.3) >} Then 
NyInt(A) ={% p1,(0.3,0.4,0.3) + < p2,(0.4,0.5,0.1) + < p3,(0.3,0.4,0.3) >} ; 


NyPInt( A) = {< p1,(0.3,0.4,0.2) >< p2,(0.4,0.5,0.1) >< p3,(0.4,0.4,0.3) >} and Cl(A) = Ly . 
Clearly the set A itself is a neutrosophic nano pre closed set, but not a neutrosophic nano j-closed 
set, since NyvCl( Ny Pint( A)) = 1), which is not contained in A. 


Theorem: 3.10 Every neutrosophic nano regular closed set is a neutrosophic nano j-closed set. 
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Proof. We know that every Nn regular closed set is a Nn closed set and also every Nn closed set is a 
Nnj-closed set. Hence every Nn regular closed set is a Nnj-closed set. 

Remark 3.11 The converse part of the above theorem need not be true as seen in the following 
example. 

Example 3.12 Let U={pl,p2,p3} be the universe, R,, ={{ pl, p2},fp3}} be the equivalence 
relation on U , and A={X pl,(0.1,0.4,0.2)>,X< p2,(0.4,0.2,0.3) >,< p3,(0.5,0.3,0.3)>; be the 


neutrosphic nano subset of U Then 
NyLle(A) =f pL(0.10.2,0.3) >< p2,(0.1,0.2,0.3) >, < p3,(0.5,0.3,0.3) >} ; 
NyUR(A) =f pL (0.4,0.4,0.2) >, < p2,(0.4,0.4,0.2) >, < p3,(0.5,0.3,0.3) >} ; 


NyBp(A) =X pL (0.3,0.4,0.2) >< p2,(0.3,0.4,0.2) >< p3,(0.3,0.3,0.5) >} ,and the neutrosophic nano 
topology formed by 4 is ty(A)={Oy ly,NyLp(A),NyUpR(A), Nu Bp(A)}. 


Here the subsets are called neutrosophic nano open sets and the neutrosophic nano closed sets are 


Ov ly L Ny Lp (ANTS [NyUR(A)]° and [NyBp(A)]~ where 
[NyLp(A)]© =£< pl (0.3,0.8,0.1) >< p2,(0.3,0.8,0.1) + < p3,(0.3,0.7,0.5) >} ; 
[NyUp(A)]© =£ pL, (0.2,0.6,0.4) >< p2,(0.2,0.6,0.4) >, < p3,(0.3,0.7,0.5) -} , and 
[NyBp(A)]S =£% pL (0.2,0.6,0.3) > < p2,(0.2,0.6,0.3) >< p3,(0.5,0.7,0.3) >} . Then 


Nylnt( A) = £< pL,(0.1,0.2,0.3) >< p2,(0.1,0.2,0.3) >, < p3,(0.5,0.3,0.3) >; and Cl(A)=1y . 
Let B={K pl,(0.2,0.2,0.2) >< p2,(0.3,0.4,0.2) >, ~< p3,(0.5,0.4,0.2) >}; be an another neutrosophic 


nano subset on U. Clearly NyCl( Ny Pint(B)) = NyCl(NyLp(A)) = [NyBpA)]© CB. 


But NyCl(N\Int(B))# B. Hence a Nnj-closed set need not be a Nn regular closed. 

Definition 3.13 Let (U,t,(A)) be aneutrosophic nano topological space. Then a neutrosophic nano 
subset A in (U,t,(A)) is said to be neutrosophic nano generalized closed (briefly Nng-closed) set 
if NyCl(A)GV whenever AGV and V isneutrosophic nano openin U. 

Theorem 3.14 Every neutrosophic nano closed set is a neutrosophic nano generalized closed set. 
Proof. Let A be the neutrosophic nano closed set. Let AGV and V isneutrosophic nano open set 
in U. Since A is Nnclosed, NyCI(A)GA «ie, NyCI(A)EAGV . Hence A is Nng-closed set. 
Hence every Nn closed set is Nng-closed. 

Remark 3.15 The converse of the above theorem need not be true as seen in the following example. 
Example 3.16 Let (U,t,(A)) be a neutrosophic nano topological space with U={ pl, p2, p3}, the 
universe of discourse and R,, ={{ pl, p2},f{ p3}}, the equivalence relation on U. 

Let A = {~ p1,(0.5,0.4,0.3) > ~ p2,(0.5,0.6,0.4) >,< p3,(0.2,0.5,0.2) >} be the neutrosophic nano subset 
of U. 

Now, NwyLlp(A)=f< pl (0.5,0.4,0.4) >< p2,(0.5,0.4,0.4) >< p3,(0.2,0.5,0.2) >} ; 
NU R(A) =< pL (0.5,0.6,0.3) >< p2,(0.5,0.6,0.3) >< p3,(0.2,0.5,0.2) >} ; 
NyBp(A)=£R pL (0.4,0.6,0.5) >< p2,(0.4,0.6,0.5) >< p3,(0.2,0.5,0.2) >} and the neutrosophic nano 
topology formed by the subset 4 is ty(A)={0y.ly,NnLp(A),NnUp(A),NyBp(A)}. 

Let V=N,Up(A) and B={K pl,(0.4,0.5,0.6) >< p2,(0.3,0.3,0.5) >.< p3,(0.10.4,0.3) >}. 
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Clearly B isa Nng-closed set, since C/(B)GV whenever BCI . But it is not a Nn closed set. 
Definition 3.17 Let (U,t,(F')) beaneutrosophic nano topological space. Then a neutrosophic nano 
subset A in (U,t,(F')) is said to be neutrosophic nano generalized j-closed (briefly Nngj-closed) 
setif NyJCIGV whenever ACV and V isneutrosophic nano openin U. 

Definition 3.18 Let (U,t,(F')) beaneutrosophic nano topological space. Then a neutrosophic nano 
subset A in (U,t,(F')) is said to be neutrosophic nano generalized j*-closed (briefly Nngj*-closed) 
setif NyJCIGV whenever ACV and V isneutrosophic nano j-openin U. 

Theorem 3.19 If A isaneutrosophic nano gj-closed setin (U,tp(X)) and AGS BEN, JCI(A), then 
B isneutrosophic nano generalized j-closed setin (U,tp(X )). 

Proof. Let BE&V where V is neutrosophic nano open in U. Then AGB implies ACV. Since 
A is Nngj-closed, N,JCI(A)GV . Also AGN,JCI(B) implies NyJCI(B)ENyJCI(A) . Thus 
NyJCI(B)SV andtherefore B is Nngj-closed setin U. 

Theorem 3.20 Every neutrosophic nano closed set is a neutrosophic nano generalized j-closed. 
Proof. Let A be a neutrosophic nano closed set in U. Let AGV and V is neutrosophic nano 
open in U _. Since <A _ is neutrosophic nano closed, N,yCl(A)=AGV . Also 
NyJCI(A)ENyCI(A)EV , where V is Nn open in U. Therefore A is a neutrosophic nano 
generalized j-closed set. Hence every Nn closed set is Nngj-closed. 

Remark 3.21 The converse part of the above theorem need not be true as seen in the following 
example. 

Example 3.22 Let U={pl,p2,p3} be the universe, R,, ={{ pl, p2},fp3}} be the equivalence 
relation on U , and A={KX pl,(0.1,0.4,0.2)>,X< p2,(0.4,0.2,0.3) >,< p3,(0.5,0.3,0.3)>; be the 


neutrosphic nano subset of U ; Then 
NyLr(A) =f pL (0.1,0.2,0.3) >< p2,(0.1,0.2,0.3) >< p3,(0.5,0.3,0.3) >} ; 
NyUR(A) =f pL (0.4,0.4,0.2) >, < p2,(0.4,0.4,0.2) >< p3,(0.5,0.3,0.3) >} ; 


NyBp(A)=£R pl (0.3,0.4,0.2) -,< p2,(0.3,0.4,0.2) >.< p3,(0.3,0.3,0.5) >} , and the neutrosophic nano 
topology formed by A is 1t,(A)={0y.ly,NyLp(A),NnUpR(A),NyBp(A)} . Let the open set 
V =£< pl ,(0.4,0.4,0.2) >< p2,(0.4,0.4,0.2) > < p3,(0.5,0.3,0.3) >}. 

Let B={< p1,(0.2,0.3,0.3) >< p2,(0.2,0.3,0.4) >< p3,(0.1,0.2,0.3) >}. Clearly BEV. 

Also NyJCI(B)GV .Hence B isa Nngj-closed set, but not a Nn closed set. 

Theorem 3.23 Every neutrosophic nano j-closed set is aneutrosophic nano generalized j-closed set. 
Proof. Let A be a Nnj-closed set. Let AGV and V is neutrosophic nano open in U. Since 4 is 
Nnj-closed, NyJCI(A)G AGV . Therefore A is Nngj-closed. Hence every Nnj-closed set is Nngj- 
closed. 

Remark 3.24 The converse of the above theorem need not be true as seen in the following example. 
Example 3.25 In example 3.22, B is a Nngj-closed set. But NyCl(N,Pint(B)) is not contained in 
V .ie,, B isnot a Nyj-closed set. Hence every Nngj-closed set need not a Nnj-closed set. 

Theorem 3.26 Every Nng-closed set is a Nngj-closed set. 

Proof. Let A be a Nng-closed set. Then N,CI(A)GV whenever ACV and V is neutrosophic nano 
open in U. Since N,yJCI(A)E NyCI(A)EV, we have NyJCI(A)GV whenever AGV and V is 
Nnopenin U.Therefore A is Nngj-closed. Hence every Nng-closed set is a Nngj-closed set. 
Theorem 3.27 Every Nnj-closed set is a Nngj*-closed set. 
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Proof. Let A bea Nyj-closed set. Let AGV and V is neutrosophic nano j-openin U. Since A 

is Nnj-closed, NyJCI(A)=AGV, V is Nnj- open in U. Therefore A is Nngj*-closed. Hence 
every Nnj-closed set is a Nngj*-closed set. 

Theorem 3.28 Every Nngj*-closed set is a Nngj-closed set. 

Proof. Let A bea Nngj*-closed set. Let AGV and V isneutrosophicnano openin U . Since every 
Nnopen set is Nnj-open, V is Nnj-openin U.Since 4 is Nngj*-closed set, we have Ny JCI(A)GV 

. Therefore N,JCI(A)G&V whenever AGV and V is Nnj-openin U. Therefore 4 is Nngj- 


closed. Hence every Nngj*-closed set is a Nngj-closed set. 


IV. Conclusion 

Neutrosophic nano j-closed set, neutrosophic nano generalized closed set, neutrosophic nano 
generalized j-closed set, neutrosophic nano generalized j*-closed set were introduced and some of 
their properties were discussed in this paper. The concept can be used for real life decision making 
problems where the situations of indeterminacy occurs. The practical problems may be solved by 


finding CORE values through the criterion reduction. 
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